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Problem

Let the domain 2 C C™ be the intersection of the domains 01 and Q.
Given any holomorphic functions f in ), is it possible to find holomorphic
function f1 in 1 and holomorphic function fy in Qg satisfying

=+ fe?
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Problem

Let the domain 2 C C™ be the intersection of the domains 01 and Q.
Given any holomorphic functions f in ), is it possible to find holomorphic
function f1 in 1 and holomorphic function fy in Qg satisfying

=+ fe?

@ This is known as separation of singularities problem for holomorphic
functions.

@ In the above problem one can consider the case of intersection of k
domains

@ or the case of holomorphic functions belonging to different classes as
well.

@ The problem can also be formulated for compact sets.
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Separation of singularities problem for n = 1

Let D = Dy N D2 be domains in the complex plane C.
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Let D = Dy N D2 be domains in the complex plane C.

@ The following theorem (whose particular case was proved by
in 1892) is due to , 1935. gave a
simple proof of it in 1958.
@ Theorem 1. Any function f holomorphic in D = D1 N Dy can be
represented as fi + f2, where f; are holomorphic functions in D;,
i=1,2.
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Separation of singularities problem for n = 1

Let D = Dy N D2 be domains in the complex plane C.

@ The following theorem (whose particular case was proved by
in 1892) is due to , 1935, gave a
simple proof of it in 1958.

@ Theorem 1. Any function f holomorphic in D = D1 N Dy can be
represented as fi + f2, where f; are holomorphic functions in D;,
i=1,2.

o Let U(a,r) be the disk of radius r centered at a € C.

@ Acurve I' C Cis called -regular, if for any @ € C and any
radius 7 > 0 the inequality [(I' N U(a,r)) < Cr holds, where [-is the
length of the curve and the constant C' does not depend on r and a.
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Separation of singularities problem for n = 1

A function f holomorphic in D is said to be of class EP(D)

if there exists a sequence of rectifiable Jordan curves {I',} in D,
tending to the boundary 0D in the sense that T',, eventually
surrounds each compact subdomain of D,

such that

/ F(2)Pldz] < M < oo
T'n

Bounded domains with -regular boundaries are

domains. On these domains the spaces EP(D) are closures of
polynomials in LP(9D).

Theorem 2. If the domain D = D; N --- N Dy, be bounded domains
with -regular domains, then any function f € EP(D),

1 < p < 00, can be represented as

f=h+rfat-+fr
where f; € EP(D;), i =1,2,...,k.
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Proof

@ Any function f € EP(D), p > 1, can be represented by its Cauchy
integral formula.
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Proof

@ Any function f € EP(D), p > 1, can be represented by its Cauchy
integral formula.

@ We decompose the boundary 9D into k parts M;, where M; C 0Dj,
j=1,... k.

@ Then
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Proof

@ Any function f € EP(D), p > 1, can be represented by its Cauchy
integral formula.

@ We decompose the boundary 9D into k parts M;, where M; C 0Dj,
j=1,...k

@ Then
1 f(2)
27 / (—z
oD

B 1 F;(z)
=35 / e

=1
J aD;

@ where

forevery j =1,...,k.
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Proof

@ Any function f € EP(D), p > 1, can be represented by its Cauchy
integral formula.

@ We decompose the boundary 9D into k parts M;, where M; C 0Dj,
j=1,...k

@ Then
1 f(2)
27 / (—z
oD

B 1 F;(z)
dc—szgf_zdc,
=t 4D,

@ where

S fQ)if e M;
= { 3100, o,
forevery j =1,...,k.
e Each of the Cauchy integrals above belongs to the space EP(D;),
j=1...,k( , 1084).
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Remark

For 0 < p < oo, let HP(D) be the space of holomorphic functions f such

that |f(2)[P has a harmonic majorant in D. Here D is an arbitrary domain
in the complex plane.

