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NOTATIONS

X: smooth projective curve over C

G =Gl (C)

P!: the Riemann sphere C U {cc}

P = {po, p1,--.,pn}: a finite set of distinct points in X
O: sheaf of holomorphic functions

Qk: sheaf of smooth k-forms

Q!: sheaf of holomorphic 1-forms

NAHM TRANSFORM SZILARD SZABO, BUDAPEST



‘WILD NON-ABELIAN HODGE THEORY ON CURVES NAHM TRANSFORM HYPER-KAHLER ISOMETRY

MEROMORPHIC CONNECTIONS AND HIGGS BUNDLES
ON CURVES

Let £ be a holomorphic vector bundle of rank r on X and D a
meromorphic connection with singularities in P:

D:E— QYxP)®c E

satisfying the Leinbiz-rule.
Paralelly, let £ be a holomorphic vector bundle of rank r on X and

0:&— QUxP)®p &

a meromorphic Higgs field.

NAHM TRANSFORM SZILARD SZABO, BUDAPEST



‘WILD NON-ABELIAN HODGE THEORY ON CURVES NAHM TRANSFORM HYPER-KAHLER ISOMETRY

FIXING THE IRREGULAR PARTS OF D
We fix the behaviour of D near the singular points as follows:
d d
D:d—i-Aani—i-'“—i-Asz;—FO(z*l)dz

with respect to some local analytic coordinate z and some
holomorphic trivialisation, where

Az, ..., Ap
belong to some torus t C gl,(C). Let
H c GI,(C)

stand for the common centraliser of Ay, ..., A, and b for its
Lie-algebra.
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FIXING THE IRREGULAR PARTS OF 6

Paralelly, we assume

d d
0= Tné +---+ T2é +0(z71)dz
z z

with respect to some trivialisation, where

A
Tk:7k (2 <k < n).
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PARABOLIC STRUCTURE AT SINGULAR POINTS
A compatible parabolic structure for D is the choice of an element
B € tR.

Up to conjugation we may assume t consists of diagonal matrices,
so we have

B = diag(f1, ..., Br)-

Similarly, a compatible parabolic structure for 8 is the choice of
a =diag(ai,...,a,) € tR.
To « we associate the parabolic subgroup
P, ={g € GI,(C)| z%gz * exists as z — 0}

and similarly we get Pg with Lie-algebras p., pg respectively.
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RESIDUES

We assume that
A1 €0 Chnpg

is in a fixed semi-simple adjoint orbit, defined by eigenvalues
1,5 Hr

and similarly,
Ti€O0 Cchnp,

is in a fixed semi-simple adjoint orbit, defined by eigenvalues
ALy ooy Ar
These parameters are subject to Simpson's relations

_ Wi — B

ai = R(pi), i 5
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STABILITY OF CONNECTIONS

The parabolic degree and slope of E are defined respectively as

par-deg(E) = deg(E) + Z Z ﬁJ

j=0 k=1

and
par-deg(E)

par-slope(E) = ank(E)
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STABILITY OF CONNECTIONS

The parabolic degree and slope of E are defined respectively as

par-deg(E) = deg(E) + Z Z ﬁJ

j=0 k=1

and
par-deg(E)

rank(E)

(E, D) is said to be parabolically stable if for all non-trivial proper
subbundle F C E such that Im(D|r) C Q!(xP) ® F, one has

par-slope(E) =

par-slope(F) < par-slope(E).
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STABILITY OF HIGGS BUNDLES

The parabolic degree and slope of € are defined respectively as

par-deg(&) = deg(&) + Z Z o/

j=0 k=1

and
par-deg(&)

par-slope(&) = ank(&)
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STABILITY OF HIGGS BUNDLES

The parabolic degree and slope of € are defined respectively as

par-deg(&) = deg(&) + Z Z o/

j=0 k=1

and
par-deg(&)

rank(€&)

(&€,0) is said to be parabolically stable if for all non-trivial proper
subbundle F C € such that Im(8|5) C Q(*P) ® F, one has

par-slope(&) =

par-slope(J) < par-slope(&).
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ADAPTED HERMITIAN METRICS

