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Some Higgs bundle background
Examples

Fixed points

Examples and an application
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Setting

e X a closed Riemann surface of genus > 2 with canonical bundle K.
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e X a closed Riemann surface of genus > 2 with canonical bundle K.

Definition

An SL(n,C)-Higgs bundle over ¥ is a pair (€, ¢), where
e £—Y is a rank n holomorphic vector bundle with det(&) = O
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e X a closed Riemann surface of genus > 2 with canonical bundle K.

Definition

An SL(n,C)-Higgs bundle over ¥ is a pair (€, ¢), where
e £—Y is a rank n holomorphic vector bundle with det(&) = O
o ¢ € H(X, End(£) ® K) with tr(¢) = 0. (The Higgs field)

p:E-ERK
@ Moduli space of polystable SL(n, C)-Higgs bundles M pjggs(SL(n, C)).

o U(l) O MHiggs(SL(n’ (C))v

o [€,8] s afixed point & VA€ U(l) I gn:EE with

o8t = \op.
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Example

This is a blank frame

Brian Collier (UIUC) Higgs bundles and fixed points July 14, 2014 4 /26



Theorem (Hitchin, Simpson)
Let (€, ¢) be a stable SL(n, C)-Higgs bundle,
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Theorem (Hitchin, Simpson)

Let (€, ¢) be a stable SL(n, C)-Higgs bundle, then there exists a unique
metric H on & solving the Higgs bundle equations (HBE)

Fu =+ [¢,0™] =0
Ve =0

Conversely, if (An, ¢) solves the (HBE) then the Higgs bundle (V%{, @) is
polystable.

v

e Given (Ay, ¢), we get new connection Ay + ¢ + ¢*H
o (An, ) solves HBE = Ay + ¢ + ¢** is a flat SL(n, C)-connection.

M piggs(SL(n, €)) — Hom™* (m1(X), SL(n, C))/SL(n,C)
Corlette’s Theorem for Harmonic metrics on flat bundles

> —SL(n,C)/SU(n)
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Hitchin Representations and SL(n, R) Higgs bundles
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Hitchin Representations and SL(n, R) Higgs bundles

Fuch(X) = {p : m1(X) — PSL(2,R)| p is discrete and faithful}
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Hitchin Representations and SL(n, R) Higgs bundles

Fuch(X) = {p : m1(X) — PSL(2,R)| p is discrete and faithful}
Fuch(X) +— Teich(X) =~ C3(&~1)

Fuch(X) C Hom(m1(X), PSL(2,R))/PSL(2,R) is 2 connected components.

Using the the unique irreducible representation PSL(2,R) < PSL(n,R),
we obtain a distinguished component of

Hom(r1(X), PSL(n, R))/PSL(n,R).

m (%) —2= PSL(n,R)

~N
I ~
Fuchsian N

PSL(2,R)
Can do the same thing for PSP(2n,R).
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Higgs bundles for some G's as vector bundles
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Higgs bundles for some G's as vector bundles

A SL(n,C)-Higgs bundle is a pair (£, ¢) where
e £—X rank n holomorphic vector bundle with det(&) = O
e ¢ € H'(X, End(E) ® K) with Tr(¢) = 0.

Definition
A SL(n.IR)-Higgs bundle is a triple (£, Q. ¢) where
e £—Y is a rank n-holomorphic vector bundle with det(&£) = O

o Q: E-=4E*is an orthogonal structure
@ ¢ € HY(Z, End(E) ® K) with Tr(¢) =0 and ¢” Q = Q¢.

A SP(2n,R)-Higgs bundle is a triple (V. 3,) where
@ V—% is a holomorphic rank n bundle
e B:V*sV®Kandy: V=2V *®@ K with 37 =3 and 4T = 4.

As a SL(2n,C) bundle (V @ V*, (3 §>)
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Hitchin's parameterization of Hitchin Component

This is a blank frame
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The splitting
n—3 n—1

K7 oK o oK T oK 5

Is a holomorphic splitting.
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The splitting
n—1 n—3 n—3 n—1
K2 oKz2Z ©&---&K 2 &K 2
Is a holomorphic splitting.
The metric solving (HBE) is not necessarily a metric on these line bundles.
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Question: When is the harmonic metric solving the Higgs bundle equations
compatible with the holomorphic splitting?
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SL(n, €)/S(U(a) x -+~ x U(ar))

—
—
—
—
—

—

y= —— SL(n,C)/SU(n)
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A Necessary Condition:
If H=H, & - & Hy, and Fy + [¢, $*H] = 0
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A Necessary Condition:

If H=H1 @ --® Hy, and Fy + [¢, ¢*H] = 0 then [¢, ¢*H] must be
diagonal.
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A Necessary Condition:

If H=H1 @ --® Hy, and Fy + [¢, ¢*H] = 0 then [¢, ¢*H] must be
diagonal.

