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The problem

\Y% 2 4
(= = Ay Ly") w+ VAL "= [ul 20, we H'®Y,C), (1)

where A(|y/|,3") is a bounded map from RT x RN=2 to RV, and
V(|y'],4") is a bounded non-negative function in Rt x RV=2,

A= (Ay,---,An) : vector magnetic potential with magnetic field
B = curlA. A can also be regarded as a 1—form A = Zjvzl Ajdz?, then

B =dA = Z Bjkdxj VAN dl‘k, Bjk = 8]Ak — 8kAj;
i<k

\Y% 2 1 2
(7 - A(|y’|,y“)) w=—Au - ~(divAju— AV + |APu.

(Reed-Simon: Methods of Modern Math. Phys.; Lied-Loss: Analysis)
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Background

Nonlinear Schrodinger equation with electromagnetic fields

ov (h

th—— =

o= (57 = 40)) W+ 6w f(5, 12D, (1) € RxRY, ()

i
where U(y, t) takes on complex values, & is the Planck constant, i is the
imaginary unit, 4 : RY — R" is a magnetic potential, G : RN — R
represents an electric potential, and N > 2.

This type of nonlinear Schrodinger equations arises in different
physical theories, e.g. the description of Bose-Einstein condensates,
plasma physics and nonlinear optics. See [C. Sulem, P. L. Sulem, Applied
Mathematical Sciences, 139. Springer-Verlag, New York, 1999.] The
presence of many particles leads one to consider nonlinear terms which
simulate the interaction effect among them.
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We are interested in standing wave solutions for (2), i.e. solutions of

the form W (y,t) = e_%u(y) for some function u : RY +— C. Thus, one is
led to solve the complex equation in RY,

h 2
(57 - AW) u+ (Gly) = Eyu = f(y, lul)u. 3)
Set V(y) = G(y) — E. We consider f(y, |u]) = |[u|7=2. ie.

\Y% 2 4
(Y= A0y1y) w4 V] o= ol ¥F, we @Y, €)
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Some known results

The case A(y) = 0.
In this case one is led to look for solutions u : RY — R of the
semilinear equation

— W Au(y) + V(y)uly) = fy, [u])u. (4)

The study of (4) for fixed & > 0 and subcritical nonlinearities dates
back to the 1970s. See A. Bahri, Berestiky, T. Bartsch, D. Cao, Dancer,
G. Li, Y .Y. Li, Z. Liu, P. L. Lions, Z.-Q. Wang, J. Wei, M. Willem, S.
Yan, ---.

The variational frame was employed.
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In the semiclassical case i — 0, peak solutions for (4):

@ A. Ambrosetti, J. Byeon, D. Cao, A. Floer, Y. G. Oh, M. del Pino, P.
Felmer, A. Malchiodi, S. Peng, P. H. Rabinowitz, S. Secchi, Y. Y. Li,
Z. Liu, E. S. Noussair, S. Yan, Z.-Q. Wang, J. Wei, A. Weinstein, H.
Zhou, ---

The solutions present concentration phenomenon as i — 0.
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For (3) with A(x) # 0: existence of different kinds of solutions for (3)
with sub-critical non-linearities was proved. See
@ M. Esteban, P. . Lions (1989): the first one with the variational
argument for fixed h.

For semiclassical case: h small

e K. Kurata (2000): the least energy solutions:

T—xp

i(w+A($h)T)u( L~ Zh

h

);

Up ~ €

where u is a least energy solution of

—Au(y) + V(zn)uly) = f(y, lu)u.
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e S. Cingolani, J. Differential Equats. 188 (2003).
e S. Cingolani, S. Secchi, J. Math. Phys. 46 (2005).

o T. Bartsch, E. N. Dancer, S. Peng, Adv. Differential Equations 11
(2006).

e D. Cao, Z. Tang, J. Differential Equations 222 (2006).

e S. Cingolani, M. Clapp, Nonlinearity 22 (2009), 2309-2331.

Helffer (1994,1997) studied asymptotic behavior of the eigenfunctions
of the Schrodinger operators with magnetic fields in the semiclassical limit.

