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Neutral Λ coalescent

A random generalogical tree with multiple mergers.

Pitman (1999), Sagitov (1999).
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Coalescence rates

The rate at which a specific m lineages coalesce when there are

n lineages is

λnm =
∫ 1

0
xm(1 − x)n−mΛ(dx)

x2
, m ≥ 2

where Λ is a probability measure.

Edges in the tree n → n − m + 1.

Rates must be of this form for a consistent distribution

of subtrees.



Examples

λnm =
∫ 1

0
xm(1 − x)n−mΛ(dx)

x2
, 2 ≤ m ≤ n

Kingman coalescent

Λ({0}) = 1, λn2 = 1.
Wakeley coalescent

Λ({ψ}) = 1, λnm = ψm−2(1 − ψ)n−m, m ≥ 2.
Schweinsberg coalescent

Λ is a Beta (2 − α,α) measure, 0 < α < 2.

λnm =
(2 − α)(m−2)α(n−m)

(n − 1)!

Bolhausen-Sznitman coalescent

Λ is a uniform measure on (0, 1). (α = 1.)



A coalescent tree with an infinite number of leaves
Coming down from infinity

Kingman coalescent comes down from infinity, E(TMRCA) = 2.
The Λ-coalescent comes down from infinity if Λ has an atom at

0 or else it has no atom at 0 and
∞∑

n=2

( n∑

k=2

(k − 1)λnk

)−1
< ∞

Otherwise it stays infinite for all times.

Wakeley coalescent Λ({ψ}) = 1.
NO
Schweinsberg coalescent Λ is a Beta (2 − α,α) measure.

YES iff 1 < α < 2.
Bolhausen-Sznitman coalescent Λ is a uniform measure on (0, 1).
NO, Borderline.



Population Frequencies, d-alleles, x = (x1, . . . , xd)
Generator

Lg(x) =
∫ 1

0

d∑

i=1

xi
(
g(x(1 − y) + yei) − g(x)

)F (dy)

y2

+ (θ/2d)
d∑

i=1

(1 − dxi)
∂

∂xi
g(x)

Local Behaviour

Choose a type i gene with probability xi, then

xi → (1 − y)xi + y

xj → (1 − y)xj, j &= i

where the jump rate of y is y−2F (dy).
Mutations occur at random to individuals.



A Neutral Moran-Cannings model

N individuals and type space [d] = {1, 2, . . . , d}.
Reproduction at an overall rate of λ.
At a reproduction event a single individual is chosen to reproduce.

Distribution of the number of offspring is {ra, 1 ≤ a ≤ N − 1}.
Λ-coalescent

λ
∑

a>Nx

ra →
∫

(x,1]

1

y2
F (dy)

where F is a finite measure on [0, 1].
A single individual’s offspring can replace a large proportion of

the population.



A Moran-Cannings model with selection

N individuals and type space [d] = {1, 2, . . . , d}.
Reproduction at an overall rate of λ.
At a reproduction event a single individual is chosen to reproduce.

Distribution of the number of offspring is {ra, 1 ≤ a ≤ N − 1}.
There is viability selection of offspring, if a type i ∈ [d] individual

has a offspring, then b are viable and b − a are not viable with

probability viab.

Viable offspring distribution

pib =
N−1∑

a=b

raviab, 0 ≤ b ≤ N − 1.

Viable offspring replace individuals at random keeping the

population size at N .



Example of a viability offspring distribution

viab =
∫

[0,1]

(a

b

)
pb(1 − p)a−bνi(dp)

where {νi(·), i ∈ [d]} is a collection of probability measures on

[0, 1].



Graphical representation
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The population consists of three types, labelled a, b and c. At time T1

a reproduction event takes place in which a type b parent produces three

potential offspring of which two are viable. In the reproduction event at time

T2, two of the four potential offspring are viable. Mutations are denoted by

crosses.



Reproduction

time t

time t + dt..........................
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Viable arrows are purple.

Non-viable arrows are orange.

λ Event rate

ra Total offspring distribution

viab Viability distribution of a type i parent with a offspring



Transition rates for numbers of types
z = (zi, i ∈ [d]) are numbers of individuals of types in [d].

z → z + |γ|ei − γ at rate

φ(z; z + |γ|ei − γ) = λ
zi

N
pi|γ|H(γ | z − ei)

where H is the hypergeometric distribution

H(γ | z − ei) =

∏
j∈[d]

(
zj−δij
γj

)

(
N−1
|γ|

)

with γ, z ∈ ZE
+ with |γ| and |z| = N held fixed.
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• z1 = 7, • z2 = 3, |γ| = 3, γ1 = 2, γ2 = 1



Moran model as a special case

φ(z; z + ei − ej) = λpi1
zi

N

zj

N − 1

Single offspring are viable or non-viable.



