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Hilbert 17th problem

P>0inRf — P=) G GeR(Xx,...,x)?
i

e Artin ’27: Affirmative answer. Non-constructive.
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Hilbert 17th problem

P>0inRf — P=) G GeR(Xx,...,x)?
i

e Artin ’27: Affirmative answer. Non-constructive.

e Kreisel ’57 - Daykin '61 - Lombardi '90 - Schmid ’00:
Constructive proofs leading to primitive recursive degree
bounds depending on k and d = deg P.
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Hilbert 17th problem

P>0inRf — P=) G GeR(Xx,...,x)?
i

e Artin ’27: Affirmative answer. Non-constructive.

e Kreisel ’57 - Daykin '61 - Lombardi '90 - Schmid ’00:
Constructive proofs leading to primitive recursive degree
bounds depending on k and d = deg P.

e Our work: Constructive proof leading to an elementary
recursive degree bound:

4k
2d
22 .
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Positivstellensatz (Krivine ‘64, Stengle ‘'74)
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Positivstellensatz (Krivine '64, Stengle ’74)

e K an ordered field, R a real closed extension of K,
e Py,...,Ps € K[X1,...,Xk], ° I;,g,lz,/: C {1,...,3},
P,'(X) # 0 for i€ /75

H(x):{ Pi(x) > 0 for icl nosolutioninRK <+
Pi(x) = 0 for i€l
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Positivstellensatz (Krivine '64, Stengle ’74)

e K an ordered field, R a real closed extension of K,
e Py,...,Ps € K[X1,...,Xk], ° I;,g,lz,/: C {1,...,3},
P,'(X) # 0 for i€ /75

H(x):{ Pi(x) > 0 for icl nosolutioninRK <+
Pi(x) = 0 for i€l

3 s=[[rP* N=> O k&)IIP (k>0
iely Icl, iel
Ze(Pliel) cK[x]

such that S + N + Z =0.
~ O~ =~
>0 >0 =0
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Incompatibilities

P,'(X) 75 0 for i€ /7&

H(x): < Pi(x) > 0 for iel
Pi(x) = 0 for iel-
PHL S+ N+ Z =0
>0 >0 =0
with
26,' . :
Sc {H,-e,# P; } < monoid associated to H

N e {Z,C,Z (X k17 H,-E,P,-} < cone associated to H

Ze(Pi|iel) < ideal associated to H
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Degree of an incompatibility

P,'(X) 75 0 for iec /¢
H(x): < Pi(x) > 0 for iel
Pi(x) = 0 for iel-

bHb S e N+ 2 -0
>0 >0 =0
S = l_IP’_zei7 N = Z (Zklv/Q%/)HP” Z:ZQIPI
= Ick el el

the degree of H is the maximum degree of

S= H P}zei’ Q/ZJHPI (/ - /2¢j)7 QiP; (/ S /:)

i€l iel
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Example :

X # 0
y—x2—1 > 0 no solution in R?
Xy =
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Example :

X # 0
y—x2—1 0  no solution in R?

Xy =

v

1 x#0, y—x>-1>0, xy=0 |:

2 20, 2 _ 4 20
\X/+x(y x=1)+x* + (—x°y) = 0
>0 >0 =0
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Example :
X # 0
y—x2—1

Xy

v

0 no solution in R?

1 x#0, y—x>-1>0, xy=0 |:

2 2 2 4 2 _
X+ x(y—x<—-1) + x* + (—x<y) = 0.
>0 >0 =0

The degree of this is incompatibility is 4.
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Example 2:

0 no solution in R?

<
|
~
IN IV V
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Example 2:

0 no solution in R?

<
|
~
IN IV V

Il x>0, y—x>0, xy <0 | equivalentto

$ x#0, x>0, y—x>0, —xy>0 [|:
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Example 2:

0 no solution in R?

