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Outline of the talk

• IntroductionIntroduction

• Method of nonequilibrium Green’s functionsMethod of nonequilibrium Green s functions

• Applications pp
• Thermal currents in1D chain and nanotubes

• Transient problem• Transient problem

• Full counting statistics
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Fourier’s law for heat conduction
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Fourier, Jean Baptiste Joseph, Baron 
(1768-1830)



Thermal conductance
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Experimental report of Z Wang et 
al (2007)al (2007)

The experimentally 
measured thermal 
conductance is 
50pW/K for alkane 
chains at 1000K  chains at 1000K. 
From Z Wang et al, 
Science 317, 787 
(2007)(2007).
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Thermal transport of a junction

Junction 
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Models
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Force constant matrix
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Definitions of Green’s functions

• Greater/lesser Green’s function
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• Time-ordered/anti-time ordered Green’s function
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Contour-ordered Green’s function
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Contour order: the 
operators earlier on 
the contour are to 

t0
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the contour are to 
the right.
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Relation to the real-time Green’s  
functionsfunctions
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Equations for Green’s functions
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Solution for Green’s functions
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condition.
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Contour-ordered Green’s function
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Perturbative expansion of contour 
ordered Green’s functionordered Green s function
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General expansion rule
1
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Diagrammatic representation of 
the expansionthe expansion
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Explicit expression for self-energy
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Junction system
• Three types of Green’s functions:

• g for isolated systems when leads and centre areg for isolated systems when leads and centre are 
decoupled
• G 0 for ballistic system
• G for full nonlinear system

Governing 

HL+HC+HR +V

HL+HC+HR +V +Hn

G

Hamiltonians

HL+HC+HR

g
G0

G
Green’s function

t = 0
t = − 

g

Equilibrium at Tα
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Nonequilibrium steady 
state established
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Dyson equations and solutions
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Energy current
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Caroli formula
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Ballistic transport in a 1D chain
• Force constants
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Solution of g
• Surface Green’s function
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Lead self energy and transmission
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Heat current and conductance, 
Landauer formulaLandauer formula
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Carbon nanotube, nonlinear effect

The transmissions in 
a one-unit-cell 
carbon nanotubecarbon nanotube
junction of (8,0) at 
300K. From J-S 
Wang J Wang NWang, J Wang, N 
Zeng, Phys. Rev. B 
74, 033408 (2006).
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Transient problems
0-1-2 1 2 3

semi-infinite left lead semi-infinite right lead

li i it h d t t 0coupling is switched on at t=0

0 L RH H H 0

0, 0
( )

0

L R

T LR

H t
H t


 
 0

( )
, 0T LR

L RH u V u t  

,
1 2( , )( ) Im

RL

L
G t tI t k

 
  

IMS workshop 2011 29

1 22

( )L
t t t

t k
t

 
  





Dyson equation on contour from 0 
to tto t
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Transient thermal current
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Full counting statistics

• What is the amount of energy (heat) Q transferred gy ( )
in a given time t ?

• This is not a fixed number but given by a probability 
distribution P(Q )

• Generating function 
 dQQPZ Qi )()( 

• All moments of Q can be computed from the 
 dQQPeZ Qi )()( 

derivatives of Z. 
• The objective of full counting statistics is to compute 

Z(ξ)Z(ξ).
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A brief history on full counting 
statisticsstatistics
• L. S. Levitov and G. B. Lesovik proposed the concept 

f l t i 1993 d i d f i t tifor electrons in 1993; rederived for noninteracting
electron problems by I. Klich, K. Schönhammer, and 
othersothers

• K. Saito and A. Dhar obtained the first result forK. Saito and A. Dhar obtained the first result for 
phonon transport in 2007

• J.-S. Wang, B. K. Agarwalla, and H. Li, PRB 2011; B. 
K. Agarwalla, B. Li, and J.-S. Wang, arXiv:1111.6182
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Definition of generating function 
based on two-time measurementbased on two-time measurement
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Approaches to compute Z
• Express Z as expectation value of some effective 

evolution operator over a contourp

• Evaluate the expression using 
• Feynman path integral/influence functional

• Feynman diagrammatic expansion• Feynman diagrammatic expansion
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Product initial state
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Schrödinger, Heisenberg, and 
interaction picturesinteraction pictures
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Compute Z in interaction picture
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Important result
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Long-time result, Levitov-Lesovik
formulaformula
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Arbitray time, transient result
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Numerical results, 1D chain
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Other results

• We can also compute the cumulants for the projectedWe can also compute the cumulants for the projected 
steady state ρ’

• Entropy production

• Fluctuation theorem, Z(ξ) = Z(-ξ +i(βR-βL))

• The theory is applied equally well to electron number of 
electron energy transport

IMS workshop 2011 44



Summary remarks

• NEGF is a powerful tool to handle thermal transportNEGF is a powerful tool to handle thermal transport 
problems in nanostructures

• Steady state current is obtained from Landauer and 
Caroli formula

• New results for transient  and full counting statistics.  A 
k tit i th lf Σ Akey quantity is the self-energy ΣL

A
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Thank you