A Hermitian fiber metric h is adapted to the parabolic structure of
(E, D) (respectively (€,0)) if near all p; € X it is mutually
bounded with

. 7l
dlag(’zjyzﬁk)k:L...,ru

(respectively diag(|2j|2ajl;)) where z; is a local holomorphic
coordinate of X vanishing at p;.
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ADAPTED HERMITIAN METRICS

A Hermitian fiber metric h is adapted to the parabolic structure of
(E, D) (respectively (€,0)) if near all p; € X it is mutually
bounded with

. 7l
dlag(|zj’26k)k:1,...,ru

(respectively diag(|2j|2ajl;)) where z; is a local holomorphic
coordinate of X vanishing at p;.

REMARK

Without the semi-simplicity assumption on the residues, the form
of the matrices involves logarithmic terms corresponding to the
weight filtration too.
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HARMONIC METRICS

Let (E, D) be a meromorphic connection endowed with a parabolic
structure, and h an adapted Hermitian metric on it. Consider the

decomposition
D=D"+¢

of D into h-unitary and self-adjoint parts respectively.
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HARMONIC METRICS

Let (E, D) be a meromorphic connection endowed with a parabolic
structure, and h an adapted Hermitian metric on it. Consider the

decomposition
D=D"+¢

of D into h-unitary and self-adjoint parts respectively.
Decompose these parts further according to bidegree:
Ql — Ql,O D QO,l
Dt =0t + 0"
d=6+06".
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HARMONIC METRICS

HYPER-KAHLER ISOMETRY

Let (E, D) be a meromorphic connection endowed with a parabolic
structure, and h an adapted Hermitian metric on it. Consider the

decomposition
D=D"+¢

of D into h-unitary and self-adjoint parts respectively.

Decompose these parts further according to bidegree:
Ql — Ql,O D QO,l
Dt =9t + 0"
d=0+06".
Then, h is said to be harmonic if

dte =o.

NAHM TRANSFORM
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HERMITIAN-EINSTEIN METRICS

Let (&, 6) be a meromorphic Higgs field endowed with a parabolic
structure, and h an adapted Hermitian metric on it. Let

DChern

denote the Chern connection associated with 9¢ and h and 6* the
adjoint of 6 with respect to h. Then, h is said to be
Hermitian—Einstein if the connection

D = Dchern + 0 + 0"
is flat. If this holds then (D, h) solve Hitchin's equations

Fp: +1[0,6*]=0
ote =o.
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WILD NON-ABELIAN HODGE THEORY

THEOREM (O. BIQUARD — P. BoaLcH 2004)

1. Let (E, D) be a parabolically stable meromorphic integrable
connection of parabolic degree 0, with polar parts fixed as
above. Then, there exists a unique adapted harmonic metric h
(up to a constant).

2. Let (€,0) be a parabolically stable meromorphic Higgs bundle
of parabolic degree 0, with polar parts fixed as above. Then,
there exists a unique adapted Hermitian—Einstein metric h (up
to a constant).

3. For generic values of the parameters the moduli space M of
irreducible solutions of Hitchin's equations with prescribed
singularity data up to unitary gauge transformations is a
smooth complete hyper-Kahler manifold.
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DEFORMATION THEORY AND RIEMANNIAN
STRUCTURE

From now on, the parameters are assumed to be generic so that M
is smooth and complete, and (E, D) € M with harmonic Hermitian
metric h.

The tangent space of M at (E, D) is given by

TepyM = {a € [*(X,Qk ® End(E)):  D(a) =0,D*(a) = 0}.

The Atiyah—Bott Riemannian structure is given by the natural
L2-metric

\/jl/x tr(a A a%).
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COMPLEX STRUCTURES

The de Rham and Dolbeault complex structures are respectively
given by

J(a) = v—1a, I(a) =v—1(a%")* —V/=1(a*%)".
Write
(D+a)t =(0"—A")+ (0 + A)
with A of type (0,1) and let
d+d+0*, delf
denote the self-adjoint part of D + a. Then we have
I(A,0) = (V-1A,V-19).
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DOLBEAULT HOLOMORPHIC SYMPLECTIC STRUCTURE

Given a hyper-Kahler manifold (M, g, 1, J, K), let

be the Kahler forms and
Q) =wy+ V—1wg.