Lev Aizenberg (Bar-llan University) Separation June, 2013 6 /21



Remark

For 0 < p < oo, let HP(D) be the space of holomorphic functions f such
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(1958).
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Remark

For 0 < p < oo, let HP(D) be the space of holomorphic functions f such
that |f(2)[P has a harmonic majorant in D. Here D is an arbitrary domain
in the complex plane.

@ The following theorem is due to
(1958).

@ Theorem 2'. Let D be a finitely connected domain whose boundary
consists of disjoint Jordan curves C1, Cs,..., Cy. Let D be the
intersection of the domains D,,, with boundary Cp,, m =1,2,.. k.
Then every f € HP(D) can be represented as in Theorem 2, where
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Remark

For 0 < p < oo, let HP(D) be the space of holomorphic functions f such
that |f(2)[P has a harmonic majorant in D. Here D is an arbitrary domain
in the complex plane.

@ The following theorem is due to
(1958).

@ Theorem 2'. Let D be a finitely connected domain whose boundary
consists of disjoint Jordan curves C1, Cs,..., Cy. Let D be the
intersection of the domains D,,, with boundary Cp,, m =1,2,.. k.
Then every f € HP(D) can be represented as in Theorem 2, where
fm € HP(Dy,), m=1,2,.. k.

° has kindly informed the author that this theorem can
be generalized to the case of the intersection of the finite number of
multiply connected domains.
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Separation of singularities problem for n > 1

Theorem 1 is not valid for n > 1.
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Separation of singularities problem for n > 1

Theorem 1 is not valid for n > 1.
e Example 1. Consider the bidisk U,., = {(21, 22) : |21] <7, |22| < p}.
@ Define the domains Q = Uy 1, Q1 = Uy 2, Q2 = Uz 1. Then
Q=0 N.
@ Hence the holomorphic function

f(zl’z2):(1—zl 1= =) Z 212,

n,m=0
holomorphic in €2, is not representable as a sum of holomorphic
functions f1 and f2, defined in the domains §2; and s, respectively.
e Actually, if f = fi + f2, where the function

oo
filz,20) = Y al), 202
n,m=0

is holomorphic in €2;, j = 1,2, then we choose € > 0 in a such a way
that (1 —¢€)(2—¢) > 1.
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Separation of singularities problem for n > 1

@ The function fi(z) is holomorphic in the closed bidisk U1_¢ 2,
therefore, by Cauchy inequalities we have

Cy
(I—e)m2—em

|a(1) | <

m,n
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therefore, by Cauchy inequalities we have
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Separation of singularities problem for n > 1

@ The function fi(z) is holomorphic in the closed bidisk U1_¢ 2,
therefore, by Cauchy inequalities we have

lall) | < C1 .
T (1 —€)™(2 — e)n
o Similarly,
C
(2) 2
[@nn] < (2—e)m(1—¢)n
@ Hence,

Ch+ 0y
(T=e)2—e)™

@ But the right hand-side of the last equality tends to 0 while n — oco.
Contradiction.
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Separation of singularities problem for n > 1

However, sometimes, one can consider the problem of separation of
singularities for holomorphic functions even in the case of several complex
variables.
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Separation of singularities problem for n > 1

However, sometimes, one can consider the problem of separation of

singularities for holomorphic functions even in the case of several complex

variables.
o Consider the analytic polyhedron
D={ze€Q: |Fj(z)| <1, j=1,2,...,N}, where {F};} are
functions holomorphic in 2 O D.
@ Here
Fj(z) = F;(¢) =< Pj(¢, 2), ¢ — 2 >,

<o, B>=<a1f1+ -+ apfBy >, where P; = (Pﬁ,P;‘) are
holomorphic vector functions in variables (, z € €.
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Separation of singularities problem for n > 1

However, sometimes, one can consider the problem of separation of
singularities for holomorphic functions even in the case of several complex
variables.

o Consider the analytic polyhedron
D={ze€Q: |Fj(z)| <1, j=1,2,...,N}, where {F};} are
functions holomorphic in Q D D.

