Transient behavior and full
counting statistics in thermal
transport in nanojunctions

Jian-Sheng Wang
Dept Phys,NUS

4 | " -r| i ||
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 Full counting statistics
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Fourier’s law for heat conduction

J=—xVT

flol= | f()e™dt

Fourier, Jean Baptiste Joseph, Baron
(1768-1830)



Thermal conductance

[ =T, -T,)o
K‘=C7£, I =5J
S

where [ : thermal current, J : current density
T,,T, : temperature of left and right lead

o : conductance

k : conductivity

S :cross section area



Experimental report of Z Wang et
al (2007)

The experimentally
measured thermal
conductance is
50pW/K for alkane
chains at 1000K.
From Z Wang et al,
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Thermal transport of a junction

Junction
Left 6o 02 o Right
LeOd, TL 1) o ooz > o ) LeOd, TR

semi-infinite
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Force constant matrix
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Definitions of Green’s functions s

 Greater/lesser Green’s function
> ' l ' < ' l '
Gro(t0) ==, (O (1)), G (1ot == (¢ 1)

« Time-ordered/anti-time ordered Green'’s function
G'(t,t")=0—-t"G (t,t")+0@'-1)G"(1,1"),
G (t,t")=0(t"-t)G (t,t")+ 0@t —1t)G (¢,1)
« Retarded/advanced Green’s function

G (t,t") =0t -1)(G" - G7),

a > <
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Contour-ordered Green’s function

G, (z,7) = —%<Tcu,.<r>uk<r'>>

H(r)dr
=Tr| p(¢)Tu; u, e il
Contour order: the
operators earlier on T’
the confour are fo ® =
the right e
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Relation to the real-time Green’s

'Fl finnce
TUNcuons

T —>(t,0), or t=t+ico, o=%,&—>0"

G++ G+—
G" G

G(r,t') > G (t,t') or

G++ — Gt, G+— — G<
G'=G", G =G
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Equations for Green’s functions
62

loka

G(r,7")+ KG(r,7')=-0o(r,7')]
J
2 ' '
23 G (L) +KG™ (1) = ~06,,6(t~1)]
J
82
—F G L) T KG (1) = =511
2

%G’(t,t')+KG’(t,t')=5(t—t')]

" |
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Solution for Green’s functions

2

% G"'(t,t")V+ KG" "' (t,t")Y=-0(t—1t")]

using Fourier transform:

—0’G"' o]+ KG"'[w]=-1

G “[w]=(’1~K) +c8(@-K)+d5(@+JK)
G'[o]=G 0] =((@+in)*1-K) , n—>0"

G =f(G"'-G), G = "G c and d can be fixed by

iz . ir i< ini’rial/boundai |
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Contour-ordered Green’s function
i

Gy(r,7) == (1, (D (7))
i —% [ H@ar i

=Tr| p(t)Tcu; uy e

—LJ‘ H,f (r)dr
=Tt Pchuf (Du, (t')e "
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Perturbative expansion of contour
nrdarad f‘ran 'Fl ~tinn

VivuuviI VU Wl Vuli I (B | I WiV 1

' i ' —%jﬂn(r")dr"
G,(r,7") = _% Teu (7)u, (7')e

= —;<Tcu,- () (r'){l —% [ H,(z)dr, +[— 5) [H,(z)dz [ H, (rz)drz} £ >
i i)’ 1
= (Tt (D) (7)) + (— 5) <Tcu,- @ [ 52 T (710725 7 )0 (2110, (22 ), (23 )T T

% J‘”%Z T, (T4, 75, T, (7,)u, (75)u, (7 )dT4dT5dT6>

=Gy (z,7") + . {Toat, (O (2, (z),, (v ), (23t (7, (251, (24)) 4+
! (Wick theorem)

IMS workshop 2011 15



General expansion rule

21_\l =21\_QQ”9 -I—i{z/lqﬂg _|_(
3/ 3/ 3/ 3

®°

] =
piy ® + .t —Q . }
~ 7
Single line G,(7,7")
3-line vertex T, (7,7;,7,)

n-double line _ i
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Explicit expression for self-energy

oo’ C " oo’ ' oo’ ' d(()'
Z”Jk[a)] - ZZIZ lemTrsk j Gy [@0'1Gy 00— '] oy {)—
. " iy oo" o"o" | da)'
+ 210-50-’0" Z O ]-;lemrS j GO,lm [O] GO,I"S [CO ] 2 ?
Imrs,c" oo /4
o
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Junction system