Sufficient condition: Fixed points of U(1) action

(€,0) = (€, M) for all X € U(1), (K-Twisted) Holomorphic chain:

(g’¢): & 1 e 2 be—2 it b1 L

as a matrix
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A Necessary Condition:

If H=H1 @ --® Hy, and Fy + [¢, ¢*H] = 0 then [¢, ¢*H] must be
diagonal.

Sufficient condition: Fixed points of U(1) action

(&,0) = (€, M) for all A € U(1), (K-Twisted) Holomorphic chain:
(g’¢) =& 1 e $2 $e—2 € $e—1 &
as a matrix 0
¢1 0
&= ¢ 0
$e-1 O

If A € U(1) and gy acts by (€, ¢) — (€, \@) then gy is unitary.
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Theorem (Simpson)

2mi

Let (€, ¢) be a stable SL(n, C)-Higgs bundle and {, = ek
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Theorem (Simpson)

Let (€, ¢) be a stable SL(n, C)-Higgs bundle and ¢, = eF then
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Theorem (Simpson)

Let (€, ¢) be a stable SL(n, C)-Higgs bundle and ¢, = eF then
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e (&,0) is fixed by all of U(1) or,
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Theorem (Simpson)

Let (€, ¢) be a stable SL(n, C)-Higgs bundle and ¢, = eF then
(&,¢) = (&,( ¢) if and only if

e (&,0) is fixed by all of U(1) or,

EZEIDED - DEL and

0 Pk
¢1 O

¢k-1 O
¢j : E—Ej41 ® K is nonzero for all j.
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Theorem (Simpson)

Let (€, ¢) be a stable SL(n, C)-Higgs bundle and ¢, = eF then
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REMENS

When k = 2 the action is (€, ¢) — (£, —¢).  (Involution)
The theorem says fixed points should be of the following form

2
L

&1 &
~_ 7
1

These are SU(p, q)-Higgs bundles.
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When k = 2 the action is (€, ¢) — (£, —¢).  (Involution)
The theorem says fixed points should be of the following form

P2
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~__ 7
P1

These are SU(p, q)-Higgs bundles.

When k = n then the metric splits on line bundles.
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When k = n then the metric splits on line bundles.
Baraglia studied certain families of Higgs bundles in the Hitchin
component in his thesis.
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When k = n then the metric splits on line bundles.
Baraglia studied certain families of Higgs bundles in the Hitchin
component in his thesis. Cyclic Higgs bundles.

Brian Collier (UIUC) Higgs bundles and fixed points July 14, 2014 12 /26



REMENS

When k = 2 the action is (€, ¢) — (£, —¢).  (Involution)
The theorem says fixed points should be of the following form

P2
s
& &
~__ 7
P1

These are SU(p, q)-Higgs bundles.

When k = n then the metric splits on line bundles.
Baraglia studied certain families of Higgs bundles in the Hitchin
component in his thesis. n-Cyclic Higgs bundles.
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Let (€, ¢) be a stable SL(n, C)-Higgs bundle and ¢, = e’F then
(&,¢) = (&,( ¢) if and only if

o (&,0) is fixed by all of U(1) or

0EZEDED - DEL and

0 Pk
¢1 O

ok-1 O
¢ : £—Ej41 ® K is nonzero for all j.
Furthermore, the harmonic metric splitsas H = H; & - - - ® H,.

