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Definition 1. Let U be a group of orderu andk, λ ∈ N. A k × uλ
matrix H = [di j ] is a(u, k ; λ)-difference matrix overU if
di j ∈ U (∀i, j, 1 ≤ i ≤ k, 1 ≤ j ≤ uλ) and satisfies the following :∑

1≤ j≤uλ

di j dℓ j−1 = λU ∈ Z[U] (1 ≤ i , ℓ ≤ k).

A (u, uλ ; λ)-difference matrix is calleda GH(uλ,U) matrixand is
also called a GH(u, λ) matrix overU.
Example 2. A (3, 6 ; 2)-difference matrix (i.e. GH(3, 2) matrix)
over the additive group ofGF(3) :

0 0 0 0 0 0
0 0 1 1 2 2
1 2 0 1 0 2
1 2 1 0 2 0
1 0 0 2 2 1
0 2 1 2 0 1



the 0th row
the 1st row

·
·
·
·

For example, the 1st row minus the 2nd row equals
(−1,−2, 1, 0, 2, 0) ≡ (2, 1, 1, 0, 2, 0) (mod 3)
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Example 3. A (4, 8 ; 6)-difference matrix over the additive group of
GF(4)(= K = {0, 1, a, b}) :

h0

h1

h2

h3

h4

h5

h6

h7


=



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 1 1 1 1 a a a a a a b b b b b b
0 1 a 0 1 a 1 b b 1 b b 1 a b 1 a b 0 0 a 0 0 a
0 1 a 0 1 a 0 a a 0 a a b 0 1 b 0 1 b b 1 b b 1
0 0 1 a a b 1 a a b 0 1 b b 0 1 a b 0 1 1 a b 0
0 0 1 a a b 0 b b a 1 0 1 1 a b 0 1 b a a 1 0 b
0 1 b a b 1 0 1 1 a b a a 1 b 0 0 0 0 1 b a b a
0 1 b a b 1 1 0 0 b a b 0 b 1 a a a b a 0 1 0 1


We can regard each rowhi (0 ≤ i ≤ 7) as an element of the group
K24 = K ⊕ · · · ⊕ K. We note thatW := {h0, h1, h2, h3} is a subgroup
of K24 andh4 +W = {h4, h5, h6, h7} is a left coset ofW in K24.
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Definition 4. Let R be the set of rows of a(u, k ; λ)-difference
matrix H over a groupU. ThenR is a subset ofUn(= U × · · · × U),
wheren = uλ. Let W be a subset ofR. We sayH is of coset type
with respect toW if the following conditions are satisfied :

(i) W is a subgroup ofUn.

(ii) If w ∈ W andr ∈ R, thenrw ∈ R.

• ClearlyR is a union of some right cosetsgW (g ∈ Un).
• H is said to be of coset typewith respect to a roww of H if H is of
coset type w.r.t.⟨w⟩. We note thatw0,w,w2, · · · ∈ R.
In particular,w0 = (1, · · · , 1) ∈ R and exp(U) is a prime.

•W. de Launey considered the case that R = W and k = uλ and
called H a group Hadamard matrix (1983).
• T.P. McDonough, V.C. Mavron and C.A. Pallikaros studied
GH(uλ,U) matrices H of coset type with respect to some row of H
and showed that U is an elementary abelian p-group (2000).



Trivial difference matrices of coset type 6　

If we permutes the rows or columns, multiplies, on the left, the
entries of any row or, on the right, the entries of any column by any
group element, we also obtain a difference matrix, which we call
”equivalent”.
Let p be a prime and let U = {g1, · · · , gq}, g1 = 1 be any p-group
of exponent p. Then a (q, p ; λ)-difference matrix H of coset type
with respect to a row is equivalent to the following:

H =


w0

w1

...
wp−1

 ,

where w = (J g1, J g2, · · · , J gq), J = (1, · · · , 1) (λ times).
We say that H is a trivial difference matrix of coset type. We note
that λ is arbitrary.

