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Degenerating a hyperbolic prism
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0 < η1, . . . , ηn ≤ π/2

0 <
∑

(π − ηi) > 2π

0 < γ < π/2

2γ + ηj > π

Q(γ)

Andree’v: There is a unique Q(γ) ⊂ H
3 with those dihedral angles.

Question: Fixing the ηi, what is GH- lim
γ→ π

2

Q(γ)?
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0 < γ < π/2

2γ + ηj > π

Q(γ)

Andree’v: There is a unique Q(γ) ⊂ H
3 with those dihedral angles.

Question: Fixing the ηi, what is GH- lim
γ→ π

2

Q(γ)?

Answ: GH- lim
γ→ π

2

Q(γ) = polygon of minimal perimeter with angles η1, . . . , ηn
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Degenerating a hyperbolic prism
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0 < η1, . . . , ηn ≤ π/2

0 <
∑

(π − ηi) > 2π

0 < γ < π/2

2γ + ηj > π

Q(γ)

Andree’v: There is a unique Q(γ) ⊂ H
3 with those dihedral angles.

Question: Fixing the ηi, what is GH- lim
γ→ π

2

Q(γ)?

Answ: GH- lim
γ→ π

2

Q(γ) = polygon of minimal perimeter with angles η1, . . . , ηn

• Q(γ) ∪∂ Q(γ) 3-dim hyperbolic cone mfld. with cone angles 2ηi, 2γ.
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Degenerating a hyperbolic prism
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0 < η1, . . . , ηn ≤ π/2

0 <
∑

(π − ηi) > 2π

0 < γ < π/2

2γ + ηj > π

Q(γ)

Andree’v: There is a unique Q(γ) ⊂ H
3 with those dihedral angles.

Answ: GH- lim
γ→ π

2

Q(γ) = polygon of minimal perimeter with angles η1, . . . , ηn

• Q(γ) ∪∂ Q(γ) 3-dim hyperbolic cone mfld. with cone angles 2ηi, 2γ.

• Existence of polygon with minimal perimeter: use earthquake thm
for cone surfaces with cone angles < π (Bonsante-Schlenker).
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Change the speed of the γi’s

γi = γ′

i =
π
2 − wit, t ց 0, for some wi > 0
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0 < η1, . . . , ηn ≤ π/2

0 <
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(π − ηi) > 2π

0 < γj < π/2

γj + γj+1 + ηj > π

Q(t)

Andree’v: There is a unique Q(t) ⊂ H
3 with those dihedral angles.
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Change the speed of the γi’s

γi = γ′

i =
π
2 − wit, t ց 0, for some wi > 0
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0 < η1, . . . , ηn ≤ π/2

0 <
∑

(π − ηi) > 2π

0 < γj < π/2

γj + γj+1 + ηj > π

Q(t)

Andree’v: There is a unique Q(t) ⊂ H
3 with those dihedral angles.

GH-lim
t→0

Q(t) = polygon with angles η1, . . . , ηn that minimizes
∑
i

wi length(edgei)
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Orbifold Seifert fibration

• Orbifold Seifert fibration O3 → P2

2

2
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2

P2O3

P2 is a polygonal Coxeter orbifold with mirrored edges and corners.
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Orbifold Seifert fibration

• Orbifold Seifert fibration O3 → P2

2

2

2

2

2

2

P2O3

P2 is a polygonal Coxeter orbifold with mirrored edges and corners.

• Sing(O3) → Sing(P2) is 2:1
• Fibers: S1 or S1/Z2 = interval with boundary

•
fiber of “Seifert order” qi ≥ 1

with ramification index ki ≥ 1



 ↔ corners of P of angle

π

kiqi
.
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Regeneration theorem

• Orbifold Seifert fibration O3 → P2

• P2 hyperbolic Coxeter orbifold with angles π
k1q1

, . . . , π
knqn

.

Theorem
For α ∈ (π − ε, π) there is C(α) a hyperbolic cone structure on |O3|,

|C(α)| = |O3|, Sing(C(α)) = Branch(O3), vertical cone angles 2π
ki

and horizontal cone angle α, so that

GH- lim
α→π−

C(α) = polygon of minimal perimeter with angles π
k1q1

, . . . , π
knqn

• C. Hodgson 1986
• A. Paiva-Barreto 2009 (collapses with Length(Sing) < Ctnt)
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Regeneration theorem

• Orbifold Seifert fibration O3 → P2

• P2 hyperbolic Coxeter orbifold with angles π
k1q1

, . . . , π
knqn

.