Then (/,€;) defines a holomorphic symplectic structure on M.
For M with g, /, J, K defined as above this structure is given by

(A, ), (B, V) = / (U AA— b A B).
X
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ISOMETRIES BETWEEN MODULI SPACES

QUESTION J

Are there isometries between the wild Hitchin moduli spaces 7

Yes, some are given by Nahm transformation.
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ASSUMPTION ON POINTS AT FINITE DISTANCE

From now on we let X = P, p1,....,pn € C, pg = 0
D is supposed to have a logarithmic singularity (i.e., n = 1) at p;
for j € {1,...,n}: in a local trivialisation of E near pj, one has

zZ—pj

where A/ is a holomorphic matrix-valued function defined near pj.
Furthermore, the residue

A(p;) = diag(0, .. .,0, ,ufrﬂ,...,uf;),

is diagonal, with 1} non-zero and generic.
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ASSUMPTION AT INFINITY

D is supposed to have an irregular singularity with n—1 =1 at
infinity: in a local trivialisation of E near oo, one has

d
D=d+ Adz + 872 + lower order terms,

where
A=diag(€r,... &1y o)
B:diag(,u(l),...,,uaz, ...... ,u(l)+an,,...,u9)

(the leading order term and residue, respectively). Here the & are
pairwise distinct constants, and the M? are generic non-zero.
(Notation:a; = 0,a,41 = r.)
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EXPONENTIAL TWIST

Let EAand P! be another copy of C and P! respectively.
Call P ={&,...,&n} the transformed singular set.
For any £ € C\ P, define the twisted connection as

De = D — £dz.

NAHM TRANSFORM SZILARD SZABO, BUDAPEST
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EXPONENTIAL TWIST

Let EAand P! be another copy of C and P! respectively.
Call P ={&,...,&n} the transformed singular set.
For any £ € C\ P, define the twisted connection as

De = D — £dz.

Let Dg‘ stand for the adjoint operator of D¢ with respect to h, and
define the twisted Laplace operator

A¢ = D¢Df + DfD;

as an unbounded operator acting on L?(Q! ® E).
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THE KERNEL OF THE TWISTED LAPLACIAN

For any & € C \ ,B the twisted Laplace operator
Ae PR E) — [2(Q' ® E)

has finite dimensional kernel.
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THE KERNEL OF THE TWISTED LAPLACIAN

For any ¢ € C \ ,B the twisted Laplace operator
Ae PR E) — [2(Q' ® E)

has finite dimensional kernel.
The vector spaces ker(A¢) form a smooth family of
finite-dimensional subspaces of L?(Q! ® E) of the same dimension,

parametrized by C \ P.
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TRANSFORMED VECTOR BUNDLE AND METRIC

DEFINITION

The smooth vector bundle with fiber over £ € C \ P equal to
ker(A¢) is called the transformed smooth vector bundle. We

denote it by E, and its fiber over & by Eg

NAHM TRANSFORM SZILARD SZABO, BUDAPEST
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TRANSFORMED VECTOR BUNDLE AND METRIC

DEFINITION

The smooth vector bundle with fiber over £ € C \ P equal to
ker(A¢) is called the transformed smooth vector bundle. We

denote it by E, and its fiber over & by Eg

Let ¢(2),9(z) € ES for some £ € C\ P.

DEFINITION

The transformed Hermitian metric h is defined on the fiber Eg by
the formula

(o) = /c hg(2), ¥(2)).
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THE TRANSFORMED FLAT CONNECTION

L2-metric on sections of Q! ® E induces an orthogonal projection
U L2(P1,Ql & E) — Eg.

Fix & € C\ P and let ©1(2),...,¢r(z) be a basis of E&o- These
sections are exponentially decreasing at infinity. In particular, for
all ¢ sufficiently close to & in C\ P one can consider the sections

pj(& 2) = me(e€0)2y(2)) € E.