Question. What can we say about the parameter λ
and the structure of nontrivial difference matrices of coset type ?
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Example 5. Let U = {g1(= 1), · · · , gq} be ap-group of orderq and
exponentp with p an odd prime. Setg = (g1, · · · , gq) ∈ Uq and
J = (1, · · · , 1) ∈ Uq. We can verify that the following matrixH is a
(q, 2p ; q)-difference matrix overU.

H =
[

W
hW

]
, where W =


w0

w1

...
wp−1

 and

w = (J g1, J g2, · · · , J gq), h = (g, g, · · · , g) (q times)

Therefore,H is of coset type with respect to the roww.
This example shows that thep-group corresponding to
(q, k, λ)-difference matrix of coset type is not always abelian even if
k > p.
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Example 6. The following matrixH is a(3, 18 ; 6)-difference
matrix (i.e. GH(18,Z3)) w.r.t. W = ⟨w⟩, wherew is the 7 th row ofH.
We note that thei th, (i + 6) th and(i + 12)th rows constitute a right
coset of⟨w⟩ in U18 for i ∈ {0, 1, · · · , 5}, whereU = ⟨a⟩ ≃ Z3.

H =



1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 a a2 a a2 1 a2 a2 a a 1 1 a 1 a a2 a2

1 a2 a2 a a 1 1 a 1 a a2 a2 1 1 a a2 a a2

1 a 1 a a2 a2 1 1 a a2 a a2 1 a2 a2 a a 1
1 a a2 a2 1 a 1 a a2 a2 1 a a a2 1 1 a a2

1 a2 a 1 a2 a 1 a2 a 1 a2 a 1 a2 a 1 a2 a
1 1 1 1 1 1 a a a a a a a2 a2 a2 a2 a2 a2

1 1 a a2 a a2 a 1 1 a2 a2 a a2 1 a2 1 a a
1 a2 a2 a a 1 a a2 a a2 1 1 a2 a2 1 a 1 a
1 a 1 a a2 a2 a a a2 1 a2 1 a2 a a 1 1 a2

1 a a2 a2 1 a a a2 1 1 a a2 1 a a2 a2 1 a
1 a2 a 1 a2 a a 1 a2 a 1 a2 a2 a 1 a2 a 1
1 1 1 1 1 1 a2 a2 a2 a2 a2 a2 a a a a a a
1 1 a a2 a a2 a2 a a 1 1 a2 a a2 a a2 1 1
1 a2 a2 a a 1 a2 1 a2 1 a a a a a2 1 a2 1
1 a 1 a a2 a2 a2 a2 1 a 1 a a 1 1 a2 a2 a
1 a a2 a2 1 a a2 1 a a a2 1 a2 1 a a a2 1
1 a2 a 1 a2 a a2 a 1 a2 a 1 a 1 a2 a 1 a2



← w0

← w

← w2



§3 TDλ(k, u)’s obtained from difference matrices 9　

A transversal design TDλ(k, u) (u > 1) is an incidence structure
D = (P,B), where

(i) P is a set of ku points partitioned into k classes C1, · · · , Ck

(called point classes), each of size u,

(ii) B is a collection of k-subsets of P (called blocks),

(iii) Any two distinct points in the same point class are incident
with no block and any two points in distinct point classes are
incident with exactly λ blocks.



A TDλ(k, u) obtained from a difference matrix 10　

Definition 7. Let H = [hi j ] be a(u, k ; λ)-difference matrix over a
groupU of orderu and setn = uλ. Let hi = (hi1, · · · , hin)(∈ Un) be
the i th row of H.
An incidence structureDH (P,B) obtained fromH is defined by
the set of points :P = {(i, x) | 0 ≤ i ≤ k − 1, x ∈ U}, |P| = ku
the set of blocks : B = {B j,y | 1 ≤ j ≤ n, y ∈ U}, where

B j,y = {(1, h1 j y), (2, h2 j y), · · · , (n, hk j y)}
incidence : (i, a) ∈ B j,b (←→ a = hi j b).

We note that each block is defined by using a column ofH or its
translate.
The following is well known.
• DH (P,B) is a TDλ(k, u) :

Ci = {i} × U (0 ≤ i ≤ k − 1) (the point classes)
B j = {B j,y | y ∈ U} (1 ≤ j ≤ n) (parallel classes)

• The action ofU on (P,B) is defined by
(i, a)ρ(x) = (i, ax), B j,b

ρ(x) = B j,bx. Then,ρ(U) ≤ Aut(P,B) and acts
regularly on eachCi andB j .
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If H is of coset type, we obtain another automorphism.