Theorem
For α ∈ (π − ε, π) there is C(α) a hyperbolic cone structure on |O3|,

|C(α)| = |O3|, Sing(C(α)) = Branch(O3), vertical cone angles 2π
ki

and horizontal cone angle α, so that

GH- lim
α→π−

C(α) = polygon of minimal perimeter with angles π
k1q1

, . . . , π
knqn

• C. Hodgson 1986
• A. Paiva-Barreto 2009 (collapses with Length(Sing) < Ctnt)
• View P2 as a degenerated structure

• The interior of P2 can have one cone point (∃P̃2 smooth polygon )
but not two (O3 \ Sing(O3) would contain essential tori)
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Regeneration theorem

• Orbifold Seifert fibration O3 → P2

• P2 hyperbolic Coxeter orbifold with angles π
k1q1

, . . . , π
knqn

.

Theorem
For α ∈ (π − ε, π) there is C(α) a hyperbolic cone structure on |O3|,

|C(α)| = |O3|, Sing(C(α)) = Branch(O3), vertical cone angles 2π
ki

and horizontal cone angle α, so that

GH- lim
α→π−

C(α) = polygon of minimal perimeter with angles π
k1q1

, . . . , π
knqn

• View P2 as a degenerated structure

• The interior of P2 can have one cone point (∃P̃2 smooth polygon )
but not two (O3 \ Sing(O3) would contain essential tori)

• Can assume also that the singular fibres have a (fixed) cone angle,
combinig cone manifolds and orbifold fibrations.
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Assumption

In this talk I shall assume all ki > 1.
Namely: all singular fibers are in the branch locus of O3
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β1/2q1
β2/2q2

β3/2q3

β4/2q4

β5/2q5

P2
C(α)

0 < βj < 2π fixed βj/2qj ≤ π/2,
∑

(π − βj/2qj) > 2π

Goal: to put a hyperbolic cone structure for π − ε < α < π so that

C(α) −→
GH

P2 of minimal perimeter.
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Developing map

O3 → P2

View P2 = C(π) as a degenerate structure and deform it
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Developing map

O3 → P2

View P2 = C(π) as a degenerate structure and deform it

Non-complete structures on M = O3 \ Sing=handlebody

Dev0 : M̃ → ˜P2 \ vertices → H
2

ρ0 : π1(M) → Isom(H2) ⊂ Isom+(H3) ∼= PSL2(C)

Dev0(γx) = ρ0(γ)Dev0(x)
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Developing map

O3 → P2

View P2 = C(π) as a degenerate structure and deform it

Non-complete structures on M = O3 \ Sing=handlebody

Dev0 : M̃ → ˜P2 \ vertices → H
2

ρ0 : π1(M) → Isom(H2) ⊂ Isom+(H3) ∼= PSL2(C)

Dev0(γx) = ρ0(γ)Dev0(x)

1) Deform ρ0 to ρt (with ρt(meridian) = rotation) for t ≥ 0

2) Find ρt-equivariant immersions Devt : M̃ → H
3 for t > 0

and control them around Sing
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Deforming representations

ρ0 : π1(M) → π1(P
2 \ vertices) → Isom(H2) ⊂ PSL2(C)
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Deforming representations

ρ0 : π1(M) → π1(P
2 \ vertices) → Isom(H2) ⊂ PSL2(C)
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Deforming representations

ρ0 : π1(M) → π1(P
2 \ vertices) → Isom(H2) ⊂ PSL2(C)

m1

m2

m3
m4

mn

mn+1

mn+3

mn+4

m2n

m1, . . . ,mn horizontal

mn+1, . . . ,m2n horizontal
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Deforming representations

ρ0 : π1(M) → π1(P
2 \ vertices) → Isom(H2) ⊂ PSL2(C)
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mn+1

mn+3
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m2n+1

m2n+4

m3n

m1, . . . ,mn horizontal

mn+1, . . . ,m2n horizontal

m2n+1, . . . ,m3n vertical
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Deforming representations