Mutation occurs at rate µij from an individual of type i to type

j, with
∑

j µij = µ.

(µij/µ) is assumed to be a transition matrix with a unique

stationary distribution.

Then there is a stationary distribution ϕ of {Z(t), t ≥ 0}, the

number of individuals of the d-types in the population.

Sampling distribution

H(γ) = E
ϕ





∏
j∈[d]

(
zj
γj

)

(
N
|γ|

)







Looking back in time

Coalescence
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Red lines are ancestral back in time.

Blue lines are non-ancestral back in time.

Parent can be inside or outside the ancestral lines.

At least two from the parent and viable offspring are inside the

ancestral lineages for coalescence.



Looking back in time

Selection from outside ancestral lines

..........................

..........................

..........................

..........................

..........................

..........................

..........................

..........................

......

..........................

..........................

..........................

..........................

..........................

..........................

..........................

..........................

......

..........................

..........................

..........................

..........................

..........................

..........................

..........................

..........................

......

..........................

..........................

..........................

..........................

..........................

..........................

..........................

..........................

......

..........................

..........................

..........................

..........................

..........................

..........................

..........................

..........................

......

..........................

..........................

..........................

..........................

..........................

..........................

..........................

..........................

......

..........................

..........................

..........................

..........................

..........................

..........................

..........................

..........................

......

..........................

..........................

..........................

..........................

..........................

..........................

..........................

..........................

......

..........................

..........................

..........................

..........................

..........................

..........................

..........................

..........................

......

..........................

..........................

..........................

..........................

..........................

..........................

..........................

..........................

.....................................................................................................................................................................................................................................................................................................................

..................................................................................................................................................................................................................................................................................................................................................................................................................

...............................................................................................................................................................................................................................................................................................................

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..................................................................................................................................................................................................................................................................................................................................................................................................................• •

•

•• •• • • • • •

• • • • • • • • •

Red lines are ancestral back in time.

Blue lines are non-ancestral back in time.

Parent is outside the ancestral lines.

At least one non-viable offspring is inside the ancestral lines and

all viable offspring are outside.



Dual process
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The dual process of real (solid lines) and virtual (dashed lines) lineages cor-

responding to sampling the individuals marked with an asterisk from the pop-

ulation in the last figure. At time T2 we must add a virtual lineage since the

sample is hit by two virtual arrows but no real arrows. Coalescence of real

and virtual lineages results in a real lineage.



Dual process rates, ξ = (ξi, i ∈ [d]) is the configuration of types

in ancestral lines back in time (l ≥ 2).

q(ξ, ξ − ei(l − 1)) = λ
∑

|γ|∈[N−1]

pi|γ|

(
|ξ|
l

)(
N−|ξ|
|γ|+1−l

)

(
N

|γ|+1

)

×
ξi + 1 − l

|ξ| + 1 − l

H(ξ − ei(l − 1))

H(ξ)

q(ξ, ξ + ei) = λ
N − |ξ|

N
p∗i,|ξ|

×
ξi + 1

|ξ| + 1

H(ξ + ei)

H(ξ)

q(ξ, ξ + ei − ej) = |ξ|µij×
(ξi + 1 − δij)

|ξ|

H(ξ + ei − ej)

H(ξ)



Dual process

Coalescence rates l ≥ 2

q(ξ, ξ − ei(l − 1)) = λ
∑

|γ|∈[N−1]

pi|γ|

(
|ξ|
l

)(
N−|ξ|
|γ|+1−l

)

(
N

|γ|+1

)

×
ξi + 1 − l

|ξ| + 1 − l

H(ξ − ei(l − 1))

H(ξ)

Rate at which there are l from the parent and viable offspring

in the ancestral lines × the conditional probability that the last

parent is type i given a configuration ξ.