« Three types of Green’s functions:

» gfor isolated systems when leads and centre are
decoupled

« G, for ballistic system
G for full nonlinear system

Governing
Hamiltonians H tH-+HR +V +H,
H+He+Hg +V ”
L C R G
H +Ho+Hg G Green'’s function
d. ' k.
[=—-w ’

Equilibrium at T,
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Three regions

(i, ()
2
u=\u. | u,=\|u; |, Uo =

Gaﬂ(r,r')=—%<Tcua(r)uﬂ(r')T>, a,f=L,C,R
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Dyson equations and solutions

Gy=gc+8c2Gy,  Z=VTg V' +V Tg v
G=G,+G,2,G

ng((a)+i77)21—Kc—Z”)_l, n—0"
G: =G'2°G"

G =(G-x;),

n

G< — Grz< a rzr G< I‘l‘ a a




Energy current

I, - _<dZL > (i<,

1+oo

-~3:) Tt (VG o)) hodw




Caroli formula

dt
I, SHIPIH — >z

dH 1 ¢ W & o
I, = _< L>:E | hoTr (Gl L, GeT ) (f, — fr)de
0

G =G'$G*, i=°=fT,+fT,
G- G =iG' (T ,+T,)G"
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Ballistic transport in a 1D chain

 Force constants

« Equation of motion

U, =ku,  —QLk+ku, +ku, , j=--,-10,12,-

IMS workshop 2011
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Solution of g

 Surface Green’s function

((a)+i77)2—KR)gR=], n—0"
2k+k, -k 0 .
o | ko 2ktk, k0
0 k 2k+k, —k

0 0 -k
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Lead self energy and transmission

"KL 0 0 e y Tlo]
O 0 0 O 1+
3, = ]
O O -. 0
N o
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Heat current and conductance,




Carbon nanotube, nonlinear effect

Transmission
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Effective Transmission
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The transmissions in
a one-unit-cell
carbon nanotube
junction of (8,0) at
300K. From J-S
Wang, J Wang, N
Zeng, Phys. Rev. B
74, 033408 (2006).
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Transient problems

2 B o] |1 2 r

semi-infinite left lead '\| semi-infinite right lead

coupling is switched on at =0

H,=H, +H,

(H,, t<0
H(t) =+ .

Hy+u, V"u,, t>0
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current [nW]

Transient thermal current

80 . . . . . .
first-order
40 + AN 1 r all orders 1
o S
O A N O
()
all orders
_40 _ _: / _
80 |t first-order |
2120 @ - ﬁq b)
_160 L 1 L I I !
O 10 20 3 400 10 20 30 4
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time [107%g]

time [107%g]

-120

-160
0

s

The time-dependent
current when the missing
spring is suddenly
connected. (a) Current
flow out of left lead, (b)
out of right lead. Dots
are what predicted from
Landauer formula.
7=300K, A£=0.625

eV/(A2u) with a small
N1/

onsite A;=0.14. From E.
C. Cuansing and J.-S.
Wang, Phys. Rev. B 81,
052302 (2010). See also

PRE 82, 021116 (2010).
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Full counting statistics

 What is the amount of energy (heat) @ transferred
in a given time ¢?

« This is not a fixed number but given by a probability
distribution A Q)
» Generating function |
2(&) = [P(Q)dQ
« All moments of Qcan be computed from the
derivatives of Z.

* The objective of full counting statistics is to compute

)

i e - i §
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A brlef hlstory on full counting

ctn ~o
owa vo

L. S. Levitovand G. B. Lesovik proposed the concept
for electrons in 1993; rederived for noninteracting
electron problems by I. Klich, K. Schénhammer, and
others

K. Saito and A. Dhar obtained the first result for
phonon transport in 2007

- J.-S. Wang, B. K. Agarwalla, and H. Li, PRB 2011; B.
K. Agarwalla, B. Li, and J.-S. Wang, arXiv:1111.6182

i e - i §
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Definition of generating function

hacad Ann ftwn_timaoe meas! iramant
U=UuIiic i1icaosui Ciiici it

7 — TI'[,O' o' —léHL(t)]

P’ =P, =la><a

H, |la>=ala>
H,(1)=U(0,t)H,U(t,0)

I I| “‘I . —th/il I I I
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Approaches to compute £