ρ0 : π1(M) → π1(P
2 \ vertices) → Isom(H2) ⊂ PSL2(C)

m1

m2

m3
m4

mn

mn+1

mn+3

mn+4

m2n
m2n+1

m2n+4

m3n

m1, . . . ,mn horizontal

mn+1, . . . ,m2n horizontal

m2n+1, . . . ,m3n vertical

f

Want to find ρt : π1(M) → PSL2(C), t ≥ 0 such that

1) ρt(m1), . . . , ρt(m2n) rotation of angle π − t

2) ρt(m2n+1), . . . , ρt(m3n) rotation of angle β1, . . . , βn resp.

3) ρt(f) loxodromic with axis almost perpendicular to H
2
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Variety of characters of a surface

• ∂M surface of genus n+ 1

X(∂M) = hom(π1(∂M), PSL2(C))//PSL2(C)
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Variety of characters of a surface

• ∂M surface of genus n+ 1

X(∂M) = hom(π1(∂M), PSL2(C))//PSL2(C)

m1

m2

m3
m4

mn

mn+1

mn+3

mn+4

m2n m2n+1

m2n+4

m3n

∂M \ {m1, . . . ,m3n} =
⋃
Pants
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Variety of characters of a surface

• ∂M surface of genus n+ 1

X(∂M) = hom(π1(∂M), PSL2(C))//PSL2(C)

m1

m2

m3
m4

mn

mn+1

mn+3

mn+4

m2n m2n+1

m2n+4

m3n

∂M \ {m1, . . . ,m3n} =
⋃
Pants

• µi = complex length of mi, ρ(mi) ∼ ±
(

eµi/2 0
0 e−µi/2

)

ρ(mj) = rotation angle α ⇔ µj = αi

• λi = complex length conj. amalgam (= length of the i-th edge)
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Variety of characters of a surface

• ∂M surface of genus n+ 1

X(∂M) = hom(π1(∂M), PSL2(C))//PSL2(C)

m1

m2

m3
m4

mn

mn+1

mn+3

mn+4

m2n m2n+1

m2n+4

m3n

∂M \ {m1, . . . ,m3n} =
⋃
Pants

• µi = complex length of mi, ρ(mi) ∼ ±
(

eµi/2 0
0 e−µi/2

)

ρ(mj) = rotation angle α ⇔ µj = αi

• λi = complex length conj. amalgam (= length of the i-th edge)

Complex Fenchel-Nielsen:

(µ1, . . . µ3n, λ1, . . . λ3n) : U ⊂ X(∂M) → C
6n local coordinates
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Finding an infinitesimal regeneration

• ρ0 is a critical point of λ1 + · · ·λ2n in X(M) ∩ {µi = ctnt}“∼= X(P2)”
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Finding an infinitesimal regeneration

• ρ0 is a critical point of λ1 + · · ·λ2n in X(M) ∩ {µi = ctnt}“∼= X(P2)”

m1

m2

m3
m4

mn

mn+1

mn+3

mn+4

m2n m2n+1

m2n+4

m3n

µj = cplx length ρ(mj)

λj = cplx length conjugation amalgam
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Finding an infinitesimal regeneration

• ρ0 is a critical point of λ1 + · · ·λ2n in X(M) ∩ {µi = ctnt}“∼= X(P2)”

m1

m2

m3
m4

mn

mn+1

mn+3

mn+4

m2n m2n+1

m2n+4

m3n

µj = cplx length ρ(mj)

λj = cplx length conjugation amalgam

Lemma (infinitesimal regeneration)

ρ0 is a critical point of λ1 + · · ·λ2n in X(M) ∩ {µi = ctnt}“∼= X(P2)”

⇒ there exists v ∈ Tρ0
X(M),





dµj(v) = 1 if mj horiz. (j ≤ 2n)

dµj(v) = 0 if mj vert. (j ≥ 2n+ 1)
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Finding an infinitesimal regeneration

• ρ0 is a critical point of λ1 + · · ·λ2n in X(M) ∩ {µi = ctnt}“∼= X(P2)”

m1

m2

m3
m4

mn

mn+1

mn+3

mn+4

m2n m2n+1

m2n+4

m3n

µj = cplx length ρ(mj)