NAHM TRANSFORM SZILARD SZABO, BUDAPEST
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THE TRANSFORMED FLAT CONNECTION

L2-metric on sections of Q! ® E induces an orthogonal projection
U L2(P1,Ql & E) — Eg.

Fix & € C\ P and let ©1(2),...,¢r(z) be a basis of E&o- These
sections are exponentially decreasing at infinity. In particular, for
all ¢ sufficiently close to & in C\ P one can consider the sections

pj(& 2) = me(e€0)2y(2)) € E.

DEFINITION

The transformed flat connection D on E is defined by the basis of
local parallel sections ¢;(¢; z) for j € {1,...,r'}.
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METRIC EXTENSION

DEFINITION

The metric extension of E over & € P (respectively 0) is the
lattice consisting of local holomorphic sections outside of &
(respectively 53) whose h-norm is bounded from above by a
constant.

We denote L
(E,D,h) =N(E, D, h).
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PROPERTIES OF THE TRANSFORM

THEOREM (Sz 2008)

» D isan integrable connection on E, with logarithmic
singularities in & € P and an irregular singularity of
Poincaré-rank 1 (n = 2) at &c.

» The metric extension induces a parabolic structure on E at
the singular points.

» The corresponding eigenvalues and parabolic weights
transform according to the diagrams on the next two slides. In
particular, E is of rank > 7, (r — r;) and of parabolic degree 0.

» The metric h is harmonic for D.

» Nahm transform N is involutive (up to a sign).
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TRANSFORM OF THE EIGENVALUES

o0 p1 Pn o0
&G+z70 0 0 —pr+¢ g
0 .
G4zl 0 —pr+¢ )
0 ,U/'rvn-i-l
: :
_ oy +1 _
Ew +2 M ha, —pn+ ¢ ]
1o pr wr 1
fn’ +z My r —Pn + C My
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TRANSFORM OF THE EIGENVALUES

o0 P1 Pn 00 61
& +z71d 0 0 —pi+(¢tupyy O
0 ; : 0
G4zl 0 —p ¢y}
O /,L”]n_,’_l . 0
M}1+1 T

Ew + z_lu(1)+an, —pn+ ¢ g

1 0
Hr 'ul’] MBQ

Ew + 2704 —pa+ (]
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NAHM TRANSFORM

TRANSFORM OF THE EIGENVALUES

oo p1
&+z 1#(1) 0
0
G+z1pd
0
1
IU/I‘1+1

-1.0
gn""z /41—&-3”/

gn’ + Zil;u(r)

NAHM TRANSFORM

Pn o0
0 ‘—P14—§_1Mh+1
O —p+¢ Mt
M7n+1
—pn+ ¢l 4y
we o _ ~1,n
Pn+ ¢ iy

HYPER-KAHLER ISOMETRY

gl gn/
0 0
0
0

O /l(l)Jran/
4

0
:U’aQ /I’(r)
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TRANSFORM OF THE EIGENVALUES

oo p1
&4 z7d 0
0
G+z1pd
0
1
IU/I‘1+1

-1.0
gn""z Ml—f—an/

' 1
_ Hr
fn’ +z 1#9

NAHM TRANSFORM

Pn 00 &1 Enr
0 —pr+(tupgr O 0
: 0
O —p+ ¢ 0
'ul,”n-i-l : 0 M(l)—i-an/
: 0
_ M1
—pn+ (Ml
,Un . —1,n 'U’22 0
r=pnt+C R For
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THEOREM (Sz 2014)

Nahm transform is a hyper-Kahler isometry.
Strategy of proof: show
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COMPLEX STRUCTURES

The transformation of the complex structure / follows from an
algebraic interpretation

[2HY(D;) = HY(& L50, g

as the hypercohomology of the Dolbeault complex (Aker-Sz 2014).
The transformation of the complex structure J follows from
identification with minimal extension followed by Fourier—Laplace
transform of the underlying holonomic D-module (Sz 2012).

