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Nonlinear Complementarity Problem

NCP g (F):

Given continuous nonlinear F : E — [E, and closed convex cone
K CE, find z € E such that

re€K, F(z)eKFf and (z,F(z))=0

(E, (-,-)): finite dimensional Euclidean space
K*: dual cone of K

Normal Map Equation (NME):
F(IIg(2)) +2z—Ig(2) =0

Ik : 2z € E— argmin{i||z — z||* = & (z — 2,2 — z)} is the Euclidean projector
zeK

z solves NME & z =IIg(z) solves NCPg(F)
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Nonlinear Complementarity Problem

Optimization over convex cones:
max{—h(y) : b— ATy € K*}
has sufficient optimality conditions
—~Vh(y)+ Az =0, b-—ATyec K' zckK, <:c,b—ATy> =0
or equivalently,

b— ATy

K xR™> m L [_Vh(y)JFAJ € K* x {0} = (K x R™)*

NME:




PPA: F(Ilg(2)) + 2z — Mg (2) + ey (z — 25) =0
PPA/NP: | F(Tlg(2)) + 2 — g (2) + ¢ ' (2) — g (2x)) = 0
SPPA:
F(p(z, 1)) + 2 — p(z, 1) + ¢ (p(2, 1) — P2, pw)) =0, pp= 11’?%
SPPA/CCO:
b—ATy+z—p(z,m)] | e (p(z, 1) = p(zr, k)] _ [O] 43
7Vh(y)+Ap(Z,M) :| |:k d,;l(y—yk) ] - |:O:|a B = 1+7’:1/Lk

SCE:

—~Vh(y) + Ver Ap(Ver ATy — by, 1) + di (y — yi) = 0
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Proximal Point Algorithm

Proximal Point Algorithm (PPA):

Finds a zero of set-valued T : H = H by iteratively finding
approximate zeros xj4; of

Ty : x> T(z) + ;' (z — z)

H = Hilbert space
{cx} = sequence of positive real numbers

Moreau-Yosida regularization (with 7' = 0f):

y=argmin{f(z) + 5y — 2l & Ti(y) =0

Theorem (Convergence of PPA, Rockafellar, 1976). If T is maximal
monotone, {c; '} is bounded with {cy||Tx(z+1)||} summable and T~1(0) # 0,
then

lim x5, € T7(0)

k— o0
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Maximal Monotonicity

Definition (Maximal Monotone). T : H = H is monotone if
V(z,w), (z,w') € G(T), (z—2',w—w)y >0

G(T): graph of T i.e., {(z,w) €e H? : w € T(2)}
It is maximal if G(T Q Gg(T" VT’ monotone

Proximal mapping: For monotone T: H = H
Y(z,w), (2, w') € G(cT +I), {z—2,w—why>|z-2|%
. the proximal mapping (cTJrI)*1 iSs nonexpansive, whence single-valued

The PPA approximately finds (c;T + I)~!(x;) at each iteration

Theorem (Minty's criterion, Minty, 1962). Vc > 0, V monotone T : H = H

T is maximal monotone <  dom((cT'+1)"') =H




Monotonicity of Normal Map

F maximal monotone = .+ F(z)+ ;' (z) — « maximal monotone

IIx is maximal monotone but z — F(Ilk(z)) + 2 — Ik (z) may not be,
even when F' is

Conic optimization:

b— ATy

—Vh(y) +A:c] is maximal monotone when h is convex
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Nonlinear Proximal Term

PPA with nonlinear proximal term: Consider instead

For some R:H — H, iteratively find approximate zeros zj;; of

Ty : 2= T(2) + c;, "(R(2) — R(2))

Corollary (Convergence of PPA with nonlinear proximal term). IfFTR~! is
maximal monotone, {c;'} is bounded with {cg|Ti(2x+1)||} summable and
T-10) #0, then

lim R(zx) € R(T~(0))

k—o0

Corollary. If F is maximal monotone, {c;'} is bounded with

{ckll F(Tk (2841)) + 2k41 — Mk (241) + ¢ (ke (zre1) — Tk (2) 11}

summable and NCPg(F) has a solution, then Ilk(z;) converges to a so-
lution.




Smoothing Approximation

Definition (Smoothing Approximation of Euclidean Projector).
A smoothing approximation of the Euclidean projector is a C! map p:

E x Ry — E satisfying

- M.
p(,u)m K

It is said to be wuniform if the convergence is uniform.