@ Here
F’J(Z) - FJ(C) =< Pj((?‘z)?C —Z >,

<o,B>=< a1+ + apfby >, where P; = (Pﬁ,P;‘) are
holomorphic vector functions in variables (, z € €.

@ The following theorem is due to (1935).
Theorem 3. Any function, holomorphic in the polyhedron D can be
written as a sum of functions f;, holomorphic in larger domains
Dy={2z€Q: |Fj(z)| <1, j € J}, where |J| = n. Here we use the
notation |(a,...,ar)| = a1+ -+ + ay.
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Separation of singularities problem for n > 1

@ Another variation of separation of singularities of holomorphic
functions is the classical result of (1895).
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@ Another variation of separation of singularities of holomorphic
functions is the classical result of (1895).

@ Theorem 4. Let D C C" be a domain satisfying 0 € D. For € > 0,
consider the domains Q; = {z € D: Jz; > —¢} and
Q={z€D: Bz <e}. fS={2€D:32z; =0} is a real
hypersurface in D, then every function f holomorphic in the domain
Q1 Ny can be expressed in S as a difference f = fi — f2, where the
function f; is holomorphic in the domain €2;, i = 1, 2.
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Separation of singularities problem for n > 1

@ Another variation of separation of singularities of holomorphic
functions is the classical result of (1895).

@ Theorem 4. Let D C C" be a domain satisfying 0 € D. For € > 0,
consider the domains Q; = {z € D: Jz; > —¢} and
Q={z€D: Qz1 <e}. If S={2€D:32, =0} is a real
hypersurface in D, then every function f holomorphic in the domain
Q1 Ny can be expressed in S as a difference f = fi — f2, where the
function f; is holomorphic in the domain €2;, i = 1, 2.

° in 1953 improved significantly the previous result as follows:

@ Theorem 5. Every function f holomorphic in a neighborhood of the
set S from Theorem 4 can be expressed as f = f — f_, where fi
are functions holomorphic in a neighborhood of closures of the
domains Dy = {z € D: +£3z > 0}.
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Separation of singularities problem for n > 1

e A domain D C C" is called linearly convex, if for every point 2 € 9D
there exists a complex, (n — 1)-dimensional hyperplane
{a121 + -+ + apz, + B = 0} passing through the point z° and does
not intersect the domain D.
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_ ; fx 50
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e A domain D C C" is called linearly convex, if for every point 2 € 9D
there exists a complex, (n — 1)-dimensional hyperplane
{a121 + -+ + apz, + B = 0} passing through the point z° and does
not intersect the domain D.

@ A compactum M C C" is called linearly convex if there exists a
sequence of linearly convex domains containing M and approximating
it from the exterior.

o Let ¥ C C" containing the origin. We define its conjugate set to be

E:{w: wiz1 + -+ wpzy # 1, V2 € B}

@ In a number of questions the conjugate set in several complex
variables plays the same role as the exterior (complement) of the
planar set in the case of n = 1. For example, if £ is an open set, then
its conjugate set F' is compact.
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Separation of singularities problem for n > 1

e A domain D C C" is called linearly convex, if for every point 2 € 9D
there exists a complex, (n — 1)-dimensional hyperplane
{a121 + -+ + apz, + B = 0} passing through the point z° and does
not intersect the domain D.

@ A compactum M C C" is called linearly convex if there exists a
sequence of linearly convex domains containing M and approximating
it from the exterior.

o Let ¥ C C" containing the origin. We define its conjugate set to be

E:{w: wiz1 + -+ wpzy # 1, V2 € B}

@ In a number of questions the conjugate set in several complex
variables plays the same role as the exterior (complement) of the
planar set in the case of n = 1. For example, if E is an open set, then
its conjugate set E'is compact.

