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1. Introduction and main result

—(523 + eb/ |Vu|2)Au + V(x)u = NulP72u + |u*u in R3,
R3

u>0, ue HY(R?),
(1)
where ¢ is a small positive parameter, a,b > 0, A > 0,
2<p<4.,
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1. Introduction and main result

The potential V satisfies:
(V1) V € C(R3,R) and inﬂ£3 V(x)=a>0;
Xe€

(V2) There is a bounded domain A such that

Vo :=inf V < minV.
A O

Set M :={x € A\; V(x) = W}. Without loss of generality, we
may assume that 0 € M.
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1. Introduction and main result

a+b/ |Vu] = f(x,u) in Q,
u =0 on 99,

()

where Q C R3 is a smooth domain. Such problems are
often referred to be nonlocal because of the presence of the
term ([, |Vu[?)Au which implies that the equation (2) is no
longer a pointwise identity.
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1. Introduction and main result

(2) is related to the stationary analogue of the equation

Ut — (a—l— b/ \qu|2)AXu =f(x,u) (x € Q,t>0),
Q

U(-, t) ’39 =0 (t > 0)7
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1. Introduction and main result

(3) is proposed by Kirchhoff in [G. Kirchhoff, Mechanik,
Teubner, Leipzig, 1883] as an existence of the classical
D’Alembert’s wave equations for free vibration of elastic
strings. Kirchhoff’s model takes into account the changes in
length of the string produced by transverse vibrations. In
(3), u denotes the displacement, f(x, u) the external force
and b the initial tension while a is related to the intrinsic
properties of the string (such as Young's modulus).
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1. Introduction and main result

Nonlocal problems also appear in other fields as biological
systems, where v describes a process which depends on the
average of itself (for example, population density). After the
pioneer work of Lions [J. L. Lions, On some questions in
boundary value problems of mathematical physics, 1977],
where a functional analysis approach was proposed, the
Kirchhoff type equations began to call attention of
researchers.
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Previous results

% A. Arosio and S. Panizzi (Trans. Amer. Math. Soc.
1996, 305-330) considered the following equation

Uge — m (/ |qu|2dx) Aju=f(x,t) (x€Q,t>0)
Q
u(-t)|oa =0 (t=0),

where Q is an open subset of R” and m is a positive function
of one real variable which is continuously differentiable. They
proved the well-posedness in the Hadamard sense (existence,
uniqueness and continuous dependence of the local solution
upon the initial data) in Sobolev spaces of low order.
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Previous results

% K. Perera and Zhang Zhitao (J. Differential Equations
2006, 246-255) considered the equation

—(a+be|Vu|2)Au: f(x,u)in Q, (4)
u =0 on 09,

where 2 is a smooth bounded domain in R", n=1,2, 3,
a,b >0, f is a Caratheodory function on Q x R, s.t.
f(x,1) - f(x, 1)

lim ——= =\, lim
t—0 at "t|soo b3

= u uniformly in x.
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Previous results

Denote by \; < A2 < As... the eigenvalues of the operator
—A and p1 < pp < ps... the eigenvalues of the problem

- ||U||?43(Q) Au=pu®in Q,
u =0 on 0.
they proved that if \ € (A, A\/y1) and i € (im, ftm+1) with

I # m, then problem has a nontrivial solution by Yang index
and critical group.
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Previous results

% Chen C.Y., Kuo Y.C. and Wu T.F. (J. Differential
Equations 2011, 1876-1908) studied

- <a/ |Vuldx + b> Au = M(x)|u]92u+ g(x)|ulP?uin Q
Q

u=0 on 0N
where 1 < g<2<p<?2, f,gc C(Q), ft,g* # 0 by using
Nehari manifold and fibering map methods, and multiple
positive solutions were obtained.
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Previous results

In recent years, the following Kirchhoff type equation

—(a+b/ \Vu\2>Au+ u=f(x,u) in R3
R3

u e HY(R?)