Lemma 8. Assume a(u, k ; λ)-difference matrixH is of coset type
w.r.t a rowhm of H. The actionθ(hm) onDH (P,B) is defined by

(i, a)θ(hm) = (ℓ, a), wherehℓ = hi hm andH =


h0
...

hk−1

.
B j,b

θ(hm) = B j,hmj
−1b

Then the following holds.

(i) θ(hm) ∈ Aut(P,B) andθ(hm) leaves each parallel classB j

(= {B j,y | y ∈ U}) invariant and acts semiregularly onP.

(ii) θ(hm) fixes each block ofB j if hmj = 1, and no block ofB j

otherwise.

(iii) [ρ(U), ⟨θ(hm)⟩] = 1 andρ(U) × ⟨θ(hm)⟩ is semi-regular onP.
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Concerning the parameter λ of (u, uλ ; λ)-difference matrix, we can
prove the following as an application of Lemma 8.

Proposition 9. AssumeH is a(u, uλ ; λ)-difference matrix
over a groupU (i.e. GH(uλ,U). If H is of coset type with
respect to a row ofH, then eitherλ = 1 or exp(U) | λ.
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We now consider the case that U ≃ Zp.

Notation 10. Let p be a prime and letU = ⟨a⟩ ≃ Zp be a group of
orderp. Set

N = Uλ = U × · · · × U, G = Np (= N × · · · × N ≃ Uλp)
and identifyG with Upλ. SetJ = (1, · · · , 1) ∈ Uλ and
w = (J, Ja, · · · , Jap−1) ∈ G, where(x1, · · · , xλ)x = (x1x, · · · , xλx)
for (x1, · · · , xλ) ∈ N andx ∈ U.

For z = (z1, · · · , zm) ∈ Um, we set̂z = z1 + · · · + zm ∈ Z[U].

Remark 11. Let H be a(p, k ; λ)-difference matrix overU. If H is
of coset type with respect to a roww of H, then by permuting columns
of H if necessary, we may assume thatw = (J, Ja, · · · , Jap−1).
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Throughout the rest of this section we assume the hollowing.

Hypothesis 12.

(i) H is a(p, k ; λ)-difference matrix overU ≃ Zp with p a prime.

(ii) H is of coset type with respect to a roww of H and nontrivial.

Since H is of coset type, we have k = pr for an integer r.
From now on we use the notation

w = (J, Ja, · · · , Jap−1).
According to the form of w, we write each row v of H in the form

v = (v0, v1, · · · , vp−1) ∈ (Uλ)p, where vi ∈ N = Uλ.
We call vi the i th part of v.
By permuting rows of H if necessary, we may assume that a
(p, k ; λ)-difference matrix H of coset type over U has the following
form.
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H = [M,w] :=


M

Mw
...

Mwp−1

 , where M =


h0

h1
...

hr−1

 (1)

is an r × pλ matrix over U (r > 1) and
h0 := (J, · · · , J) ∈ Upλ, w = (J, Ja, · · · , Jap−1) ∈ Upλ.
We note that W := ⟨w⟩ ≃ Zp and W ⊂ R(= the set of rows of H).
and R is a union of r cosets of W in Upλ. Moreover, {h0, · · · , hr−1}
is the representatives of the r cosets.

We say H(= [M,w]) in (1) is a standard (p, k ; λ)-difference matrix
of coset type w.r.t. w over U.
• The (ir + j) th row of H is h jwi .

• ĥ jwi = λU ∀(i, j) , (0, 0) ∵ h0 ∈ R
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Fix v = h jwi and set v = (v0, · · · , vp−1), vi ∈ Uλ and
v̂i = mi,01+ mi,1a+ mi,2a2 + · · · + mi,p−1ap−1, where mi j ’s are
non-negative integers. Considering submatrices
[[ h0, v, vw, · · · , vwp−1]] of H. We have p2 + p linear equations:∑

0≤ j≤p−1 mi j = λ (0 ≤ i ≤ p− 1)
m0,s + m1,s−t + m2,s−2t + · · · + m0,s−(p−1)t = λ (0 ≤ ∀s, t ≤ p− 1).