@ In what follows | will consider linearly convex domains which can be
approximated from the inside by regular, linearly convex domains.
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Separation of singularities problem for n > 1

@ The domain D ={z € C": ®(z,2) < 0} is called regular if its
defining function @ is C), grad®(z, z) # 0, whenever z € D and
there exists a ball J, = {z € C" : |z| < r} so that on the set D\ J,
the expression 2@/, 4 --- 4 2,®, does not obtain negative values.
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Separation of singularities problem for n > 1

@ The domain D ={z € C": ®(z,2) < 0} is called regular if its
defining function @ is C), grad®(z, z) # 0, whenever z € D and
there exists a ball J, = {z € C" : |z| < r} so that on the set D\ J,
the expression 2@/, 4 --- 4 2,®, does not obtain negative values.

@ For such domains, the following result is shown by A in 1967.

@ Theorem 6. Any holomorphic function f in the domain
D = Dy NDy, that can be approximated from within by regular
linearly convex domains, is written as in Theorem 2 for k = 2, where
fi is holomorphic in D;, ¢ = 1,2 if and only if the compactum of
holomorphy H(ﬁl U 52) for the union 51 U 152 satisfies
H(ﬁl U 52) = 5
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Separation of singularities problem for n > 1

@ The results of Theorem 6 were generalized in the work of \/. Trutnev
(1973) to the case of strictly linearly convex domains.
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Separation of singularities problem for n > 1

@ The results of Theorem 6 were generalized in the work of
(1973) to the case of strictly linearly convex domains.

@ These are domains, whose intersection with any complex line is
connected and simply connected, whenever it is not empty (they are
also called C-convex).
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@ The results of Theorem 6 were generalized in the work of
(1973) to the case of strictly linearly convex domains.

@ These are domains, whose intersection with any complex line is
connected and simply connected, whenever it is not empty (they are
also called C-convex).

@ Theorem 7. Let D =D ---N... Dy be strictly linearly convex
domain. Any function f holomorphic in D is written as in Theorem 2,
fj are holomorphic functions in D;, j = 1,2...,k if and only if
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Separation of singularities problem for n > 1

@ The results of Theorem 6 were generalized in the work of
(1973) to the case of strictly linearly convex domains.

@ These are domains, whose intersection with any complex line is
connected and simply connected, whenever it is not empty (they are
also called C-convex).

@ Theorem 7. Let D =D, ---N ... Dy be strictly linearly convex
domain. Any function f holomorphic in D is written as in Theorem 2,
fj are holomorphic functions in D;, j = 1,2...,k if and only if
H(ﬁl U-"Uﬁk) :25

@ Similar results to Theorem 6 and Theorem 7 are valid for compact
sets also. Besides the material quoted above there were many other

results related to separation of singularities of holomorphic functions

in many complex variables (see . Russian
Mathematical Surveys, 1971, 26:4, 99-164, and the related literature
therein).
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Separation of singularities problem for n > 1

@ We now turn to the phenomena for separation of singularities not for
all holomorphic functions but for certain classes of holomorphic
functions.
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Separation of singularities problem for n > 1

@ We now turn to the phenomena for separation of singularities not for
all holomorphic functions but for certain classes of holomorphic
functions.

@ In this direction we recall a result, due to (1997).

@ Theorem 8. Let D = {2z € C": p(z,%) < 0} be a domain, whose
defining function g is strictly prurisubharmonic function in a domain
QDOD. letUj, j=1,2,3,...,k be open sets so that
DcCcUU---UUg. Then every bounded, holomorphic in D function
f can be written as in Theorem 2, where every function f; is
holomorphic and bounded in a neighborhood of the set
D\ (0D N Uj). Furthermore, if f is continuous in D, then all the
functions f; are continuous in D.
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Separation of singularities problem for n > 1

@ Let now D C C" be bounded domain with smooth boundary.
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Separation of singularities problem for n > 1

@ Let now D C C" be bounded domain with smooth boundary.
@ Then, we say that f € HP(Q2), p > 1, if and only if

limsup/ |f(¢ —eve)|Pdoe < o0,

e—0
o0

where v¢-is the unit vector on the exterior normal to 9D at the point
¢, and dog¢ is a surface element.
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Separation of singularities problem for n > 1