<
|
~
IN IV V

Il x>0, y—x>0, xy <0 | equivalentto

$ x#0, x>0, y—x>0, —xy>0 [|:

X+ x(y—x) — xy + \O/ = 0.
>0 >0 =0

The degree of this is incompatibility is 2.
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Positivstellensatz: Constructive proofs

e Lombardi '90, Schmid '00: Primitive recursive degree bounds
on k, d = maxdeg P;and s = #P;.

Lombardi, Perrucci, Roy Elementary recursive bounds for Hilbert 17th problem (Part I)



Positivstellensatz: Constructive proofs

e Lombardi '90, Schmid '00: Primitive recursive degree bounds
on k, d = maxdeg P;and s = #P;.

Lombardi '90: Based on Hormander algorithm for quantifier
elimination:

@ exponential tower of height k + 4,
@ dlog(d) + loglog(s) + ¢ on the top.
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Positivstellensatz: Constructive proofs

e Lombardi '90, Schmid '00: Primitive recursive degree bounds
on k, d = maxdeg P;and s = #P;.

Lombardi '90: Based on Hormander algorithm for quantifier
elimination:

@ exponential tower of height k + 4,
@ dlog(d) + loglog(s) + ¢ on the top.

e Our work: Based on cylindrical algebraic decomposition +
sign determination + Hermite theory + Laplace’s proof of FTA.
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Positivstellensatz: Constructive proofs

e Lombardi '90, Schmid '00: Primitive recursive degree bounds
on k, d = maxdeg P;and s = #P;.

Lombardi '90: Based on Hormander algorithm for quantifier
elimination:

@ exponential tower of height k + 4,

@ dlog(d) + loglog(s) + ¢ on the top.
e Our work: Based on cylindrical algebraic decomposition +
sign determination + Hermite theory + Laplace’s proof of FTA.
Elementary recursive degree bound in k, d and s:

max{2 d}4k ok 16Kbit(d
92 , +52" max{2,d)167bit(d)
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Positivstellensatz implies Hilbert 17th problem

P>0 in R¥ «— { P(x)<0 no solution
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Positivstellensatz implies Hilbert 17th problem

P>0 in R¥ «— { P(x)<0 no solution

< { P(x) i 8 no solution
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Positivstellensatz implies Hilbert 17th problem

P>0 in R¥ «— { P(x)<0 no solution
P(x) # 0 ,
= { > 0 no solution

P+ Y& -(SRHP = 0

>0 >0
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Positivstellensatz implies Hilbert 17th problem

P>0 in R¥ «— { P(x)<0 no solution
P(x) # 0 ,
= { > 0 no solution

P+ Y& -(SRHP = 0

>0 >0

oY R?)P?
P2 3, Q?
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Positivstellensatz implies Hilbert 17th problem

P>0 in R¥ «— { P(x)<0 no solution
P(x) # 0 ,
= { > 0 no solution

P+ Y& -(SRHP = 0

>0 >0

(S RHPE (S RPA(PP 4 Y, QF)
Y (PPe+35,Q02
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A>0, B>0 = A+B>0.

Let H be any system of sign conditions.

) H(X) -
I H, A+B>0 | = {Awy+5u)>>o no solution

U
H(x)
Il H, A>0, B>0 | <« A(x) 0 no solution
B 0

>
>

A>0  B>0 A+ B>0.

«O>» «F»r « Q>

4 >



Weak inferences: example

A>0, B>0

= A+B>0.
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Weak inferences: example

A>0, B>0 = A+B>0.

Let H be any system of sign conditions.

H(x) ,
I H, A+B>0] = { AX)+B(x) > 0 no solution
\
H(x)
1 H, A>0 B>0] <« A(x) > 0 nosolution
B(x) > 0
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Weak inferences: example

A>0, B>0 = A+B>0.

Let H be any system of sign conditions.

H(x) ,
I H, A+B>0] = { AX)+B(x) > 0 no solution
\
H(x)
1 H, A>0 B>0] <« A(x) > 0 nosolution
B(x) > 0

A>0, B>0 F A+ B>0.
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Weak inferences: example

A>0, B>0 = A+B>0.