Examples:

« K=Ry:  plzp)= Y F

Z 4+ /7% +4p?l
o K=S.: p(Zp) = — T, (2) = Y (M) +aiq;




Smoothing Approximation

Non-interior continuation methods:

x>0,s>0,2s =0 & x=(x—s)+

(x—s)+ /@9 T4

Log-determinant optimization problem: Wang, Sun and Toh (2010)
observed that “the term —plogdet X acts as a smoothing term.”
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Smoothing Approximation

Barrier for K: A convex C? function f :int(K) — R with positive definite
Hessians V2f(x) such that

f(zr) = o0 Vint(K) 3 xp — bd(K)

{Vf(z)} ifzeint(K),

. . is @ maximal monotone map
0 if z ¢ int(K)

8f:x»—>{

Minty’'s criterion
=  Vu>0, (I+udf(-/u)~tis a bijection from E to int(K)

Theorem (Barrier-based smoothing approximation).
p:(z,p) = (I +pdf(-/n))~1(2) is a smoothing approximation of Il if

limsup pof(y/p) C Nx(r) VreR

pn—0t,y—ax

Corollary. f is logarithmically homogeneous
== p is a smoothing approximation of 1k
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Auxiliary Equation

Smoothed Normal Map Equation:

F(p(z,p+)) + 2 —p(z,pu4) =0  where p(-,0) :=Ilx

Auxiliary equation:

[F(P(Zauﬂ):Z—P(Z,MJr)} _ [8}
T

PPA /NP for auxiliary equation:

Iteratively find approximate zeros (zx, ) of

Ti: (2,p) o {F(p(z,m))/zz p(z,m)} n [Ckl(pfyi‘vlﬂ(ip(f:)’gkm)

We used R: (Zall') EEXR— (p(ZaM+)aM+)
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Smoothing PPA

SPPA for NME:

1

Starting with (zo,10) € E x Ry, iteratively set uxi1 = %Mk
k

and find approximate solution zx4; to

F(p(z, pe41)) + 2 — p(2, 1) + ¢ (P(2, prt1) — p(zks k) = 0,

Theorem. If C,, : H — H are bijective linear maps, Ci, TR~ are maximal
monotone, {C; '} is bounded with {||Cy(T (2141) + Cf " (R(2k4+1) — R(zx))) ||}
summable and T~1(0) # 0, then

Jim R(z) € R(T~Y(0))
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Smoothing PPA

Lemma. For C: (z,pu) € Ex R — (cz,yu), R: (z,u) — (p(z, py), py) with
the barrier f satisfying

ey sup (Vf(z) - Vf(z)z, (Vif(2) ' V() —2) < 4dw

z€int(K)

for some w > 0 and F monotone, then C~'TR~! is maximal monotone
under the inner product ((z,p), (z/, i) — (z,2') + wpp’

Lemma. The above sup is 9 if f is ¥-logarithmically homogeneous

Theorem (Convergence of SPPA for NME). If F' is monotone, f is log-
arithmically homogeneous, {c;'}, {v.'} and {cx; '} are bounded with

{cr|F(0(z, 1)) + 2 — p(2, 1) + ¢ 02, 1) — p(2r, i)}

summable and NCPk(F) has a solution, then p(z,pur) converges to a
solution.
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Convex Conic Optimization

In each iteration, we need to approximate the solution to

b— ATy + 2z — p(%ﬂkﬂ)} + [CEI(P(Z’ Pk+1) p(zk,ﬂk))} _ [O}
—Vh(y) + Ap(z, prs1) di (Y — k) 0

Change of variable: w = \/c;(z — p(z, pr+1)) + p(2, pe+1)/vV¢k

Logarithmic homogeneity of f

= pw, prt1) = p(2, pe+1)/Vew  and  w—p(w, pr+1) = Ver(z—p(2; pr+1))
= 2= p(2, pry1) + ¢ P2, prg1) = (w — p(w, prs1))/vVer + p(w, pry1)/Ver
=w/Ver

Proximal mapping equation then becomes

b— ATy +w/\/ck — c;; ' p(zk, k) ] _ [0]
—Vh(y) + Ver Ap(w, prr1) + dg ' (z — z)] |0
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Change of Variable

Denote by = /e (b — ¢ ' p(2k, k) in

{ b— ATy + w/v/er — ¢ p(k, in) } _ H
—Vh(x) + verAp(w, pt1) + i (y — k)] — [0

gives

{_Vh(iﬂ) + @Ap(wzj}ukﬂ) +di (Y — yk)} B [@Azy ) bk]

Schur complement equation:
—Vh(z) + VerAp(Ver ATy — bi, pi1) +di ' (y — yi) =0

and set w = /cz ATy — by,

Recovering z: 2= (w — p(w, tr+1))/Ver + Verp(w, 1)
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Solving Schur Complement Equation

Recall: p(-,p) = (I + pdf(-/n))~"

If g is the conjugate of ||| + p2f(-/u), then dg = (I + pdf(-/p))~*
. p(-, p) is the derivative of the convex conjugate g

Schur complement equation: Solving

—Vh(z) + Ver Ap(Ver ATy — bi, prga) + dig (y — ) =0

is equivalent to minimizing the convex function

1
—h(z) + g(Ver ATy — br, pry1) + Tclk”y — yil?
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Preliminary Numerical Experiments: SDP

n-logarithmically homogeneous barrier: f: X € 87, — —logdet X

Z+\Z?+ 421

2

Smoothing approximation: p(Z,u) = (I+udf(-/u)~*(Z) =

To solve the Schur complement equation, we use inexact Newton’'s method
with strong-Wolfe line search + PCG