λj = cplx length conjugation amalgam

Lemma (infinitesimal regeneration)

ρ0 is a critical point of λ1 + · · ·λ2n in X(M) ∩ {µi = ctnt}“∼= X(P2)”

⇒ there exists v ∈ Tρ0
X(M),





dµj(v) = 1 if mj horiz. (j ≤ 2n)

dµj(v) = 0 if mj vert. (j ≥ 2n+ 1)

“v comes from the Hamiltonian vector field of the perimeter in X(∂M)”
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Goldman’s symplectic structure

• Weil: TρX(∂M) ∼= H1(∂M ; sl2(C)Adρ) (also true for M )

ω : TρX(∂M)× TρX(∂M)
∪

→ H2(∂M, sl2 × sl2)
Killing
−→ H2(∂M ;C) ∼= C

• Goldman: ω is C-symplectic (nondegenerate, antisymmetric, dω = 0).
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Goldman’s symplectic structure

• Weil: TρX(∂M) ∼= H1(∂M ; sl2(C)Adρ) (also true for M )

ω : TρX(∂M)× TρX(∂M)
∪

→ H2(∂M, sl2 × sl2)
Killing
−→ H2(∂M ;C) ∼= C

• Goldman: ω is C-symplectic (nondegenerate, antisymmetric, dω = 0).

• res : X(M) → X(∂M) restriction map

Hodgson: res∗(Tρ0
X(M)) ⊂ Tρ0

X(∂M) is a Lagrangian subspace

(ω|res∗(Tρ0X(M)) = 0 and rank(res∗) =
1
2 dim(Tρ0

X(∂M)))
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Goldman’s symplectic structure

• Weil: TρX(∂M) ∼= H1(∂M ; sl2(C)Adρ) (also true for M )

ω : TρX(∂M)× TρX(∂M)
∪

→ H2(∂M, sl2 × sl2)
Killing
−→ H2(∂M ;C) ∼= C

• Goldman: ω is C-symplectic (nondegenerate, antisymmetric, dω = 0).

• res : X(M) → X(∂M) restriction map

Hodgson: res∗(Tρ0
X(M)) ⊂ Tρ0

X(∂M) is a Lagrangian subspace

(ω|res∗(Tρ0X(M)) = 0 and rank(res∗) =
1
2 dim(Tρ0

X(∂M)))

• Goldman: ∂λj is the Hamiltonian vector field of µj :

ω(∂λj , ·) = dµj
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Proof existence of an inf. regeneration

(µi, λi) : U ⊂ X(∂M) → C
6n local coordinates

ρ0 is a critical point of λ1 + · · ·λ2n in X(M) ∩ {µi = ctnt}“∼= X(P2)”

⇒ there exists v ∈ Tρ0
X(M),





dµj(v) = 1 if mj horiz. (j ≤ 2n)

dµj(v) = 0 if mj vert. (j ≥ 2n+ 1)
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Proof existence of an inf. regeneration

(µi, λi) : U ⊂ X(∂M) → C
6n local coordinates

ρ0 is a critical point of λ1 + · · ·λ2n in X(M) ∩ {µi = ctnt}“∼= X(P2)”

⇒ there exists v ∈ Tρ0
X(M),





dµj(v) = 1 if mj horiz. (j ≤ 2n)

dµj(v) = 0 if mj vert. (j ≥ 2n+ 1)

• Proof.

res∗(d(λ1 + · · ·+ λ2n)) =
∑3n

j=1 ajres
∗(dµj).

F = λ1 + · · ·+ λ2n −
∑3n

j=1 ajµj , res∗(dF ) = 0.
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Proof existence of an inf. regeneration

(µi, λi) : U ⊂ X(∂M) → C
6n local coordinates

ρ0 is a critical point of λ1 + · · ·λ2n in X(M) ∩ {µi = ctnt}“∼= X(P2)”

⇒ there exists v ∈ Tρ0
X(M),





dµj(v) = 1 if mj horiz. (j ≤ 2n)

dµj(v) = 0 if mj vert. (j ≥ 2n+ 1)

• Proof.

res∗(d(λ1 + · · ·+ λ2n)) =
∑3n

j=1 ajres
∗(dµj).

F = λ1 + · · ·+ λ2n −
∑3n

j=1 ajµj , res∗(dF ) = 0.