(5)

has been studied extensively by many researchers where
f € C(R® x R,R), a, b > 0 are constants .
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Previous results

% X. He and W. Zou in (J. Differential Equations 2012,
1813-1834) studied (5) under the conditions that

f(x,u) := f(u) € CY(R*,R™) satisfies the
Ambrosetti-Rabinowitz condition ((AR) condition in short):

Ju>4,0< u/ f(s)ds < f(u)u,
0

lim 14 — 0, Jim
luj—0 Ul |ul—o0 |
strictly increasing for v > 0, i.e. f(u) behaves like
|u|P~2u(4 < p < 6). They showed that the Mountain Pass
Theorem and the Nehari manifold can be used directly to

obtain a positive ground state solution to (5).

flu) _
ule —

Oforsome3<q<5and%is
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Previous results

% Similarly, J. Wang, L. Tian, J. Xu and F. Zhang (J.
Differential Equations 2012 2314-2351), Y. He, G. Li and S.
Peng (Adv. Nonlinear Stud. 2014 441-468) and G. Li, H. Ye
(Math. Meth. Appl. Sci. 2014 2570-2584) used the same
arguments as X. He and W. Zou in (J. Differential Equations
2012, 1813-1834) to prove the existence of a positive ground
state solution for (5) when f(x, u) := Af(u) + |u|*u, which

exhibits a critical growth, where |im flu) — o, f(u)u >0, flu)
ul—0 ¥ u

is strictly increasing for u > 0 and |f(u)| < C(1 + |u|9) for
some 3 < g <5, i.e. f(x,u)~ MulP~?u+ |ul*u(4 < p<6).
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Previous results

% G. Li and H. Ye (J. Differential Equations 2014 566-600)
studied (5) with f(x,u) = |u|P~2u(3 < p < 4). The
corresponding energy functional of (5) is

1 b 2 1
I(y) = = 2, b 2 / 2
(uv) 2a/IR3|VU|+4</R3|VU|) t5 R3u
—1/ lulP, ue HY(R3).
P Jrs3

Inspired by Ruiz (J. Functional Analysis 2006 655-674), they
observed that

(t) = I(tu(t™1x))
1 b 2 1 1

:at3/ \Vu\2+t6(/ Vul?) +t5/ 2= s [ e
2 R3 4 R3 2 R3 pP R3

has a unique critical point ty > 0 corresponding to its
maximum.
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Previous results

If u is a solution of (5), then 7/(1) =0, i.e.

2
5 3
Glu) = 3a/ |VU|2+3b</ wa) +/ 2PE3 o,
2 R3 2 R3 2 R3 1% R3

where G(u) = (I'(u), u) + P(u) and P(u) =0 is the
corresponding Pohozaev’s identity of (5). They used the
constrained minimization on a new manifold M to get a
positive ground state solution to (5) where

M := {u € HY(R*)\{0}|G(u) = 0}.
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Previous results

As far as we know, there is no result on the existence of
positive ground state solutions for (5) under the condition

f(x,u) = MulP~2u + |u[*u(2 < p < 4). In this paper, we will fill
this gap.
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Previous results

Our motivation to study the concentration of solutions of (1)
mainly comes from the results of perturbed Schrodinger
equations, i.e.

—&?Au+ V(x)u = |u|7%u, x € RV, (6)
where 2 < g < 2%, N > 1.

Many mathematicians proved the existence, concentration
and multiplicity of solutions for (6).
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Previous results

% A. Floer and A. Weinstein (J. Functional Analysis 1986
397-408) studied (6) in the case where N =1, g =4, V € L™
with inf V > 0. They construct a single peak solution which
concentrates around any given non-degenerate critical point
of the potential V.
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Previous results

% Y. G. Oh (Commun. Partial Differential Equations 1988
1499-1519) extended the result of A. Floer and A. Weinstein
(J. Functional Analysis 1986 397-408) in higher dimensions
when 2 < g < 2N/(N — 2) and the potential V' belongs to a
Kato class which means that V satisfies the following
condition:

(V)a:V=aorV>aand (V- a)*% ¢ Lip(R") for some a € R.
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Previous results

* Y. G. Oh (Commun. Math. Phys. 1990 223-253) proved
the existence of multi-peak solutions to (6) which
concentrate around any finite subsets of the non-degenerate
critical points of V.
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Previous results

% P. Rabinowitz (Z. Angew. Math. Phys. 1992 270-291)
studied (6) under the conditions:
(V3) Voo =liminf V(x) > Vo = inf V(x) > 0.

[x]—o00 x€RN

Rabinowitz proved that (6) possesses a positive ground state
solution for £ > 0 small by using the Mountain Pass Theorem.
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Previous results

* X. Wang (Commun. Math. Phys. 1993 229-244) proved
that the positive ground state solutions of (6) must
concentrate at global minima of V as ¢ — 0.
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Previous results

Under the same condition (V3) on V(x), S. Cingolani and N.
Lazzo (Topol. Methods Nonlinear Anal. 1997 1-13) proved

the multiplicity of positive ground state solutions for (6) by

using Ljusternik-Schnirelmann theory.
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Previous results