@ Let now D C C" be bounded domain with smooth boundary.
@ Then, we say that f € HP(Q2), p > 1, if and only if

limsup/ |f(¢ —eve)|Pdoe < o0,

e—0
o0

where v¢-is the unit vector on the exterior normal to 9D at the point
¢, and dog¢ is a surface element.
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Separation of singularities problem for n > 1

@ Let now D C C" be bounded domain with smooth boundary.
@ Then, we say that f € HP(Q2), p > 1, if and only if

limsup/ |f(¢ —eve)|Pdoe < o0,

e—0
oN
where v¢-is the unit vector on the exterior normal to 9D at the point
¢, and dog¢ is a surface element.

@ The next result, A (2013), along with Theorem 2 are the main new
results.

@ Theorem 9. Consider the domain D = Dy N --- N Dy, where all of
the domains are strictly pseudoconvex with C(3) boundary. Then
every f € HP(D), 1 < p < oo, is written as in Theorem 2, with
fj € H(Dj), j =1,2,... k.
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Proof

@ If D is a strictly pseudoconvex domain of the type
D={z€Q: o(z,z) <0}, where g is a strictly prurisubharmonic
function in the domain 2 D D,
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Proof

@ If D is a strictly pseudoconvex domain of the type
D={z€Q: o(z,z) <0}, where g is a strictly prurisubharmonic
function in the domain 2 D D,

e then for some neighborhood U (D) there exists a smooth function
(¢, 2), (¢,2) € U(D) x U(D) such that ® is holomorphic with
respect to z € U(D).
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Proof

@ If D is a strictly pseudoconvex domain of the type
D={z€Q: o(z,z) <0}, where g is a strictly prurisubharmonic
function in the domain 2 D D,

o then for some neighborhood U (D) there exists a smooth function
(¢, 2), (¢,2) € U(D) x U(D) such that ® is holomorphic with
respect to z € U(D).

@ Furthermore, there exists a positive constant v so that

2RD(C, 2) = 0(C) — e(2) +7I¢ — =],

o where (¢, 2) =< p((,2),{ —z > and P = (p1,...,py) is a smooth

vector function in U(D) x U(D), holomorphic with respect to
2z e U(D).
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Proof

o If f € H'(D), then the following Cauchy-Fantappié integral
representation formula
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known also as Cauchy-Leray integral representation formula)
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Proof

o If f € H'(D), then the following Cauchy-Fantappié integral
representation formula

o (proved independently by G. Henkin and Ramirez de Arellano and
known also as Cauchy-Leray integral representation formula)

(n—1)! 7)) Aw(C)
(2) = (2w /f <I>” (¢, 2) ’

kﬁ
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Proof

If f € H'(D), then the following Cauchy-Fantappi¢ integral
representation formula

(proved independently by G. Henkin and Ramirez de Arellano and
known also as Cauchy-Leray integral representation formula)

_ (n-1) w'(p(¢, 2)) A w(C)
1) = gt [ 1OSEEEEE,
oD
@ where w(() =d¢ A ...d¢y,
' (p(¢,2)) = Z(—l)j_lpjdpl Ao Ndpj—1 ANdpjpi A -+ N dpp.
j=1
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Proof

@ We now decompose the boundary 0D into k components
M; =0D;N0D, j =1,2,...,k, corresponding to the parts in
D=DiN---NDy.
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@ We now decompose the boundary 0D into k components
M; =0D;N0D, j =1,2,...,k, corresponding to the parts in
D=DiN---NDy.

@ Then the last integral is represented as a sum of integrals of
type over the boundary 9D, of functions

| f@), ifte M;
Fj(t)_{ 0, tem)j\Mj,

for every j =1,... k.
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Proof

@ We now decompose the boundary 0D into k components
M; =0D;N0D, j =1,2,...,k, corresponding to the parts in
D=DiN---NDy.
@ Then the last integral is represented as a sum of integrals of
type over the boundary 9D, of functions

| f@), ifte M;
Fj(t)_{ 0, tem)j\Mj,

for every j =1,... k.