Coalescence

∑

|γ|∈[N−1]

pi|γ|

(
|ξ|
l

)(
N−|ξ|
|γ|+1−l

)

(
N

|γ|+1

)
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|ξ| = 5, |γ| = 4, l = 4, |ξ|− l + 1 = 5 − 4 + 1 = 2



Dual process
Selection from outside lines

q(ξ, ξ + ei) = λ
N − |ξ|

N
p∗i,|ξ|

×
ξi + 1

|ξ| + 1

H(ξ + ei)

H(ξ)

Rate at which the last parent is outside the ancestral lines with
all viable offspring outside the ancestral lines and at least one
non-viable offspring inside the ancestral lines × the conditional
probability that the parent is type i given a configuration ξ.

p∗i|ξ| =
∑

|γ|∈[N−1]◦

∑

k∈[N−1]

rkvik|γ|






(
N−1−|ξ|

|γ|

)

(
N−1
|γ|

) −

(
N−1−|ξ|

k

)

(
N−1

k

)








Mutation along ancestral lines

q(ξ, ξ + ei − ej) = |ξ|µij×
(ξi + 1 − δij)

|ξ|

H(ξ + ei − ej)

H(ξ)

The red part of the equation is the conditional probability that

the last parent is type i given a configuration ξ.
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The collection of • pairs represents different types in [d].



Dual generator approach

Generator test functions

gξ(z) =
∏

i∈[d]

zi[ξi]
/mξ

where a[b] = a(a − 1) . . . a − b + 1, ξ ∈ ∆N
and

mξ = E
ϕ[fξ(Z)].

E[gξ(Z)] = 1 in the stationary distribution ϕ of Z.



Rewrite the generator as acting on ξ with respect to the func-

tions gξ.

Lgξ(z) =
∑

i∈[d],γ∈∆N−1

φ(z; z + |γ|ei − γ)[gξ(z + |γ|ei − γ) − gξ(z)]

+
∑

i,j∈[d]

ziµij[gξ(z − ei + ej) − gξ(z)]

=
∑

χ
q(ξ,χ)

[
gχ(z) − gξ(z)

]
,

where
{
q(ξ,χ), ξ,χ ∈ ∆N

}
is a rate matrix for transitions of ξ.



Sampling distribution

gξ(z) =
H(ξ | z)

H(ξ)
,

where

H(ξ) = E
ϕ[H(ξ | Z)

]

is the unconditional sampling distribution of a sample of |ξ| in-

dividuals in a stationary distribution ϕ.

H̃(z | ξ) =
H(ξ | z)

H(ξ)
ϕ(z)

is the posterior distribution of the frequency of types in a sta-

tionary population, conditional on a sample configuration of ξ in

|ξ| distinct individuals.



The Dual Equation

L
H(ξ | z)

H(ξ)
=

∑

χ∈∆N

q(ξ,χ)

[
H(χ | z)

H(χ)
−

H(ξ | z)

H(ξ)

]

where L is now regarded as acting on the index ξ.

A Markov process
{
L(t), t ≥ 0

}
in ∆N with rate matrix Q is

dual to
{
Z(t), t ≥ 0

}
with duality equation

EZ(0)

[H
(
L(0) | Z(t)

)

H
(
L(0)

)
]

= EL(0)

[H
(
L(t) | Z(0)

)

H
(
L(t)

)
]

where expectation on the left is with respect to the distribution

of Z(t) and on the right with respect to the distribution of L(t).



Neutral Λ-Fleming-Viot process

Generator

Lg(x) =
∫ 1

0

d∑

i=1

xi
(
g(x(1 − y) + yei) − g(x)

)F (dy)

y2

+ (θ/2d)
d∑

i=1

(1 − dxi)
∂

∂xi
g(x)

Local Jumps

x → x(1 − y) + yei at rate xi
F (dy)

y2



Λ-Fleming-Viot process with viability selection

Cannings model {ra}a∈N

FV process - a probability measure F on [0, 1]. We assume that

F (0) = 0.

Cannings model viability functions viab
FV process - substochastic measures Vi(x, ·) supported on [0, x]
with no atoms at zero.

Offspring measures {Gi(·); i ∈ [d]} have a decomposition

Gi(dy)

y2
=

∫

(y,1]
Vi(x, dy)

F (dx)

x2



Measuring selective measures relative to a neutral measure F

Define signed measures

Ki(dy) =
F (dy) − Gi(dy)

y

Assume that |K([0, 1])| < ∞ and set σi = K([0, 1]).