The set of simultaneous linear equations over Z in p2

indeterminates mi j gives

Lemma. p | λ and v̂i = (λ/p)U (0 ≤ i ≤ p− 1).
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Theorem 13. Let p be a prime and letH be a nontrivial
(p, k ; λ)-difference matrix of coset type w. r. t. a row overU.
Thenp | λ and using some normalized(p, k/p ; λ/p)-difference
matricesH0, H1, · · · , H p−1 overU, H is equivalent to the
following standard form.

(H0, H1, · · · , H p−1)
(H0, H1, · · · , H p−1)w

...
(H0, H1, · · · , H p−1)wp−1

 , (2)

wherew = (J, Ja, · · · , Jap−1) ∈ Upλ, J = (1, · · · , 1) ∈ Uλ.
Conversely, given any normalized(p, k/p ; λ/p)-difference

matricesH0, H1, · · · , H p−1 overU, the matrix given by (2) is a
(p, k ; λ)-difference matrix overU w.r.t. w.

In Theorem 13, set k = uλ. Then we have
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Corollary 14. If H is a GH(pλ,Zp) matrix of coset type, then
there exist normalized GH(λ,Zp) matricesH i ’s (0 ≤ i ≤ p− 1)
such thatH is equivalent to the following standard form.

(H0, H1, · · · , H p−1)
(H0, H1, · · · , H p−1)w

...
(H0, H1, · · · , H p−1)wp−1

 , wherew = (J, Ja, · · · , Jap−1)
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Example 15. The following is a GH(18,U) matrix of coset type
w.r.t. w, whereU = ⟨a⟩ ≃ Z3 andλ = 6.

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 a a2 a a2 1 a2 a2 a a 1 1 a 1 a a2 a2

1 a2 a2 a a 1 1 a 1 a a2 a2 1 1 a a2 a a2

1 a 1 a a2 a2 1 1 a a2 a a2 1 a2 a2 a a 1
1 a a2 a2 1 a 1 a a2 a2 1 a a a2 1 1 a a2

1 a2 a 1 a2 a 1 a2 a 1 a2 a 1 a2 a 1 a2 a
1 1 1 1 1 1 a a a a a a a2 a2 a2 a2 a2 a2

1 1 a a2 a a2 a 1 1 a2 a2 a a2 1 a2 1 a a
1 a2 a2 a a 1 a a2 a a2 1 1 a2 a2 1 a 1 a
1 a 1 a a2 a2 a a a2 1 a2 1 a2 a a 1 1 a2

1 a a2 a2 1 a a a2 1 1 a a2 1 a a2 a2 1 a
1 a2 a 1 a2 a a 1 a2 a 1 a2 a2 a 1 a2 a 1
1 1 1 1 1 1 a2 a2 a2 a2 a2 a2 a a a a a a
1 1 a a2 a a2 a2 a a 1 1 a2 a a2 a a2 1 1
1 a2 a2 a a 1 a2 1 a2 1 a a a a a2 1 a2 1
1 a 1 a a2 a2 a2 a2 1 a 1 a a 1 1 a2 a2 a
1 a a2 a2 1 a a2 1 a a a2 1 a2 1 a a a2 1
1 a2 a 1 a2 a a2 a 1 a2 a 1 a 1 a2 a 1 a2



=M

← w

=Mw

=Mw2
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The following three GH(6,U) matrices are obtained form the
GH(18,U) as its submatrices, where U = ⟨a⟩ ≃ Z3

1 1 1 1 1 1
1 1 a a2 a a2

1 a2 a2 a a 1
1 a 1 a a2 a2

1 a a2 a2 1 a
1 a2 a 1 a2 a


,



1 1 1 1 1 1
1 a2 a2 a a 1
1 a 1 a a2 a2

1 1 a a2 a a2

1 a a2 a2 1 a
1 a2 a 1 a2 a


,



1 1 1 1 1 1
1 a 1 a a2 a2

1 1 a a2 a a2

1 a2 a2 a a 1
a a2 1 1 a a2

1 a2 a 1 a2 a


Example 16. Let H1 andH2 be any normalized Hadamard matrices

of ordern. Then,H =
[

H1 H2

H1 −H2

]
is also an Hadamard matrix of

order2n with respect to the rows(1, · · · , 1,−1, · · · ,−1) of H
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By a similar argument as in the proof of Theorem 13 we have the
following.