% M. del Pino and P. L. Felmer (Calc. Var. Partial
Differential Equations 1996 121-137) studied (6) with the
conditions on V:
(V1) V € C(R3,R) and inﬂg3 V(x)=a>0;

xe

(V2) There is a bounded domain A such that

Vo :=inf V < minV.
A oA

They proved that (6) possesses a positive bound state
solution for € > 0 small which concentrates around the local
minima of V in A as ¢ — 0 via the penalization method.
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Previous results

% Gui. C. (Commun. Partial Differential Equations 1996
787-820) studied (6) with the conditions on V:
(V1) V € C(R3,R) and i€r11£3 V(x)=a>0;
(V2) There exist k disjoint bounded regions Q;, ..., Q, such
that
Vo :=infV<minV, i=1 ..k
Q; aQ;
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Previous results

Gui showed that (6) possesses a positive bound state
solution u. for € > 0 small with the following properties:
(1) u. has exactly k local maximum points P. 1, ..., P «
satisfying P.; € ; and

all_r;% V(P.i) = IS;F V.

(2) There exist positive constants C, o, (independent of x,
e), such that

|us| < Cexp (—g min |x — PE’,-|) .
€
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Previous results

We note that Gui get the concentration result mainly by
using a version of global compactness method which is
different from del Pino and Felmer.
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Previous results

* X. He and W. Zou (J. Differential Equations 2012,
1813-1834) studied

—(523+5b/ |Vu|2>Au+ V(x)u = f(u) in R3,
RS (7)
u>0, ue HY(R?),

with V satisfies
(V3) Vi = liminf V(x) > Vo = inf V(x) >0,
|X|*>OO XERN
f € CY(R*,R") and satisfies the (AR) condition, Iinz) @ =0,
S—

lim &) =0 for some 3 < g <5 and Lf) is strictly increasing
EE s
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Previous results

They obtained the existence, concentration and multiplicity
of solutions for (7) by the same arguments as P. Rabinowitz
(Z. Angew. Math. Phys. 1992 270-291), X. Wang
(Commun. Math. Phys. 1993 229-244), S. Cingolani and N.
Lazzo (Topol. Methods Nonlinear Anal. 1997 1-13).
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1. Introduction and main result

% J. Wang, L. Tian, J. Xu and F. Zhang (J. Differential
Equations 2012, 2314-2351) extended the result of X. He
and W. Zou (J. Differential Equations 2012, 1813-1834) with
the nonlinearity is of critical growth.
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1. Introduction and main result

* G. M. Figueiredo, N. lkoma and J. R. Santos Junior
(Arch. Rational Mech. Anal. 2014 931-979) obtained the
existence of positive solutions of the following equation

2 2—N 2 . N
e“Mle /Vu Au+ V(x)u=f(u) in R",

(& ] IvaP) (x)u = F(u) -
ve HHRY), u>0in RV, N>1

concentrating around a local minima of V under the
conditions that V satisfies (V1) and (V2),
(Vi) V € C(R3,R) and inﬂ£3 V(x)=a>0;

PSS

(V2) There is a bounded domain A such that

Vo :=infV <minV.
A O
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1. Introduction and main result

f satisfies
(F1) f € C(R,R), f(s)=0if s <O0;
(F) —oo < lim f(s)/s < Tim f(s)/s < V;
s—0+ s—=0"
(F3) When N > 3, f(s)/s(N+2)/(N=2) _, 0 as s — oo and when
N =2, f(s)/e"s — 0 as s — oo for any o > 0;
(Fa) There exists an sy > 0 such that —Vgs§/2 + F(s) >0
where F(s) := [; f(t)dt when N > 2, and when N =1,
—Vosa/2 + F(so) =0, — Ws?/2+ F(s) <
0in (0,50), — Voso + f(So) > 0.
Generally, f is of subcritical.
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1. Introduction and main result

M € C([0,00),R) satisfies

(M;) There exists mg > 0 such that M(t) > mg > 0 for any
t>2;

(M) Set [(t) := [ M(s)ds, then there holds

lim {#(t) — (1 —2/N)M(t)t} = oo;

t—o0

(M3) M(t)/t?/(N=2) — 0 as t — oo;
(Mjs) The function M(t) is nondecreasing in [0, c0);
(Ms) The function M(t)/t?(N=2) is nonincreasing in [0, cc).
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Our main results

% Theorem 1.1(Y.He-G.Li 2014) Let (1), (V2) hold. There
exist \* > 0 and ¢* > 0 such that for each \ € [\*, ) and

e € (0,e*), (1) possesses a positive solution u. € H*(R3) such
that

(/) there exists a maximum point x. of u. such that

lim dist(x., M) = 0;
e—0
(if) 3Ci, G > 0, such that

us(x) < G exp(—%|x — x5|),

where (7, G, are independent of «.
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The main difficulties