Λ-Fleming-Viot process with viability selection

Generator

LΛg(x) =
∫

[0,1]

∑

i∈[d]

xi (g(x(1 − y) + yei) − g(x))
Gi(dy)

y2

+
∑

i,j∈[d]

(
xjµji − xiµij

) ∂

∂xi
g(x)



Two types, x = x1

LΛg(x) =
∫

[0,1]

[
x (g(x(1 − y) + y) − g(x))

G1(dy)

y2

+ (1 − x) (g(x(1 − y)) − g(x))
G2(dy)

y2

]

+
1

2
(−ax + b(1 − x))

∂

∂x
g(x)

Local Jumps

x → x(1 − y) + y at rate xG1(dy)/y2

x → x(1 − y) at rate (1 − x)G2(dy)/y2



General generator form for LΛg(x)

1

2
F ({0})

∑

j,k∈[d]

xj(δjk − xk)
∂2

∂xj∂xk
g(x)

+
∫

[0,1]

∑

i∈[d]

xi

(
g(x(1 − y) + yei) − g(x)

)F (dy)

y2

∫

[0,1]
−

∑

i∈[d]

xi

(
g(x(1 − y) + yei) − g(x)

−y
∑

j∈[d]

(δij − xj)
∂

∂xj
g(x)

)Ki(dy)

y

−
∑

j∈[d]

xj

(
σj −

∑

k∈[d]

σkxk

) ∂
∂xj

g(x) +
∑

i,j∈[d]

(
xiµij − xjµji

) ∂
∂xj

g(x)



Dual Lambda coalescent rates (l ≥ 2)

qΛ(ξ, ξ − ei(l − 1)) =
∫

[0,1]

(|ξ|
l

)
yl(1 − y)|ξ|−lGi(dy)

y2

×
ξi + 1 − l

|ξ| + 1 − l
·
M(ξ − ei(l − 1))

M(ξ)

qΛ(ξ, ξ + ei) =
∫

[0,1]

(
1 − (1 − x)|ξ|

) Ki(dx)

x

×
ξi + 1

|ξ| + 1
·
M(ξ + ei)

M(ξ)

qΛ(ξ, ξ + ei − ej) = µij(ξi + 1 − δij) ·
M(ξ + ei − ej)

M(ξ)

In a viability model
∫
[0,1]

(
1 − (1 − x)|ξ|

)
Ki(dx)

x ≥ 0



Weak selection

qΛ(ξ, ξ + ei) = σi|ξ| ·
ξi + 1

|ξ| + 1
·
M(ξ + ei)

M(ξ)

If |σi| < ∞ for i ∈ [d] without loss of generality take σi ≥ 0
for all i ∈ [d] because of shift invariance under the (forward)

distribution.

Limit as ε→ 0 from the general generator by choosing

Ki(·) = σiδε(·)



Generator in a model with weak selection

LσΛg(x) =
∫

(0,1]

∑

i∈[d]

xi (g(x(1 − y) + yei) − g(x))
F (dy)

y2

−
∑

j∈[d]

xj




σj −

∑

k∈[d]

σkxk





∂

∂xj
g(x)

+
∑

i,j∈[d]

(
xiµij − xjµji

) ∂

∂xj
g(x).



Eldon-Wakeley example

r1 = 1 −
1

Nγ
, r+Nψ,−1] =

1

Nγ

Simple selective viability distributions.

vi11 = 1

vi+Nψ−1,k =

{
1 − βi if k = 1
βi if k = +Nψi − 1,

ψi ≤ ψ, and 0 ≤ βi ≤ 1 for i ∈ [d]

No selection acts on single offspring and there is a two point

distribution if the number of offspring is greater than 1.

pi,1 = 1 −
βi

Nγ
, pi,+Nψi−1, =

βi

Nγ



The limit measures in the generator LΛ and in the dual process
rates are:

F Gi Ki
γ > 2 δ0 δ0 Null

γ = 2 2
2+ψ2δ0 + ψ2

2+ψ2δψ
2

2+ψ2δ0 +
βiψ

2
i

2+ψ2δψi
−
βiψ

2
i

2+ψ2δψi

γ < 2 δψ
βiψ

2
i

ψ2 δψi
1
ψδψ − βiψi

ψ2 δψi

If γ ≤ 2, the measures Vi(x, ·) are atomic, with

Vi(ψ, {ψi}) =
βiψ

2
i

ψ2
,

and if γ = 2,

Vi(0, 0) = 1.
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