Jacobian of Schur complement equation at y:
Ay e Apw (W, Mk-l-l)ATAy + d;ZlAy
with W = /e, ATy — by, and

pw (W, i) - Aw — Z X, Ao (@ Awas)aiq; (W = Z)‘iQiQ;'T)
3=1

2,j=1

1 i + A
AisNiloey == 1+ € (0,1 when >0
[ J]P( D) 2 ( \/>\12+4M2+\//\?+4M2> ( ) H
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Preliminary Numerical Experiments: SDP

Accelerating computation of py (W, u):

> o Ml (@ Awa)aid; = Aw — > (1= i, Alp() (@ Awas)aid;
i,j=1 1,5=1

Either 1. drop (4,7)'th term from sum when [\, Al =0

or

2. drop (i,7)'th term from sum when [A;, Aj],( ) = 1

Same technique used in Newton-CG Augmented Lagrangian Algorithm
(SDPNAL, Sun, Toh and Zhao, 2010)

SDPNAL can be viewed as the limiting version of SPPA as u — 0
. we compare with SDPNAL
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Preliminary Numerical Experiments: SDPLIB
Graph partitioning

Stop when primal & dual relative infeasibility < le —6

Name of Iter Relative infeas. Relative | Time
problem n|m M|Sub Primal Dual gap (m:s)
equalGll 801|801 SPPA 20|69 7.4e-07 7.5e-07 5.6e-06 1:49
SDPNAL | 29]|103 | 2.1e-07 6.5e-07 -1.0e-04 1:39
equalG51 1001{1001 SPPA 19|64 6.7e-07 4.5e-07 2.9e-06 2:40
SDPNAL | 26|149 | 9.5e-07 7.5e-07 -2.1e-05 3:54
SPPA SDPNAL
Name of PCG Rank LS PCG Rank LS
problem n|lm /Sub /PCG /Sub | /Sub /PCG /Sub
equalGll 801(801 16.0 133.9 1.1 19.9 63.4 1.0
equalG51 1001|1001 11.6 277.8 1.0 20.1 82.2 1.0

M = #Main iterations
LS = #.Line searches

(n — Rank)? = #[\;, \j]p(...) dropped

Sub = #Sub-iterations = #Newton steps
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Preliminary Numerical Experiments: SDPLIB

Max-cut
Name of Iter Relative infeas. Relative Time
problem  n|m M|Sub Primal Dual gap (h:m:s)
maxG1ll 800|800 SPPA 19|63 8.8e-07 9.6e-07 2.6e-06 2:39
SDPNAL | 30/105 | 2.5e-07 8.0e-07 -3.9e-06 1:35
maxG51  1000[1000 SPPA 15|58 1.9e-08 1.8e-07 1.2e-07 3:06
SDPNAL | 23|70 3.1e-07 8.7e-07 -2.6e-06 1:11
maxG32  2000/2000 SPPA 20|66 1.7e-08 6.7e-07 2.2e-06 25:21
SDPNAL | 31]109 | 2.2e-07 5.3e-07 -3.8e-06 14:57
maxG55  5000/5000 SPPA 15|57 6.2e-07 9.0e-07 1.6e-06 | 4:19:36
SDPNAL | 24|73 7.6e-07 7.0e-07 -3.2e-06 1:08:6
maxG60 7000|7000 SPPA 16(62 1.5e-08 2.1e-07 3.0e-07 | 8:24:34
SDPNAL | 25|83 1.4e-07 4.7e-07 -2.3e-06 | 3:27:21
SPPA SDPNAL
Name of PCG Rank LS PCG Rank LS
problem  n|m /Sub /PCG /Sub | /Sub /PCG /Sub
maxG1ll 800|800 39.5 86.9 1.1 25.8 16.3 1.0
maxG51  1000[1000 15.5 402.0 1.2 8.1 45.5 1.0
maxG32 2000|2000 44.8 125.0 1.1 26.9 28.8 1.0
maxG55  5000/5000 20.6 2582.7 1.2 8.1 133.7 1.0
maxG60 7000|7000 19.6 1784.9 1.4 10.6 172.5 1.0
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Preliminary Numerical Experiments: SDPLIB
Lovasz theta function

Name of

Iter Relative infeas. Relative Time
problem n|m M|Sub Primal Dual gap (h:m:s)
thetaGll 801|2401 SPPA 25|138 | 3.7e-08 3.9e-14 1.5e-08 5:59
SDPNAL | 31|159 | 2.6e-07 2.0e-12 1.1e-07 2:38
thetaG51 1001|6910 SPPA 24400 | 5.9e-04 9.6e-06 1.4e-04 | 3:36:35
SDPNAL | 37]491 | 3.4e-03 7.8e-07 1.9e-03 35:16
SPPA SDPNAL
Name of PCG Rank LS PCG Rank LS
problem njm /Sub /PCG /Sub | /Sub /PCG /Sub
thetaGll 801|2401 40.4 26.2 1.7 23.8 14.8 1.4
thetaG51 1001|6910 | 360.2 92.1 1.1 66.6 110.3 1.5
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