As a twisted quiver bundle,
/\
¢
¢1 ¢2 ¢3 ¢>k 2 ¢k 1
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Examples of Fixed points

As a twisted quiver bundle

Brian Collier (UIUC) Higgs bundles and fixed points July 14, 2014 15 / 26



Examples of Fixed points

As a twisted quiver bundle ¢ =

Brian Collier (UIUC) Higgs bundles and fixed points July 14, 2014 15 / 26



Examples of Fixed points

As a twisted quiver bundle ¢ =

Brian Collier (UIUC) Higgs bundles and fixed points July 14, 2014 15 / 26



Examples of Fixed points

As a twisted quiver bundle ¢ =

L N R 53 2
n—1 n—3 n—5 PZ n—>5 n—3 n—1
K™ K™ K™ . K™ K™ K™
~ = ~ = ~ > ~ ~ = ~ =
1 1 1 1 1 1
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As a twisted quiver bundle ¢ =

q s a3 a3
el ) q 7
n—1 K nfﬁé\(% WH& _n—1
K 2 K 2 2 .. K 2 K~ 2 K~ 2
~ = ~ = ~_ ~ ~ = ~— =
1 1 1 1 1 1
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As a twisted quiver bundle ¢ =

An
@ a3 \GN{
Sl ) q 1
n—1 nfm anii <~ _n-1
K K™z K2 K™z K~ K™
~ = ~ = ~ ~ = ~— = - =
1 1 1 1 1 1
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~ = ~ = ~ > ~ ~ = ~ =
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If we only have a g, then fixed by (¢,). This was proven by Baraglia in his
thesis.
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n—1 = n—3 n—>5 n—5 n—3 n—1
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thesis.
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Examples of Fixed points

As a twisted quiver bundle ¢ =

An
_— — o T
-
// \\\\

n—1 = n—3 n—>5 n—5 n—3 n—1
K™ K™ K K 2 K~ 2 K~
~ = ~ = ~ > ~ ~ = ~ =
1 1 1 1 1 1

If we only have a g, then fixed by (¢,). This was proven by Baraglia in his
thesis.

My(SL(n, C))

n .
@ H(x, K)
j=2

[E7 )‘QS] E—— ()‘2p2(¢)a >‘3p3(¢)a SRR Anpn(gb))
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thesis.
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Examples of Fixed points

As a twisted quiver bundle ¢ =

~ = ~ = ~ ~ = ~— = - =
1 1 1 1 1 1

If we only have a g, then fixed by (¢,). This was proven by Baraglia in his
thesis.

Mu(SL(n, C)) @ HO(S, Ki)

[E7 )‘QS] E—— ()‘2p2(¢)a >‘3p3(¢)a SRR Anpn(d)))

In the Hitchin component, (£, Q, ¢) is a fixed point of (¢,) if and only if

(£,Q,¢) =sn(az,.--,qn)
with g; = 0 for j # 0 mod k.
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Theorem (C.)

Let (V,,7) be a SP(2n,R)-Higgs bundle that is stable and simple then
(V,CkB,Cky) = (V, B,7) if and only if (V, 3,7) is fixed by all of U(1) or
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k is even and

VZV1€BV2@V3EB"'@V§71@V§

M
5 B1 "

BT
,BT 2 737—
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Theorem (C.)

Let (V,3,7) be a SP(2n,R)-Higgs bundle that is stable and simple then

(V,CkB,Cky) = (V, B,7) if and only if (V, 3,7) is fixed by all of U(1) or
k is even and

VZV1€BV2@V3EB"'@V§71@V§

ﬁl ga!

Furthermore the metric solving the Higgs bundle equations splits as
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Let [E, Q, @] be a stable simple SL(n,R)-Higgs bundle

v
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Let [E, Q, ¢] be a stable simple SL(n, R)-Higgs bundle then
[E, Q,¢] = [E, Q,¢,¢] if and only if

v
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Let [E, Q, @] be a stable simple SL(n,R)-Higgs bundle then
[E,Q,¢] = [E, Q,(,¢] if and only if [E, Q, #] fixed by all of U(1) or

1. EXEEDE® - @ Ec_1® Ex

Q1
@

with 7 Q = Q¢.