Let H be any system of sign conditions.

H(x) ,
I H, A+B>0] = { AX)+B(x) > 0 no solution
\
H(x)
1 H, A>0 B>0] <« A(x) > 0 nosolution
B(x) > 0

A>0, B>0 H A+ B> 0.

Weak inferences go from right to left.
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A>0  B>0 H

A+B>0
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A>0, B>0 H A+B>0

Il H, A+B>0 | equiv.to | H, A+B#0, A+B>0 |
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A>0, B>0 H A+B>0

Il H, A+B>0 | equiv.to | H, A+B#0, A+B>0 |

(A+B)®S + N+N(A+B) + Z = 0
—_—— —_—— ~~
>0 >0 =0
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A>0, B>0 H A+B>0

Il H, A+B>0 | equiv.to | H, A+B#0, A+B>0 |

(A+B)®S + N+N(A+B) + Z = 0
—_—— —_—— ~~
>0 >0 =0

2e—1

2e\ ,;

2e ip2e—1 U U

ACS + EO (i)AB S+N+NA+NB + \Z/ =0
=

>0 >0 =0
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A>0, B>0 + A+B>0

Il H, A+B>0 | equiv.to | H, A+B#0, A+B>0 |

(A+B)?°S + N+N(A+B) + Z = 0
—_—— —_—— ~~
>0 >0 =0

2e—1

2e\ ,;

2e ip2e—1 ! U

ACS + EO (i)AB S+N+NA+NB + \Z/ =0
=

>0 >0 =0

JH, A#0, A>0, B>0] equivvio | H, A>0, B>0|
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A>0, B>0 = A+B>0
What about degrees?

(A+B?°S+ N + N(A+B)+ Z =0

2e—1

2 ,
APeS +> <I.e>A’829‘1S+ N + NNA + NB+ Z =0
i=0 S
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A>0, B>0 = A+B>0
What about degrees?

(A+B?°S+ N + N(A+B)+ Z =0

2e—1

Aes +3° <2ie>A"529—13+ N+ NA+ NB+Z =0
i=0 o
initial incompatibility final incompatibility
degree degree
<é <0+ max{1,2e}

(max{deg A,deg B} — deg{A + B})
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A0 = A<0 v A>0

Lombardi, Perrucci, Roy

[m] = =

£ DA
Elementary recursive bounds for Hilbert 17th problem (Part )



A0 — A<0 v A>0

Let H be any system of sign conditions.

I H, AO | = { no solution

2
=
N
o

I H, A>0 ] = { no solution

I H, A#0 | <« {A(x) 20 no solution
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A0 — A<0 v A>0

Let H be any system of sign conditions.

H(x)

AX) < no solution

I H, AO | = {

o

I H, A>0 ] = { no solution

3
X
\Y
o

I H, A#0 | <« {A(x) 20 no solution

A0 F A<0 v A>0
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A0 — A<0 v A>0

Let H be any system of sign conditions.

H(x)

AX) < no solution

I H, AO | = {

o

I H, A>0 ] = { no solution

3
X
\Y
o

I H, A#0 | <« {A(x) 20 no solution

A0 F A<0 v A>0

Again, from right to left.
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A+0 + A<0 v A>0
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A#0 F A<O0O v A>0

I H, A<O0 | degree < 1 + H, A>0 | degree < dp
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A+0 + A<0 v A>0
I H, A<O0 | degree < 1 + H, A>0 | degree < dp

A8 S Ny — NJA+ Zy =0 A%%2S, + Np + NbA+ Zo =0
N—_—— N v ~— N—— N———— N~~~
>0 >0 =0 >0 >0 =0
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A0 F A<0 v A>0

+ H, A<0 | degree < §;