The main difficulties:

% (i) The fact that the nonlinearity \|u|P~2u + |u|*u with
p € (2,4] does not satisfy (AR) condition and the fact that
the function L;J““S is not increasing for (u > 0) prevent us
from obtaining a bounded Palais-Smale sequence and using

the Nehari manifold, respectively.
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The main difficulties

% (ii) The unboundedness of the domain R> and the
nonlinearity \|u|P~2u + |u|*u(2 < p < 4) with the critical
Sobolev growth lead to the lack of compactness.
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2. The limiting problem

Firstly, we need to prove the existence of ground state
solution to the following limiting equation of (1)

—(a + b/ |Vu|2)Au +mu = AulP2u + [u]*u in RS,
R? 9)
u>0, uec HY(R?)

for m > 0.
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2. The limiting problem

The corresponding energy functional is

a b 2 m
i) = 5 [ vl ([ 1) < 5 [

—A/ (u+)P—é/ (W), ue HU(R?).
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2. The limiting problem

% J. Hirata, N. lkoma and K. Tanaka (Topol. Methods
Nonlinear Anal. 2010 253-276)

—Au=g(u), ue H}R")

with the corresponding energy functional

) =5 /R Ve - /R G(u), we HARY)

where G(u) = [, g(s)ds and g € C(R,R) ia an odd function
satlsfymg £€2) "

s < T &g(s .
(gl) —o0 < ll_rpo Sll_rn) 5 <0;

(g2) Jim % =0
(g3)EI§0 >0 s.t. G(&) = [ g(s)ds > 0.
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2. The limiting problem

They applied the Mountain Pass theorem on the augmented
functional 7(6, u) = I(u(e %x)) to get a bounded (PS)
sequence {u,}°°; with an extra property P(u,) — 0 as n — oo
where P(u) =0 is the corresponding Pohozaev’s identity.
Note that they have used the information of Pohozaev’s
identity.
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2. The limiting problem

% Ruiz (J. Functional Analysis 2006 655-674)

—Au+ u+ Apu =Pl in R,
—Ap=1’inR33<p<4

1 1
I(u) == 242 d d
(u) 2 Jr3 IVl + 2 /R3 167 /R3 /Rs |x —y! Y

A
=2 [ e, e HE@E),
P JRr3
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2. The limiting problem

% Ruiz obtained a positive radial nontrivial solution by
using the constrained minimization method on a new
manifold which is obtained by combining the usual Nehari
manifold and the Pohozaev’s identity M, where

M = {u € HE)\{0}[2(I'(s), u) ~ P(u) = 0}

and P(u) = 0 is the corresponding Pohozaev’s identity.
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2. The limiting problem

I(t2u(tx)) t3/ |Vu|2 / u?
—t d d t2p3/ P
+ 167 /]R3 /]1{3 ‘X — y] Y- R3 |u|

2p—3>3=p>3

v(t) := I(t?u(tx)) has a unique critical point ty > 0
corresponding to its maximum.
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2. The limiting problem

% G. Li and H. Ye (J.Differential Equations 2014 566-600)

- <a+ b/ |Vu|2> Au+u=|ulP2uin R,
R3

u>0, ueHl(R3), 3< p<4,

a b 21 1
=3 [ e[ 1var) 45 [t [ upve )
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2. The limiting problem

They obtained a positive ground state solution by using the
constrained minimization method on a new manifold which is
obtained by combining the usual Nehari manifold and the
Pohozaev’s identity M, where

M={ue HI(R3)\{O}] <I’(u), u> + P(u) =0}

and P(u) = 0 is the corresponding Pohozaev’s identity.

Gongbao Li Kirchhoff type equations with critical Sobolev exponents



2. The limiting problem

b 2
I(tu(t_lx))—at3/ |Vu? + —t° / |V ul?
2 R3 4 R3
1 1
—|—t5/ u2—t"+3/ |ulP
2 R3 P R3

p+3>6=p>3

y(t) := I(tu(t~1x)) has a unique critical point t; > 0
corresponding to its maximum.
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2. The limiting problem

In view of P. Pucci and J. Serrin (Indiana Univ. Math. J.
1986, 681-703), if u € H'(R3) is a weak solution to problem
(9), then we have the following Pohozaev’s identity:

Y N I
_'[3)/\/R3(u+)p—2/R3( =0
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2. The limiting problem

