A computable absolutely normal Liouville number

Verénica Becher
Universidad de Buenos Aires & CONICET, Argentina
vbecher@dc.uba.ar

April 2014

Joint work with Pablo Ariel Heiber and Theodore Slaman

The set of Liouville numbers is {x € R\Q : Vk € N, 3g e N, ¢ > 1 and ||qz|| < ¢*} where
||z|]| = min{|z—m/| : m € Z} is the distance of a real number z to the nearest integer and other
notation is as usual. Liouville’s constant, >’ k=1 10~ is the standard example of a Liouville
number. Though uncountable, the set of Liouville numbers is small, in fact, it is null, both
in Lebesgue measure and in Hausdorff dimension (see [2]).

We say that a base is an integer s greater than or equal to 2. A real number z is
normal to base s if the sequence (s’x : j = 0) is uniformly distributed in the unit interval
modulo one. Absolute normality is normality to every base. Bugeaud [2] established the
existence of absolutely normal Liouville numbers, but does not provide a construction. Let’s
recall that a real number = is computable if there is a base s and an algorithm to output the
digits for the base-s expansion of z, one after the other. We show the following;:

Theorem. There is a computable absolutely normal Liouville number.

We regard this result as a step into the ancient problem posed by Emile Borel [1] on
exhibiting a natural instance of an absolutely normal number. Borel’s understanding of
“natural” may have been towards numbers that can be described geometrically (as ), an-
alytically (as e), or algebraically (as v/2). To our mind, algorithmic descriptions are also
explicit, immediate and worthy of investigation.
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