From now on we will focus on the transformation of ;.
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BEAUVILLE-NARASIMHAN-RAMANAN
CORRESPONDENCE

Set
L= Q5 (P) = Dhu(pr 4+ pot 2 )

and consider the ruled surface
Z=POpal) S P!
with relatively ample line bundle O(1) and global sections
x e H'(Z,0(1) @ n*L), y € H(Z,7*L).
Consider the cokernel sheaf M(¢ gy defined by

T*ORy—7*Ild e @x
_—

0= 71 (E®LY) € ® O(1) = Mg ) — 0.
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BEAUVILLE-NARASIMHAN-RAMANAN
CORRESPONDENCE, CONT’D

It is possible to recover (&,0) from M gy:
E=mMeg), 0=m(x:M—=Meamrl0(1)).

The support S(¢ g) of M(¢ g) is called spectral curve.
The above associations induce an equivalence between the
categories of

Higgs bundles with integral spectral curve S
and

torsion sheaves of pure dimension 1 and of rank 1

with irreducible support away from (y)

NAHM TRANSFORM SZILARD SZABO, BUDAPEST
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HILBERT SCHEME OF CURVES
Notice: Z is a holomorphic Poisson surface with Liouville
symplectic form w degenerating along
Do =7 P +2-(y).
Given r consider the Hilbert scheme
Hilb(r)
of curves S C Z having the same Hilbert polynomial as a generic r
to 1 cover of Pl in Z,
Hilb%(r) C Hilb(r)
the connected component of a given Sg, and
B C Hilb%(r)
the Zariski open subset parameterising smooth irreducible curves S
not contained in Dy.
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MODULI SPACES OF SHEAVES ON POISSON SURFACES

Consider moreover the relative Picard bundle
Pic?(Z) — B

whose fiber over b € B is the set of isomorphism classes of degree
d line bundles over Sp.

THEOREM (DonNacI, MARKMAN 1996)

B is smooth and Pic?(Z) has a canonical Poisson structure whose

symplectic leaves are obtained by prescribing the intersection of
the curves S with Dy.
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DEFORMATION THEORY OF SHEAVES

The deformation theory of Pic?(Z) at a given sheaf M is given by

the global Ext-groups
Extg, (M, M)

and the restriction of the Poisson structure Qpukai to the
symplectic leaves is induced by the Yoneda product

U : Exty, (M, M) x Extg (M, M) — Extg_(M, M)

followed by Serre duality.

NAHM TRANSFORM SZILARD SZABO, BUDAPEST
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MATCHING THE SYMPLECTIC STRUCTURES
Consider two 1-parameter families

(), ®(t),  (E(x), ®(x))

of elements of M for t, x € C both specialising to (£, ®) € M at
t = 0 and x = 0 respectively. They give rise to

T, X € TigoyM.
The associated families of spectral sheaves
Mee(o).e): Meeo,o()
in Pic?(Z) then give rise to tangent vectors
T, X € T o, Pic?(2).
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MATCHING THE SYMPLECTIC STRUCTURES, CONT’D

Then we have the

KEY FORMULA

QT,X) = Qmukai( T, X).

Proven in particular cases by Hurtubise (1996) and
Hurtubise-Harnad (2008).
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END OF THE PROOF USING KEY FORMULA

Known:

~

(£.0) (€,0)

have isomorphic spectral sheaves

Me(e)o(6) = M@ a0y

on the open surface
T*(C\ P).

Therefore, the Key Formula applied to the vectors

T=TeoN(T), X=TeeaNX)

shows that

(T, X) = Quukai (T, X)

too.
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COMPUTING GLOBAL EXT GROUPS

By definition, the Ext-groups Exty (M, M) are computed by the
hypercohomology of the following complex of coherent sheaves on
Z:

%Omoz(ﬂ*g X O(l), M((q’q))) — %omoz(w*(e X0 LV), /\/I(gﬂ;))
in degrees 0,1 where the arrow is given by
Hom(m*d @y — m¥lde @ x, Idp).