2
Im(tu(t™2x)) /|Vu|2 (/ |Vu|2> +mt8/ u?
2 R3
A 6
_ A _p+6 + t12 +
¢ /R3<u) - /R3<u)

p+6>8=p>2

7(t) := I(tu(t—2x)) has a unique critical point to > 0
corresponding to its maximum.
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2. The limiting problem

We introduce the following manifold:
My := {u € H}(R*)\{0} : Gp(u) = 0},

where

Gm(u):2a/ \Vu|2+2b</ \Vu|2>2+4m/R3 2
S [ w2 [ W)

It is clear that
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2. The limiting problem

% Lemma 3.2 For any u € H(R3)\{0}, there is a unique
t > 0 such that u; € M,,, where u;(x) := tu(t~2x). Moreover,

Im(uz) = rp>aé< Im(ut).
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2. The limiting problem

* Lemma 3.3 /,, possesses the Mountain-Pass geometry.
Fix u € HY(R3)\{0}, set u.(x) := tu(t2x),

b 21
Im(Ut) = gt4 /1;3 ’VU‘z -+ Zts </R3 ‘VU|2> + Emt8 /H%?, U2

—)\t”+6/ (u*)"—ltlz/ (wh)’ <0
p R3 6 Jgs

for t > 0 large, then 3ty > 0, set up := vy, /(up) <O.
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2. The limiting problem

The Mountain-Pass level of /,,:

Cm = inf sup In(y
YEMm ¢e]0,1] 0(®);

where

Cm = {7 € C([0,1], H'(R?)) : v(0) = 0 and /n((1)) < 0}.
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2. The limiting problem

Although /,, satisfies the Mountain-Pass geometry, but the
nonlinearity g(u) := A|u|P~2u + |u|*u with 2 < p < 4 does not
satisfy the Ambrosetti-Rabinowitz condition

(3n > 4,0 < p [, g(s)ds < g(u)u), the boundedness of (PS)
sequence seems to be difficult to be proved. We need some
more information for the (PS) sequence.
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2. The limiting problem

% (General Minimax Principle) Let X be a Banach space.
Let My be a closed subspace of the metric space M and
Mo C C(Mp, X). Define

N={yeCM,X):v|lmerlo}.
If € C1(X,R) satisfies

0o > ¢ = inf sup o(y(u)) > a:= sup sup ¢(yo(v)),
V€M uem Y€l uEMo

then, for every € € (0,(c —a)/2), 6 > 0 and v € I such that
supp oy < ¢+ ¢, there exists u € X such that
M

(a) ¢ — 2 < p(u) < c+ 2,
(b) dist(u, v(M)) < 29,
(c) ¥ ()|l < 8e/6.
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2. The limiting problem

% Proposition 3.4 There exists a sequence {u,}7°, in
H'(R3) such that, as n — oo,

Im(un) = cm, I"m(un) =0, Gp(u,) — 0.
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2. The limiting problem

Define the map

(0, v) = e’v(e ?x), R x HY(R?) — H'(R®).

2
1
Imo ®(0,v) 49/ IVul® + 9</ |Vu|2> +me89/ u?
R3 2 R3

_ A elpro)e / (u+)”—1e129/ ()P,
p R3 6 R3

Imo®(0,v) >0 for all (0,v) with |§], Hv||H1(R3) small and
(Im o ®)(0, up) <O,

i.e. /,, 0 ® possesses the Mountain-Pass geometry in

R x H(R3).

Kirchhoff type equations with critical Sobolev exponents
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2. The limiting problem

The Mountain-Pass level of /,, o ®:

Cm = inf sup (Im o ®)(F(1)),
A€lm t€[0,1]

where

Cm
= {5 € C([0,1],R x H'(R?)) : 5(0) = (0,0) and (/,»,°®)(5(1)) < 0} .

Asl,={do7:7¢€ fm}, the Mountain-Pass levels of /,, and

|, o ® coincide, i.e. ¢, = &,

Kirchhoff type equations with critical Sobolev exponents
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2. The limiting problem

Using the General Minimax Principle,
3 (0, Vi) Ynen C R x HY(R3), such that

(Im o ®)(0n, vn) — Ccm, (11)
(Im 0 ®) (0, vs) — 0 in (R x H}(R?))™, (12)
0, — 0. (13)
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2. The limiting problem

Set ¢ =¢c,:= %, § =, := 1 in the General Minimax
Principle,
(a), (c) = (11),(12)

For (13), by the definition of ¢, for ¢ = ¢, := %, Ivn € Ty
such that

1
sup Im(vn(t)) < cm + —-
t€[0,1] n

Set 5,(t) = (0,7a(t)), then

1
sup I o ®(9n(t)) = sup Im(yn(t)) < cm + .
te[0,1] te[0,1] n

By (b) of the General Minimax Principle, there exists
(0n, vn) € R x HY(R3) such that dist((05, v»), (0,74(t))) < 2,
(13) holds.
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2. The limiting problem

V(h,w) € R x HY(R3),
(Um0 ®)(0n, va), (h, w)) = (I'm(®(On, Vin)), P(6n, W)>+Gm(¢((‘iz)vn))h~
Taking h=1, w = 0 in (14),

Gm(®(0n, vn)) — 0 @s n — oco.

