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Understanding stochastic transition behavior
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Understanding stochastic transition behavior

Reaction Pathways
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What are the dominant reaction pathways from set A to set B?
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Understanding stochastic transition behavior

Mean First Passage Times Ealr(B)]?

7(B) = inf{t > 0, X, € B)
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% Sampling problem: Metastability leads to rare events

Metastable process
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% The optimal control approach

Original metastable process
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‘ Hartmann, Schiitte. J. Stat. Mech. Theor. Exp., 2012.

Sarich, Banisch, Hartmann, Schitte. Submitted to Entropy, 2013.
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Tools for finite state space Markov chains

For a Markov chain (X,) with transition matrix P:

The mean first passage times
m(i) = E[7(B) | Xo = ]
can be computed without sampling

(P—1)m=—1, on B¢,

m =0, on B.
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Tools for finite state space Markov chains

Also the statistics of transition pathways can be computed without
sampling by using transition path theory (TPT).

»DENATURED* (A)

Noé, Schiitte, Vanden-Eijnden, Reich, Weikl, PNAS, 2009.
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% Guiding example

dX; = —VV(X,)dt + odB;
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% Markov State Models

Cluster state space into sets Ay, ...A, and consider
P,'j = P,u[XT c Aj|X() c A,]
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Discretization error analysis

D = span{]lAl, ceny ]]‘An}
R - orthogonal projection onto D

P can be considered as projection of the original transfer operator of the

system
QT :D — D,
T =T, =e",  (Lv)(x) = %azAv(x) _ V() - Vv(x).
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Example: Implied timescales

ni =

T

a log \;

Discretization error analysis
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A; - largest eigenvalues of transfer operator or its projection

T Up: 73 T4
original | 17.5267 | 3.1701 | 0.9804 | 0.4524
full partition | 16.5478 | 2.9073 | 0.8941 | 0.4006
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Projection error of eigenvectors

Theorem

Let T be a self-adjoint transfer operator and Q the orthogonal projection
to a subspace D with 1 € D. Let \ be an eigenvalue of T, u a
corresponding normalized eigenvector, and set 6 = ||u — Qu||. Then there
exists an eigenvalue \ of the projected transfer operator QT with

A=A < Mo -8)E
where A1 < 1 is the largest non-trivial eigenvalue of T.

In particular, for § < % one can simplify the equation to

A — A < 2X0.

Sarich, Schitte. Comm. Math. Sci., 2012.
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Projection error for the example

m Up: 73 T4
original | 17.5267 | 3.1701 | 0.9804 | 0.4524
full partition | 16.5478 | 2.9073 | 0.8941 | 0.4006
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% The core set approach

Use instead of a full partition....
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% The core set approach

...s0 called core sets by cutting out a
transition region.
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The core set approach
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% The core set approach and committors

gi(x) = P[process hits C; next | Xo = x]
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The benefit of core sets

Projection of transfer operator QT onto D = span{qi,...q,} leads to
matrix P = TM~1 with
Mi;; = P[after time t process will hit next C; |

at time t process came last from (]

and
T;j = P[after time t + 7 process will hit next ; |

at time t process came last from C].
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Transition behaviour in terms of milestoning

Ch. Schiitte, F. Noé, J. Lu, M. Sarich, and E, Vanden-Eijnden.
Markov State Models Based on Milestoning. J. Chem. Phys.,
134 (20). 204105, 2011.
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% The benefit of core sets

...and it can be proven to be more accurate!

0
HU - QcoresU” < HU — qu//UH - ||(U - quIIU)‘CH + ;,

> p = maxEx[r(C)|]

» 7 implied timescale belonging to u

» C region that is cut out

Sarich, Schitte. Comm. Math. Sci., 2012.
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% The benefit of core sets

Example
T Up 13 T4

original | 17.5267 | 3.1701 | 0.9804 | 0.4524
core sets | 17.3298 | 3.1332 | 0.9690 | 0.4430
full partition | 16.5478 | 2.9073 | 0.8941 | 0.4006
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% A multilevel/multigrid approach

Using a multigrid

Let C; = {C{, - C,J;j} be an increasing sequence of core set
discretizations, i.e.
Ci CCj forall j > i.

Level 1 Level 2 Level 3
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% A multilevel/multigrid approach

Using a multigrid
Let C; = {(4, ..., C{;j} be an increasing sequence of core set
discretizations, i.e.

Ci CCj forall j > i.

Level 1 Level 2 Level 3

Iterative Space Construction

Level 1: D; = span{qi,...,qn}, g; usual committors.

Level k +1: Dyyiq = ka N DkL, where LADkH is the usual committor
space for the cores on level k + 1.

Total space for projection with m levels: D = Dy + ... + D,
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Computation via transition counts

Computing the model
A matrix representation P = TM~! can again be computed from
stochastic quantities.

Assume C; was first introduced on level k and C; was first introduced on
level /, then

M;; = P[hit C; next on level | | came from C; on level k].
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Good approximation along multiple timescales

Mutilevel committors for 4 sets

and 2 levels.
Example

T T> T3 Ta
original | 17.5267 | 3.1701 | 0.9804 | 0.4524
9 cores multigrid | 17.5043 | 3.1579 | 0.9703 | 0.4441
O core sets | 17.3298 | 3.1332 | 0.9690 | 0.4430
full partition | 16.5478 | 2.9073 | 0.8941 | 0.4006

2 core sets | 17.5043 - - -
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Smoother approximation of the transfer operator

Original transfer operator Core set approximation

Multigrid approximation Full partition approximation
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Sampling and optimal control

Original metastable process
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% Sampling and optimal control

dX; = =V V(X;)dt + V2edB;
Cumulant generating function

J(x) = —celogEx[exp(—7(B)/€)] = Ex[T(B)] + ¢
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% Sampling and optimal control

dX; = =V V(X;)dt + V2edB;
Cumulant generating function

J(x) = —clog Ex[exp(=7(B)/€)] = Ex[r(B)] + ¢

T(B)l
=minE’ [7(B ~|us*d
min B | 7( >+/2||u|| |,
0

where P, is the path measure belonging to

dX; = (V2u, — VV(X;))dt + V2edB,.
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% Solution has feedback form

If J is smooth enough, u; = —v/2VJ(X;) is the unique minimizer.

T(B)
J(x) = B | 7(B) + / V(X)) 2ds
0

where P, is the path measure belonging to

dX; = —VU(X.)dt +V2edB;,  U(x) = V(x) +2J(x).
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% Fixed point iteration

T(B)
J(x) =E | 7(B) + / IVJI(Xs)|[Pds | =: (AJ)(x).

ldea

Fixed point iteration for the function A on a finite dimensional ansatz
space, l.e. assuming

J(X) = Z a,-gb,-(x).
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% Optimal control via Markov State Model

Another option
Writing
J(x) = —elog(x).

Then, v solves the linear system
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% Optimal control via Markov State Model

Another option
Writing
J(x) = —elog(x).

Then, v solves the linear system

Approximation by a

Hartmann, Schitte. J. Stat. Mech. Theor. Exp., 2012. Ma rkOV State MOdel
Sarich, Banisch, Hartmann, Schiitte. Submitted to Entropy, 2013. .
possible!
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% Optimal control example

14

] optimal control as lifted potential

Innnnnne computed via core set MSM using three core sets (grey)
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