AP S+ Ny — NJA+ Zp =0
>0 >0 =0
A0S+ Ny +2Z = NjA

Lombardi, Perrucci, Roy

+ H, A>0 | degree < dp

A28, + Np + NyA+ Zo =0
>0 >0 =0
A222S, + Ny + Z, = —NHA
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A0 F A<0 v A>0
+ H, A<0 | degree < §; + H, A>0 | degree <o

AP S+ Ny — NJA+ Zp =0 A28, + Np + NyA+ Zo =0
S e — = S~ Y—— ~~
>0 >0 =0 >0 >0 =0
A0S+ Ny +2Z = NjA A222S, + Ny + Z, = —NHA

multiplying these we obtain:

A2e112628, G, 1 Ny + Z3 = — N NLA?
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A0 F A<0 v A>0
+ H, A<0 | degree < §; + H, A>0 | degree <o

AP S+ Ny — NJA+ Zp =0 A28, + Np + NyA+ Zo =0
S e — = S~ Y—— ~~
>0 >0 =0 >0 >0 =0
A0S+ Ny +2Z = NjA A222S, + Ny + Z, = —NHA

multiplying these we obtain:

APe 1225 S) + Ny + Zg = — Ny NpA?

A2e1 +2e S1 82 + N4 NéA2 + N3 + Z3 =0
~~
>0 >0 =0
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A0 F A<0 v A>0
+ H, A<0 | degree < §; + H, A>0 | degree <o

AP S+ Ny — NJA+ Zp =0 A28, + Np + NyA+ Zo =0
S e — = S~ Y—— ~~
>0 >0 =0 >0 >0 =0
A0S+ Ny +2Z = NjA A222S, + Ny + Z, = —NHA

multiplying these we obtain:

APe 1225 S) + Ny + Zg = — Ny NpA?

A2e1 +2e S1 82 + N4 NéA2 + N3 + Z3 =0
~~
>0 >0 =0

J H, A#0 | degree <§1+ do
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A=0 VvV A#0

A0 = A<0 v A>0

A=0 v A<0 v A>0
Similarly,
= A=0 Vv A#0

A#£0 A<0 v A>0

F A=0 v A<0 Vv A>0
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= A=0 v A#O0

A£0 + A<O0 v A>0

F A=0 v A<0 v A>0

as follows:
I H, A=0 | I H, A<O0 | I H, A>0 |
{ ¢ v
I H, A=0] I H, A#0 |
¢ v
L H
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at

| At=1 - A#0

L} H, A#£0 |
A®%S + N + Z

=0

S + °N + °Z + ((AH**-1)S

=0
I H, At=1 | involves the

variable t

[m]
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Weak Existence

It | At=1

F A£0

L H, A#0 |

2e _
AS+\I\/I_/+\Z/—0
>0 >0
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Weak Existence

3t | At=1 + A#0

1 H, A#0 |
2e _
AS+\I\///+\Z/_O
>0 >0 =0

2e 2e 2e
\§/+tN+tZ+((At) -1)8
>0 >0

0

=0
I H, At=1 ] involves the new variable t
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A£0 + 3t

| At=1
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A0 + 3t | At=1

I H, At=1 ] involves variable t

S (O k@) [T P+ WihF + W(t)(At-1) =0
>0 >0

=0
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A0 + 3t | At=1

I H, At=1 ] involves variable t

S (O k@) [T P+ WihF + W(t)(At-1) =0
>0 >0

=0

2e —
A°S + \I\L + \Z/ =0
>0 >0 =0
J H, A#0 | variable t is eliminated
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Simple weak inferences are combined to obtain more
interesting weak inferences (Marie-Francoise’s talk.)
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Example

We want an incompabitility

Ly—x#0,y3-x3=0 |

Lombardi, Perrucci, Roy
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Example

We want an incompabitility

Ly—x#0,y3-x3=0 |

(y=x2 + N+ Wy*-x° = 0.

Lombardi, Perrucci, Roy Elementary recursive bounds for Hilbert 17th problem (Part )



Thank you for your attention!
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