Set u, := ®(0,, vp),

Gm(un) — 0 as n — oc.
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2. The limiting problem

Vv € HY(R3), set w(x) = e P v(e?’"x), h =0 in (14),

(1 (), v) = 0(1)He—9nv(e29nx)}

ey = OOV

i.e. I'm(us) — 0in (HY(R3))™! as n — .
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2. The limiting problem

Similar to P. Rabinowitz (Z. Angew. Math. Phys. 1992
270-291), we can prove

_ : 20 _
Cm = ueHll(%g)\{O} max Im(tu(t™<x)) = ulen/\];m Im(u) > 0.  (15)

i.e. the Mountain Pass level equals to the ground state level
for /.. Note that (15) holds only if the potential equals to
positive constant.
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2. The limiting problem

Denote

Vs :2%/(/8( 5] )1/6

(xX)ws(x), ¢ € C°(B2(0)) satisfying p =1

on B;(0), 0 < ¢ <1 on By(0) and
wi(x) = (30—
65+ xP)"?

is a minimizer for D%?(R3) — [°(R3). We construct a special
path tvs(t~2x)(t > 0) to show that

1 1 1 3
-2 1o,c3 3¢6 2 ¢4 3
Tfé(/’"(tv‘s(t x)) < 4abS + 24b S°+ 24(b 5" +4aS5)>

for A > 0 large. Then we get the following Lemma:
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2. The limiting problem

% Lemma 3.5

1 3 1 3 c6 1 2 c4 3
— — +4
Cm < 4abS + 24b S°+ 24(b S aS)z

for \ > 0 large, where S is the best Sobolev constant for the
embedding D!2(R3) — L%(R3).
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2. The limiting problem

% Lemma 3.6 The sequence got in Proposition 3.4 is
bounded in H'(R3).

cm+ 0o(1)
:/@@—Aifc(%)

pt+2 p—2
- p+6 /W””‘2 4(p+6) </‘VWF>
6—p
2, t
p+6 /’“"’ 6(p+6)/( )’
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2. The limiting problem

By the Vanishing Theorem and Lemma 3.5, we have
Lemma 3.7: There is a sequence {x,} CR3>and R >0, 3 >0

such that
/ up > B.
Br(xn)

Gongbao Li Kirchhoff type equations with critical Sobolev exponents



2. The limiting problem

Denote i,(x) = up(x + x,), by Lemma 3.7,
U, — o in HY(R?)\{0}.
i satisfies
—(a+ bA) AL+ mi = N@T)P~ + (oT)°, (16)

where A? .= im_ Jgs [V Un|? > [ps [VE[2.
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2. The limiting problem

Following (G. Li, H. Ye J. Differential Equations 2014
566-600), we have

(a+bA2)/R3|VTJ|2+m/R3T12—>\/R3(D+)p—/RS(E;+)6:0,

1 3 3 1

(a+bA2)/ |va|2+m/ L"/2—)\/ (zﬁ)f’—/ @) =0
2 R3 2 R3 P R3 2 R3

The first one follows by multiplying (16) by & and
integrating. The second one is the Pohozaev’s identity

applying to (16).
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2. The limiting problem

Hence

Gm (1)

2
:23/ \va|2+4m/ D2+2b</ |va|2)
R3 R3 R3
p R3 R3

§2a/ \vm2+4m/ a2+2bA2/ V|2
R3 R3 R3

6
S @tz @
p R3 R3

=0.
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2. The limiting problem

To prove that G,,(&7) = 0, just suppose that G, (i) < 0, then
1 # 0 and there is a unique 0 < t < 1 such that
Gm(ti(t=2x)) = 0. So
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2. The limiting problem

m < In((@)) = In((@)) — 5 Gn( (@)

p+

2(73126)“4 /R3 IVa|* + 263;26)”8 /R3 i
+ 4(73_4—26)“8 (/R3 |W’|2)2 + 6(6p_—|—p6) e /R3 (@)’
s oV g
2 _
+ (I; 26) (/Rg Vi) 6(6p +p6) /Rg @y
= n'l‘,o[z(pizes)a/a [Vl + 2(,;3126),”/]1@ i

* (p_+26) (/ Vi )2 6(6p_—|—p6) /Rsmﬂ
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2. The limiting problem

a contradiction. Hence G,,(i) = 0. Using the above
inequality again with t = 1, we conclude that i, — 7 in
H(R3), then I,(&)) = ¢y, and I’,,(1) = 0, i.e. @ is a ground
state solution for the limiting problem.