0 (o
¢1 0
0 ¢ O

¢k-1 O

v
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Let [E, Q, @] be a stable simple SL(n,R)-Higgs bundle then
[E,Q,¢] = [E, Q,(,¢] if and only if [E, Q, #] fixed by all of U(1) or
1. EZ2EDE® - -®E_1DE
0 op
Q1 0 6 0
Q- 2 6=|0 & 0
T
@ ¢k-1 0
with 7 Q = Q¢.
2. neven, EZE ®---® Ex
0 bk
0 (@] 6 0
Q= i p=|0 ¢ 0
T
& ¢k-1 0
with 7 Q = Q¢.
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Let [E, Q, @] be a stable simple SL(n,R)-Higgs bundle then
[E,Q,¢] = [E, Q,(,¢] if and only if [E, Q, #] fixed by all of U(1) or
1. EZEE0E® - - ®E—1®E
0 Pk
@ 0 6 0
Q- 2 6=|0 & 0
T
@ ¢k-1 0
with 7 Q = Q¢.
2. neven, EZE ®---® Ex
0 o
0 Q1 6 0
Q= i p=|0 ¢ 0
T
= ¢k-1 O
with 7 Q = Q¢.
Furthermore, the metric splits as H; @ - - - ® Hy and satisfies
det(H)=1  and HTQH = Q.
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(¢ _,) Fixed points in the Hitchin component
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An application or two
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Simplification of Equations and Asymptotics

Let (E, Q, ¢) in the Hitchin component be a fixed point of (C,) or ((,_,)
then

Brian Collier (UIUC) Higgs bundles and fixed points July 14, 2014 20 / 26



Simplification of Equations and Asymptotics

Let (E, Q, ¢) in the Hitchin component be a fixed point of (C,) or ((,_,)
then the metric solving the Higgs bundle equations splits as a direct sum

h@h @ - ®h'dh !

Brian Collier (UIUC) Higgs bundles and fixed points July 14, 2014 20 / 26



Simplification of Equations and Asymptotics

Let (E, Q, ¢) in the Hitchin component be a fixed point of (C,) or ((,_,)
then the metric solving the Higgs bundle equations splits as a direct sum

h@h @ - ®h'dh !
on the line bundles
n—1 n—3

K2 &K 2

_n—1

@...@K—%@K 2
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Simplification of Equations and Asymptotics

Let (E, Q, ¢) in the Hitchin component be a fixed point of (C,) or ((,_,)
then the metric solving the Higgs bundle equations splits as a direct sum

h@h @ - ®h'dh !
on the line bundles
n—1

@...@K‘%@K‘ 2

n—1 n—3

K2 &K 2

The adjoint of ¢ is given by ¢* = H"1¢T H.
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Simplification of Equations and Asymptotics

Lemma

Let (E, Q, ¢) in the Hitchin component be a fixed point of (C,) or ((,_,)
then the metric solving the Higgs bundle equations splits as a direct sum

h@h @ - ®h'dh !
on the line bundles
n—1

@...@K‘%@K‘ 2

n—1 n—3

K2 &K 2

The adjoint of ¢ is given by ¢* = H"1¢T H.
Since the metric splits as h, ® h, ® --- ® h; 1 & hL,
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Simplification of Equations and Asymptotics

Lemma

Let (E, Q, ¢) in the Hitchin component be a fixed point of (C,) or ((,_,)
then the metric solving the Higgs bundle equations splits as a direct sum

h@h @ - ®h'dh !
on the line bundles
n—1 n—3

K2 &K 2

n—1

@...@K‘?@K‘ 2

The adjoint of ¢ is given by ¢* = H"1¢T H.
Since the metric splits as h, ® h, ® --- ® h; 1 & hL,

0 h7th, 0 hlh,
h1h, h-th,
¢ = ¢ =
hy hyGn—1 0 hlh, 0 hlh,
0 b, b1 0 h2g, 0
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Proposition (C.-Li)

For (£,Q,®) = sn(0,...,gn-1,0) the Higgs bundle equations
Fa, + [¢, ®*"] are equivalent to
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Proposition (C.-Li)
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Fa, + [¢, ®*"] are equivalent to

Fhy + h1ha@n—1 A Gn1 — hy thy =0
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Proposition (C.-Li)

For (£,Q,¢) = su(0,. .., gn—1,0) the Higgs bundle equations
Fa, + [¢, ®*"] are equivalent to

Fhy + h1ha@n—1 A Gn1 — hy thy =0
Fhy + h1haGn—1 A Go—1 -+ hy thy — hyths = 0

_ _ . n
Fry+ 2 hj — hthipn =0 2<j<3
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Proposition (C.-Li)

For (£,Q,®) = su(0,...,qn1,0) the Higgs bundle equations
Fa, + [¢, ®*H] are equivalent to