- EXxpress Zas expectation value of some effective
evolution operator over a contour

« Evaluate the expression using

« Feynman path integral/influence functional

 Feynman diagrammatic expansion
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Product initial state S NUS

O C He‘ﬂaHa, [pL,HL]:(), 0'=p

a=L,C,R
7 — Ty [ e e—iéHLm]
= Tr|pe® U0, 1) " U (1,0)]
= Tr[pe " 2U (0, 1) U (1,0)¢' " ]
=Tr|pU.,,,(0,0)U_,,, (1,0)]
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U (t,t')=e"" T e_%jft'H(t)dte_ixHL
PALE)

_if" ' (t)ds
=Te i, , >t

& ixH —ixH
H (t)y=e"""H(t)e "
=" (H,+H.+H,+H" + H*)e ™"
=H,+H . +H,+H" +™tH" ™"

=H,+H" +(u,) V*“u* =H,+H,
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Schroédinger, Heisenberg, and

infararcrtinn nictiirac
HiICidLuUli PivluiCo

Schrodinger | T >=U1)[¥(t) > p=D wl|i><i|
picture !
ih ous,1) =H()U(t,t")
ot
A, (t)=U0,)AU(t,0), |¥Y, >=|¥Y(0)>
veisenperg A =UODAUO), ¥, >=|¥(0)
pioture XD _ g 1), 1, ()
ot
Interaction H=H,+H,
picture iy
(W () >=e" " [W(t)>=S(t,1) |, (1) >
n SO g s@r), S@ey=Te Y 15
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Compute Zin interaction picture

T -
Z =Tr[pU,,(0,0)U_ ,(1,0)] _i_gf_\
_ [ Hi()dr O — — o7t
:Tr_pTCe Gt ] +£/2 Ty
i O i e coes ol
=Tr| pTeq 1= [ H (D)7 +—| = liHI(r)HI(T 7'+
:1+%Tr[gCVCngVLC]+---

InZ = —%Tr In[l1-g.(Z; +2,)]= —%m det[(1- g .2)(1-G,Z)]

— —lTr In[(1-G,Z)]

2 I- ) - - .
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Important result

InZ = —%Tr[ln(l 3 GOZf)]

Gy =8c+8c2Gy, X=X, +2X, X, =2 -2,

>Nz, r')=2, (2' + hx(r),r'+hx(r'))— 2. (r,7")
x(t) > x"()=-&(/2if 0<t<t,,
x (H)=+&/211 0<t<t,,
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Long-time result, Levitov-Lesovik

~Armiila
iJiiiivia

nZ = —%Tr[ln(l —GzH]

rGgK\ azb atb
:—%Tr ln{l—[G" J[ a2+b azb]}
] 0 G - > 2 )]

~ 1, j indetll - GLGT [ -1/, (@2 - f + (€ + e -2 1,1, ]

where
a=3[o](e™”-1), b=IZ;[w](e"-1)
I =i -2),a=LR
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Arbitray time, transient result % N2

InZ = —%Tr In(1-— GOZf)

A\ 0'InZ
olnZ ] oz
= — :_T G L
e)-t0)-55| =3 { 2 5)}

2\ 2:821112
(0%)-(0) =Fizy
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Numerical results, 1D chain NS

20 40 60
. F 1D chain with a
u 0015 ~_ Single site as the
3 ] 3 center.
A N —Hoor A A= 1eV/(uA?),
o | o k=0.1k
M —0005 v 7'=310K,
I e Ay | 7c=300K,
S 0 ST T 7.=290K. Red
w -0.0001 —+ 0.00015< line right lead;
.| 9 ! 3 black, left lead.
A 1 | -{oooor A B. K. Agarwalla,
“r-0-0003 ¢ . 1 o B. Li, and J.-S.
v -0.0004 1 5e0s Wang,

Y . '_o arXiv:1111.6182

-0.0005
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Other results

- We can also compute the cumulants for the projected
steady state o

* Entropy production

e Fluctuation theorem, ¢ = Z-£ +i(B+-B))

« The theory is applied equally well to electron number of
electron energy transport

y ] . . i .
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Summary remarks

 NEGEF is a powerful tool to handle thermal transport
problems in nanostructures

« Steady state current is obtained from Landauer and
Caroli formula

* New results for transient and full counting statistics. A
key quantity is the self-energy X, A
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Thank you