Gongbao Li
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2. The limiting problem

Let S, the set of ground state solutions U of (9) satisfying
U(0) = max U(x).
X€

% Proposition 3.7 For each m > 0, S, is compact in H'(R3).

The proof of Proposition 3.7 involves applying Brezis-Kato
type argument, i.e.

Gongbao Li Kirchhoff type equations with critical Sobolev exponents



2. The limiting problem

% Lemma 2.2 (i)Assume that {v,} is a sequence of weak
solutions to

—(a + b/ |Vu|2>Au + Vo (x)u = fo(x, u) in R
R3

satisfying ||va|[;1(gsy < C where Vi(x) > a > 0 and V6 > 0,
3Cs > 0 such that

Ifo(x, t)] < 68|t| + Cs|t]°, V(x,t) € R® x R.

If {|v,|®} is uniformly integrable in any bounded domain in
R3, then for any xo € R3, 3Ry(xp) > 0 such that

HVn”LOO(BRO<x0)/4(Xo)) < C(Ro(x0))-
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2. The limiting problem

The proof of Lemma 2.2 (i) mainly comes from Zhu. X. and
Yang. J. (System Sci. Math. 1989, 47-52)
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3. Proof of the main result

(1) can be rewritten as

—(a +b \Vv|2>Av+V(5x)v = AP 2t vy, v e HYRY), v > C
R3
(17)

with the energy functional

a b S|
I.(v) = > /R3 IVv|? + 4</R3 ]Vv|2> t3 /R3 V(ex)v?
A 1

p /R v - /R (v)°, ve H'(R?).
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3. Proof of the main result

Ho={ve Hl(R3)y/ V(ex)v2 < o0}
R3

endowed with the norm

1/2
W = ([ 192+ [ vieo?) ™
R3 R3
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3. Proof of the main result

Define

_JOifxeA/e,
xe(3) = e lifx ¢ Ne

= ([ -3

Set J. : H- — R be given by

and

J-(v) = I(v) + Q(v).

Note that this type of penalization was firstly introduced by
J. Byeon, Z. Q. Wang (Calc. Var. Partial Differential
Equations 2003 207-219).

Gongbao Li Kirchhoff type equations with critical Sobolev exponents



3. Proof of the main result

Let cy, = /y,(w) for w € Sy, and 105 = dist{ M, R3\A}, we fix
a 3 €(0,6) and a cut-off function ¢ € C°(R3) such that

0< <1, p(x)=1for |x| <3, p(x) =0 for |x| > 25 and
Vel < C/5.

Denote

/

X
X = {(p(sx —X/)W(X — ;) X' € MB, w e 5\/0}

for sufficiently small ¢ > 0, where
MP = {y eR3: ig/f/l]y—z] < B}.
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3. Proof of the main result

YU* € Sy,, define W. (x) := to(ex)U*(t~2x), by studying the
behavior of J.(W. ), we can check that J. possesses the
Mountain Pass geometry for ¢ > 0 small.
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3. Proof of the main result

The Mountain-Pass value of J.:

= inf
Ty )

where ', := {y € C([0,1], H:)|7(0) =0, (1) = W4}
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3. Proof of the main result

Denote
C. = J= (e .
&= max, (7=(s))
% Lemma 4.1, Lemma 4.2

limc. = lim & = cy,.
e—0 e—0 0

Note that Lemma 4.1, Lemma 4.2 will be used in Lemma 4.3
below.
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3. Proof of the main result

* Lemma 4.3
(i) There exists a dyp > 0 such that for any {¢;}?°,, {R.,},
{ug,} with
lim & =0, R, > Ro/ei, u:; € X® N Hy(Bg.,(0)),
lim J;,(u;) < cy, and I|m HJ' (ue,) }*s»R =0,
i—00 =hINE]

then there exists, up to a subsequence, {y;}°, C R3,
xo € M, U € Sy, such that

lim lejyi—x0| =0 and lim [[u; — @(eix —eiyi)U(x — yi)ll. = 0.
1—00 1—00 i
(ii) If we drop {R..} and replace(18) by

lim e¢; =0, uEAEX0 I|m Je.(ug;) < ey,

i—00

and ilirQOHJs,.(ug,)H(Hsi)_l =0,

then the same conclusion holds.
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3. Proof of the main result