Fhy + h1ha@n—1 A Gn1 — hy thy =0
Fhy + h1haGn_1 A Go1 + h7tha — hyths =0
-1 -1 . .n
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Fp, +haths —h;2 =0
2 2 2 2

when n is even
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Proposition (C.-Li)

For (£, Q, ) = s(0,...,qn1,0) the Higgs bundle equations
Fa, + [, ®*"] are equivalent to

(Fp, 4 hihadn1 A Goo1 — hitha =0
Fh2 + h1hogn_1 A Qp_1+ h;lhz = h;1h3 =0

Fioy + By — by = 0 2<j< g

th 1—{—hn 3hn 1—hL,11:

\ 2 2

when n is odd
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Proposition (C.-Li)
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In both cases we will scale the differential by a real parameter t.
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Proposition (C.-Li)

For (£, Q,®) = su(0, ..., tqn-1,0) the Higgs bundle equations
Fa, + [¢,¢*"] are equivalent to

Fiy + t°h1hagn1 A o1 — by thy = 0
Fiy + t°h1h2Gn1 A Gn-1+ by thy — hy ths = 0
-1 -1 . n
th+hj—1hj_hj hj+1:O 2<j<§
Fh, +hathn —hy2 =0
2 2 2 2

when n is even. Where h; depends on t.

In both cases we will scale the differential by a real parameter t. We study
@ the asymptotics of the harmonic metric

@ the asymptotics of the corresponding flat connection.
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Metric Theorem

Theorem (C.-Li)
Let (£, ¢) be a Higgs bundle in the SL(n, R)-Hitchin component with
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Metric Theorem
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for t € R.
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Metric Theorem

Theorem (C.-Li)

Let (£, ¢) be a Higgs bundle in the SL(n, R)-Hitchin component with
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for t € R.
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Metric Theorem

Theorem (C.-Li)

Let (£, ¢) be a Higgs bundle in the SL(n, R)-Hitchin component with
¢ =& +tqr-1en—2 OF =& + tqnep_1,
for t € R. Then, for all p € X away from the zeros of g,_1 or g, as

t — 00, the metric solving the Higgs bundle equations has the following
form:

- : nt1-2j |
1. For ¢ =& + gn,_1€,_2, the metricon K~ 2 " s

_n+172j _ 2 . R
(tlgn-1(p))""* 7 (L4 O(t™ 7)) forj=1 and j=n

2

(2tlgn1(p)))" T (1+ O(t 71)) forl<j<n

hj(p) =
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Metric Theorem

Theorem (C.-Li)

Let (£, ¢) be a Higgs bundle in the SL(n, R)-Hitchin component with
¢ =& +tqr-1en—2 OF =& + tqnep_1,
for t € R. Then, for all p € X away from the zeros of g,_1 or g, as

t — 00, the metric solving the Higgs bundle equations has the following

form:
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Metric Theorem

Theorem (C.-Li)

Let (£, ¢) be a Higgs bundle in the SL(n, R)-Hitchin component with
¢ =& +tqr-1en—2 OF =& + tqnep_1,
for t € R. Then, for all p € X away from the zeros of g,_1 or g, as

t — 00, the metric solving the Higgs bundle equations has the following

form:

- : nt1-2j |
1. For ¢ =& + gn,_1€,_2, the metricon K~ 2 " s

2

(tlgn-1(p)]) ™" <1+O(t 1)) forj=1 and j=n

hi(p) =
(2t|q,,,1(p)|)7 = (1 + O(t™ 71)) forl<j<n
2. For ¢ = &é; + gnen—1, the metric on K o is
n+1 n+1-2j 2 .
hi(p) =t~ |an(p)| =" (14 O(t™7))  for all
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Toledo invariant for SP(2n, R)

For SP(2n,R)-Higgs bundles, the deg(V') provides a topological invariant.
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If deg(V') # deg(V’) then all Higgs bundles (V. 8,v) and (V’,3',7') are
in different connected components.
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For SP(2n,R)-Higgs bundles, the deg(V') provides a topological invariant.
If deg(V') # deg(V’) then all Higgs bundles (V. 8,v) and (V’,3',7') are
in different connected components.

Facts
Let (V,3,7) be a SP(2n,R) Higgs bundles
o |deg(V)| <2g -2
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Toledo invariant for SP(2n,R)

For SP(2n,R)-Higgs bundles, the deg(V') provides a topological invariant.
If deg(V') # deg(V’) then all Higgs bundles (V. 8,v) and (V’,3',7') are

in different connected components.