@ Each of these integrals belongs to the class H?(Dj), j =1,2,...,k.
This follows from results found by in
1978, where they were stated for domains with C*° boundaries, but in
the proofs the facts used were that the smoothness of the boundary
was up to degree 3.
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Separation of singularities problem for n > 1

@ Comparison of Theorems 3-9, implies that for the validity of
separation of singularities theorem for all holomorphic functions in a
domain D C C™ additional geometric requirements imposed on it are
needed.
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with reasonable behavior (in some sense) near the boundary 9D,
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domain D C C™ additional geometric requirements imposed on it are
needed.
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@ then the problem of resolution of singularity has positive answer for
strictly pseudo-convex domains D.
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Separation of singularities problem for n > 1

@ Comparison of Theorems 3-9, implies that for the validity of
separation of singularities theorem for all holomorphic functions in a
domain D C C™ additional geometric requirements imposed on it are
needed.

@ If one considers the same problem for a class of holomorphic functions
with reasonable behavior (in some sense) near the boundary 9D,

@ then the problem of resolution of singularity has positive answer for
strictly pseudo-convex domains D.

@ It is shown in the following example that Theorem 9 is false for
domains from Example 1.
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Separation of singularities problem for n > 1

Example 2. Let Uy = U1 N Uy 2 be the domains from Example 1.
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Example 2. Let Uy = U1 N Uy 2 be the domains from Example 1.
o If

00
f(Z) = Z am,n’z{nZg»

m,n=0
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Separation of singularities problem for n > 1

Example 2. Let Uy = U1 N Uy 2 be the domains from Example 1.
o If

00
f(Z) = Z am,n’z{nZg»

m,n=0
e then f € H?(U,,) if and only if

o0

Z ‘am7n’2r2mp2n<oo.

m,n=0
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Separation of singularities problem for n > 1

Example 2. Let Uy = U1 N Uy 2 be the domains from Example 1.
o If

00
f(Z) = Z am,n’z{nzg»

m,n=0

e then f € H?(U,,) if and only if

oo
Z ‘am7n’2r2mp2n<oo.

m,n=0

o Let f=fi+ fo, f € H*(Ury), f1 € H*(Us,1), f2 € H*(Uy ).
Consider particular

o0 Zmzn o0 )
fe) =3 AR )= Y e =12
m,n=0 m,n=0
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Separation of singularities problem for n > 1

@ Then, on the diagonal m = n one has that

o0
Z |awll’m|222m < 0.

m=0
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Separation of singularities problem for n > 1

@ Then, on the diagonal m = n one has that

o0
Z |awll’m|222m < 0.

m=0

@ Therefore lim ]a%?m@m =0,
m—:0
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Separation of singularities problem for n > 1

@ Then, on the diagonal m = n one has that

[e.e]
Z laly) |22 < oo
m=0
@ Therefore lim ]a%?m@m =0,
m—0

@ which means that there exists a constant C'; > 0 so that

oW 2™ < C.
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m=0
@ Therefore lim ]a%?m@m =0,
m—0

@ which means that there exists a constant C'; > 0 so that

oW 2™ < C.

@ Similarly, there exists a constant Cy > 0 so that |a$§?m|2m < Cs.
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Separation of singularities problem for n > 1

@ Then, on the diagonal m = n one has that

[e.e]
Z laly) |22 < oo
m=0
@ Therefore lim ]a%?m@m =0,
m—0

@ which means that there exists a constant C'; > 0 so that

oW 2™ < C.

@ Similarly, there exists a constant Cy > 0 so that |a$§?m|2m < (O,

@ Thus, for all m one has that

1 C1+Cy
2 < ’agrlL)m’ + |@$Z)m’ < Tom o

contradiction.
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