Let XF ∈ Tρ0
X(∂M), ω(XF , ·) = dF

ω(XF , res∗Tρ0
X(M)) = dF ◦ res∗ = 0 ⇒ XF ∈ res∗Tρ0

X(M)

Let v ∈ Tρ0
X(M) satisfy res∗(v) = −XF
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Proof existence of an inf. regeneration

ρ0 is a critical point of λ1 + · · ·λ2n in X(M) ∩ {µi = ctnt}“∼= X(P2)”

⇒ there exists v ∈ Tρ0
X(M),





dµj(v) = 1 if mj horiz. (j ≤ 2n)

dµj(v) = 0 if mj vert. (j ≥ 2n+ 1)

• Proof.

res∗(d(λ1 + · · ·+ λ2n)) =
∑3n

j=1 ajres
∗(dµj).

F = λ1 + · · ·+ λ2n −
∑3n

j=1 ajµj , res∗(dF ) = 0.

Let XF ∈ Tρ0
X(∂M), ω(XF , ·) = dF

ω(XF , res∗Tρ0
X(M)) = dF ◦ res∗ = 0 ⇒ XF ∈ res∗Tρ0

X(M)

Let v ∈ Tρ0
X(M) satisfy res∗(v) = −XF

dµj(v)=dµj(−XF )=ω(∂λj ,−XF )=ω(XF , ∂λj )=
∂F

∂λj

=





1 if µj horiz.

0 if µj vert.
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The map (µ1, . . . , µ2n) of horizontal µ’s

{µhor = πi} ∼= X(P2) (dim=n−3)

C
2n

(µ1, . . . , µ2n)
v

(πi, . . . , πi)

{χ ∈ X(M) | µvert(χ) = ctnt} (dim=2n)

• {χ ∈ X(M) | µvert(χ) = cnt} is smooth at χρ0
, of dim 2n
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The map (µ1, . . . , µ2n) of horizontal µ’s

{µhor = πi} ∼= X(P2) (dim=n−3)

C
2n

(µ1, . . . , µ2n)
v

(πi, . . . , πi)

{χ ∈ X(M) | µvert(χ) = ctnt} (dim=2n)

• {χ ∈ X(M) | µvert(χ) = cnt} is smooth at χρ0
, of dim 2n

• blow up at {µhor = πi} on the left, and at (πi, . . . , πi) on the right,
get a locally bianalytic map between blown up mflds.

(The Hessian of the perimeter on X(P2) is nonzero).
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The fibre

m1
m2

m3

mn

mn+1

mn+3

m2n

f

• f = m1mn+1 = m2mn+2 = · · · = mnm2n ∈ π1(M)
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The fibre

m1
m2

m3

mn

mn+1

mn+3

m2n

f

• f = m1mn+1 = m2mn+2 = · · · = mnm2n ∈ π1(M)

vol(ρt) ≥ c t, c > 0 ⇒ ρt(f) nontrivial for t > 0.

ρt(f) = exp(ta+O(t2)) a ∈ sl2(C), a 6= 0
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The fibre

m1
m2

m3

mn

mn+1

mn+3

m2n

f

• f = m1mn+1 = m2mn+2 = · · · = mnm2n ∈ π1(M)

vol(ρt) ≥ c t, c > 0 ⇒ ρt(f) nontrivial for t > 0.

ρt(f) = exp(ta+O(t2)) a ∈ sl2(C), a 6= 0

f = mjmn+j ⇒





a is an infinitesimal pure loxodromic element, and

dC(axis(a), axis(ρ0(mj))) is independent of j

⇒ axis(a) is perpendicular to H
2
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Developing maps

Once we have ρt define Devt : M̃ → H
3
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Developing maps

Once we have ρt define Devt : M̃ → H
3

1st) on a neighborhood of the singular fibres
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Developing maps

Once we have ρt define Devt : M̃ → H
3

1st) on a neighborhood of the singular fibres

2nd) on a neigborhood of the singular edges
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Developing maps

Once we have ρt define Devt : M̃ → H
3

1st) on a neighborhood of the singular fibres

2nd) on a neigborhood of the singular edges

3rd) on the interior fibres of the polygon: solid torus in H
3/ρt(f)
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