The sheaves of this complex are supported on S(¢ ¢) and its
push-forward by 7 is

ad¢

Snd@PI(E) — 8ndopl(8) ®OP1 L.
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LOCAL BRANCHES AND FRAMES

Let A be a small analytic disc in P! \ Pjeg such that
Sna Y (A)=S5U---US,
with
T =m7ls 1 S — A
bianalytic. Let furthermore z € A be a local holomorphic
coordinate and

x1(2),...,x(2)
the eigenvalues of 6 over A so that
Sj = Im(x;).
Then
Mis
is a holomorphic line bundle over S; with some holomorphic
trivialisation m;.
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DIAGONALISATION

Set
eJ- = 7T*mj;

with respect to the frame e, ..., e, one has
0(z) = diag(x1(2), . .., x(2))

and
m; = [e;] € coker(6 — x;)

on S;. A frame for
Homg, (7€ @ O(1), Mg a))ls;
is then given by
'ef @mj, ..., m"e) @ m;.
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DIAGONALISATION, CONT'D

Let
wj = 7; ' (2)

be the local holomorphic coordinate on S;, then a frame for

Homg, (7*(E @01 L), Me.o))ls;

is given by
m*e{ @ mjdw;, ..., m"e) ® mjdw;.
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DOLBEAULT REPRESENTATIVES OF TANGENT
VECTORS

Let
T=[A®)], X=[B, V)€ TenM=H (X, ady)
with
A= adz ® = pdz
B = bdz V = qpdz
where

a=(aj),b,¢,¢: A — gl,(C)
are L? matrices of endomorphisms of E with respect to the framing
e,...,e, satisfying

d(pdz) + [adz,0] =0, 9(ydz) + [bdZ, 6] = 0.
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LIFTING TANGENT VECTORS

Define now . - A
(A, ), (B,V)

on S; as (3;dw;, ¢;dw;) and (b;jdW;, ;dw;) respectively, where
3j(w;) - mej = aji(m(w;))m;
$i(w;) : wrej > gii(m(wy))m;

and

(w)) : 7TJ’-ke,- = bjj(m(wj))m;

(w)) : mje = j(m(w;))m;.

S
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LIFTING TANGENT VECTORS, CONT’D

The above local definitions then match up to define global L2
sections

(A, ), (B,V)

away from m~1(P,eq U R) where R is the branch locus of
m:S5— C.

The push-forwards of these sections by 7 are equal to (A, CD) and
(B,\U) respectively.

Finally, they are 1-cocycles in the Dolbeault resolution of

fHomoz(W*E X O(l), M(&q;)) — J{omoz(w*(é’ ®OC Lv), M(&q))).
In particular, they define elements

T.X e Ext(l()z(/\/l(gﬁ)’ Mie 9))-
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IDENTIFYING EXT?

A standard spectral sequence argument yields
Ext, (Me o), Mie.o)) = H(Z, Exts,(M(e o), M(e 0)))-
The Poisson bivector induces an isomorphism
Exty,(Me.0), Mie,0)) = Ks(—(S Nt (P))).

where S stands for S(¢ ¢).We infer

Extd,(Me.0), Mie.0)) = H'(S, Ks(—(Sna1(P))))
~ H(S,05(S N x L(P)))Y
= H(S,05)" ® ©f_131CL.
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YONEDA PRODUCT

The Yoneda product T U X of the lifted tangent vectors is given by
composition of homomorphisms coupled with wedge product of
differential forms.
Therefore in local coordinates on the sheet S; it can be represented
by

Z(a,‘jiﬁﬁ — b,'jqu,')dw,' Adw; € 92(5,)

J

The evaluation of this Yoneda product on the generator of
HO(S, (95) is

Z /5 (ajjvji — bjjoji)dw; A dw;.
i=1 i
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MUKAI FORM

The changes of variables w; ~» z transform the above sum of
integrals into

/tr(wz\_ms)
A

which is the expression computing €, on A.

The Mukai form evaluated on T, X can then be obtained by
globalising the above analysis, using a partition of unity argument.
To make sure the formulae converge at P,eq One uses the estimate

|al_]wjl‘ < Cr—2+25

of Biquard and Boalch for some § > 0 as r = |z — px| — 0.
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