Facts

Let (V,3,7) be a SP(2n,R) Higgs bundles
o |deg(V)| <2g -2

o For |deg(V)| # 2g — 2 the space of SP(2n,R)-Higgs bundles is

connected.

o If |deg(V)| = 2g — 2 the corresponding representations are
Geometrically interesting (discrete and faithful, Anasov,..)

e For deg(V) =2g — 2 the v: V—=V* ® K is an isomorphism.
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Toledo invariant for SP(2n,R)

For SP(2n,R)-Higgs bundles, the deg(V') provides a topological invariant.
If deg(V') # deg(V’) then all Higgs bundles (V. 8,v) and (V’,3',7') are

in different connected components.

Facts

Let (V,3,7) be a SP(2n,R) Higgs bundles
o |deg(V)| <2g -2

o For |deg(V)| # 2g — 2 the space of SP(2n,R)-Higgs bundles is

connected.

o If |deg(V)| = 2g — 2 the corresponding representations are
Geometrically interesting (discrete and faithful, Anasov,..)

e For deg(V) =2g — 2 the v: V—=V* ® K is an isomorphism.

@ Get new invariants from K?-twisted Higgs pairs (Cayley partners)

Brian Collier (UIUC) Higgs bundles and fixed points

July 14, 2014

23 / 26



Examples in maximal SP(4,R) components

Bradlow, Garcia-Prada, Gothen

For SP(4,R) with deg(V) =2g — 2 (v is an iso) has many connected
components, and
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Examples in maximal SP(4,R) components

Bradlow, Garcia-Prada, Gothen
For SP(4,R) with deg(V) =2g — 2 (v is an iso) has many connected
components, and 2g — 2 of the components are given by the following
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@ Let N—X be a holomorphic line bundle with
g—1<deg(N)<3g-3
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Examples in maximal SP(4,R) components

Bradlow, Garcia-Prada, Gothen
For SP(4,R) with deg(V) =2g — 2 (v is an iso) has many connected
components, and 2g — 2 of the components are given by the following
data:
@ Let N—X be a holomorphic line bundle with
g—1<deg(N)<3g-3

_ _ B1 q2 01
o (Vo) = (nonk (2 #) (1 1))
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data:
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Examples in maximal SP(4,R) components

Bradlow, Garcia-Prada, Gothen

For SP(4,R) with deg(V) =2g — 2 (v is an iso) has many connected
components, and 2g — 2 of the components are given by the following
data:

@ Let N—X be a holomorphic line bundle with
g—1<deg(N)<3g-3

_ _ B1 q2 01
o (Vo) = (nonk (2 #) (1 1))

When g =0, (NEB N7iK, <501 ﬁO) , (? (1))> is a fixed point of ((,).
2

So the metric solving the Higgs bundle equations splits as h; @ hy on

Na& N K.
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Since the metric splits, the Higgs bundle equations simplify to:
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Fhy + b tha — hy2Ba A Ba =0
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Since the metric splits, the Higgs bundle equations simplify to:
Fy + W3B1 A By — hilhy =0

Fhy + b tha — hy2Ba A Ba =0

Similar to Hitchin component, scale by real parameter t.
Study asymptotics of metric and corresponding flat connection...
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Since the metric splits, the Higgs bundle equations simplify to:
Fy + W3B1 A By — hilhy =0
Fh, +hithy — h5%Bo A B2 =0

Similar to Hitchin component, scale by real parameter t.
Study asymptotics of metric and corresponding flat connection...

Theorem (Labourie)

Let p : m1(X)—SP(4,R) be a maximal representation, then there exists a
conformal structure on ¥ so that the g = 0.
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Since the metric splits, the Higgs bundle equations simplify to:
Fy + W3B1 A By — hilhy =0
Fh, +hithy — h5%Bo A B2 =0

Similar to Hitchin component, scale by real parameter t.
Study asymptotics of metric and corresponding flat connection...

Theorem (Labourie)

Let p : m1(X)—SP(4,R) be a maximal representation, then there exists a
conformal structure on ¥ so that the g = 0.

Baraglia used this in his thesis to give description of SP(4,R)-Hitchin
component in terms of 4-cyclic Higgs bundles.
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Thank you
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