Note that Lemma 4.3 is a key for the proof of Theorem 1.1
and the idea of Lemma 4.3 mainly comes from Byeon and
Jeanjean (Arch. Rational Mech. Anal. 2007, 185-200), but
for the critical case, the method of Byeon and Jeanjean
seems to be hard to be used directly and some more tricks
are needed.
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3. Proof of the main result

% Lemma 4.4 Let dy be the number given in Lemma 4.3,
then for any d € (0, dp), there exist ¢4 > 0, pg > 0 and wy >0
such that

| <(u)]] >wg >0

*,e,R —

for all u € J£0 7 0 (X%\X9) N HE(Bg(0)) with ¢ € (0,24) and
R Z R()/e.
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3. Proof of the main result

% Lemma 4.5 There exists Ty > 0 with the following
property: for any § > 0 small, there exist as > 0 and 5 > 0
such that if J.(7.(s)) > cy, — a5 and ¢ € (0,¢5), then

7:(s) € XJo°, where y.(s) ;== W. o, s € [0, 1].
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3. Proof of the main result

Inspired by G. M. Figueiredo, N. lkoma, J. R. Santos Junior(
Arch. Rational Mech. Anal. 2014 931-979), using Lemma
4.4, Lemma 4.5 and a version of quantitative deformation
lemma due to G. M. Figueiredo, N. lkoma, J. R. Santos
Junior, we can construct a bounded (PS) sequence of the
penalized functional J. near the compact set Sy, i.e.
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3. Proof of the main result

% Lemma 4.6 32 > 0 such that for each ¢ € (0, ] and

R > Ro/¢, there exists a sequence

{vF Yoo, c J&=en X% N HY(BR(0)) such that J'.(vF.) — 0 in
(H3(Bgr(0)))~* as n — oo.
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3. Proof of the main result

Using standard argument, we can find a solution v. € H1(R3)
to the penalized equation

—(a + b/ \Vu\2>Au+ V(sx)u+4(/ Xet?dx — 1) Xeu = AP~ 40P
R3 R3 +
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3. Proof of the main result (existence)

To show that, v. is, in fact, a solution to (17), we need the
following Brezis-Kato type argument:
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3. Proof of the main result (existence)

* Lemma 2.2 (ii) Assume that {v,} is a sequence of weak
solutions to

—(a + b/ |Vu]2>Au + Vo (X)u = fo(x, u) in R3
R3

satisfying ||va|;1(gsy < C where Vi(x) > a > 0 and V5 > 0,
3Cs > 0 such that

Ifo(x, t)] < 8|t| + Cs|t]°, V(x,t) € R® x R.

If {|v,|°} is uniformly integrable near oo, i.e. Ve >0, IR > 0,
for any r > R, fR3\B,(0) [vn|® < &, then

lim v,(x) = 0 uniformly for n.
|x]—o00

The proof mainly comes from G. Li( Ann. Acad. Sci. Fenn.
A | Math. 1990 27-36)
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3. Proof of the main result (existence)

For any sequence {¢;} with ¢; — 0, by Lemma 4.3(ii),
Hyj1z; C R3, xo € M, U € Sy, such that

jILn;o lejyj—xo| = 0 and JILrQO Hvej(x) — p(ejx —egjyj)U(x — yj)‘ ., =0
(20)
=
we;(x) == vg;(x + yj) = U(x) in L8(R3).
By Lemma 2.2 (ii), we get
lim we;(x) = 0 uniformly for all ¢;. (21)

|x|—o00
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3. Proof of the main result (existence)

Proceeding as G. Li and S. Yan (Commun. Partial
Differential Equations 1989 1291-1314), we get the uniform
exponential decay

we;(x) < Cie @l x e R3.

Thus

ej_l/ vez,(x)zsj_l/ w2 (x)
RA\(\/gj) R3\(A/gj—y)

< 5-_1/ (C1)2e_2c2|x| — 0, as j — oo,
R3\Bg,,(0)

i.e. Q(v;;) =0 for ¢; small. Therefore v, is a solution of
(17). Set u.(x) = ve(%), u, is a solution of (1).
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3. Proof of the main result (concentration)

Let P; be a maximum point of w.;, we can check that 3¢, > 0
such that w, (P;) > Co, then by (21), {P;} must be bounded.
Since v (x) = Wsj(fj — ¥j)» Xj :=€jPj + ¢jy; is a maximum
point of u.,. From (20), x; — x € M as j — 0.
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