Proposition 17. Let α be a primitive element of GF(q) Let
J = (1, · · · , 1) of lengthqµ. Setw = (0J, 1J, αJ, · · · , αq−2J). Let
H0, H1, · · · , Hq−1 be any normalized GH(qµ,U) matrices, where
U = GF(q)+. Let M = (H0, H1, · · · , Hq−1) be aqµ × q2µ matrix
overU. Then the following matrixH is a GH(q2µ,U) matrix of coset
type w.r.tw.

H =



M
M + w

M + wα
...

M + wαq−2
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Example 18. The following are GH(12,GF(4)+) matrices.

H1 =



0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 a a a a2 a2 a2

0 0 0 a a a a2 a2 a2 1 1 1
0 1 a 1 a a2 0 1 a2 0 a a2

0 1 a a a2 1 1 a2 0 a a2 0
0 1 a a2 1 a a2 0 1 a2 0 a
0 a a2 0 1 a2 1 a a2 a 0 1
0 a a2 1 a2 0 a a2 1 0 1 a
0 a a2 a2 0 1 a2 1 a 1 a 0
0 a2 1 0 a2 a a 1 0 a2 a 1
0 a2 1 a 0 a2 0 a 1 1 a2 a
0 a2 1 a2 a 0 1 0 a a 1 a2



H2 =



0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 a a a a2 a2 a2

0 0 0 a a a a2 a2 a2 1 1 1
0 1 a 1 a a2 0 1 a2 0 a a2

0 1 a a a2 1 1 a2 0 a a2 0
0 1 a a2 1 a a2 0 1 a2 0 a
0 a a2 0 1 a2 a a2 1 1 a 0
0 a a2 1 a2 0 a2 1 a a 0 1
0 a a2 a2 0 1 1 a a2 0 1 a
0 a2 1 0 a2 a 0 a 1 a 1 a2

0 a2 1 a 0 a2 1 0 a a2 a 1
0 a2 1 a2 a 0 a 1 0 1 a2 a



H3 =



0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 a a a a2 a2 a2

0 0 0 a a a a2 a2 a2 1 1 1
0 1 a 1 a a2 0 1 a2 0 a a2

0 1 a a a2 1 1 a2 0 a a2 0
0 1 a2 a 0 a2 a 0 1 a2 1 a
0 a 1 a2 1 a 0 a2 1 0 a2 a
0 a a2 0 1 a2 1 a a2 a 0 1
0 a a2 a2 0 1 a2 1 a 1 a 0
0 a2 1 0 a2 a a 1 0 a2 a 1
0 a2 1 a2 a 0 1 0 a a 1 a2

0 a2 a 1 a2 0 a2 a 1 1 0 a



H4 =



0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 a a a a2 a2 a2

0 0 0 a a a a2 a2 a2 1 1 1
0 1 a 1 a a2 0 1 a2 0 a a2

0 1 a a a2 1 1 a2 0 a a2 0
0 1 a2 a2 0 a a 1 0 a2 1 a
0 a 1 a2 a 1 a2 0 1 0 a2 a
0 a a2 0 1 a2 a a2 1 1 a 0
0 a a2 1 a2 0 a2 1 a a 0 1
0 a2 1 0 a2 a 0 a 1 a 1 a2

0 a2 1 a 0 a2 1 0 a a2 a 1
0 a2 a a2 1 0 1 a a2 1 0 a


ThenM = (H1, H2, H3, H4) is a12× 48matrix overU = GF(4)+

andH = [M,w] is a GH(48,U) matrix of coset type w.r.tw.
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Question. If U ≃ Zp × Zp with p a prime, what can we say about
the structure of (p2, k, λ)-difference matrices of coset type over U ?
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Thank you !