Shuangjie Peng with Shusen Yan and Chunhua Wang Infinitely many solutions for nonlinear Schrédinger equations i



Introduction Our main result Difficulties and method

More results can also be found

e B. Helffer, J. Sjostrand, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 14
(1987), 625-657 (1988).

e Z. Tang, J. Differential Equations 245 (2008).

@ S. Cingolani, L. Jeanjean, S. Secchi, ESAIM Control Optim. Calc.
Var. 15 (2009), 653-675.

e H. Pi, C. Wang, ESAIM Control Optim. Calc. Var. 19 (2013),
01-111.
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Not much is known for (3) or (4) with the critical nonlinearity
f(y, lu))u = |ul* ~2u. Arioli and Szulkin (2003) proved the existence of a
ground state solution under the assumption that N > 4 and V is negative
somewhere. They also proved that if V' > 0 and V # 0, then (3) has no
ground state solution.

Concerning the existence of solution for (4) with V' > 0, Benci and
Cerami (1990) showed that (4) with 7 =1 has a solution if ||VHL71§ is

sufficiently small. Note that the assumption V' € L%(RN) excludes the
case V > ¢y > 0.

There is no other result for (4) until the work of Chen, J. Wei and S.
Yan (2012), where they prove (4) had infinitely many nonradial solutions if
N > 5, V(z) is radially symmetric and 72V (r) has a local maximum
point, or a local minimum point r9 > 0 with V(rg) > 0.
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Other results for (3) involving critical non-linearity: J. Chabrowski, A.
Szulkin (2005): sign-changing V' (y); S. Barile, S. Cingolani, S. Secchi
(2006): small A(x) and small V(x).

Some interesting results on (2) with isolated singularity of the
electromagnetic potential: V. Felli, A. Ferrero, S. Terracini (2011),
asymptotic behavior of solutions to (2) with singular magnetic and electric

potentials; L. Abatangelo, S. Terracini(2011); V. Felli, E. M. Marchini, S.
Terracini(2009).
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Firstly, we weaken the symmetry condition imposed on V' in [W.
Chen, J. Wei, S. Yan, JDE. 252 (2012)].

Secondly, we intend to detect the influence of the magnetic potential
A on the solutions.

So we consider the following problem:

\V 2 4
(7 - A(\y’!,y")) ut+ V(" )u = [ul77u, ue HYRY,C), (5)

where V(r,3") >0, and y = (¢/,y") € R? x RVN2,
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Our main result Difl

Main result

Theorem 1.1

Suppose that both A and V > 0 are bounded, and belong to C'. If N > 5
and 2V (r,y") has an isolated local minimum point or local maximum
point (ro,y§) with 79 > 0 and 73V (ro,y) > 0, then problem (5) has
infinitely many complex-valued solutions, whose energy can be made
arbitrarily large.
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We do not assume the condition
V(lyl) = Vo >0, for |y| large,

which is essential to obtain the existence results for Schrédinger equation
with subcritical growth.

The symmetry condition for V' is weaker than that in [Chen-Wei-Yan,
JDE. 252 (2012)].

When A # 0, (5) is a complex-valued problem and cannot be reduced
to a real-valued single equation. Note that if we write (5) in real form, it
corresponds to a system instead of a single equation. So we may expect
that some estimates in this paper are quite different from those used in
[Wei-Yan, JFA. 258 (2010); Wei-Yan, JMPA. (9) 96 (2011);
Chen-Wei-Yan, JDE. 252 (2012); Peng-Wang, ARMA(2013) |.

2

—Av — div(A)w — AVw + |A|Pv 4+ Vv = (v® + w?) 720

2

—Aw + div(A)v + AVw + |A]Pw + Vw = (v? + w?)¥—2w
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Difficulties

@ Since V > 0, (5) has no ground state solution. So it is extremely hard
to use the variational techniques to obtain existence results for (5).

@ Some estimates should be established for complex-valued functions.
@ The appearance of magnetic potential A brings us linear term

div(A)u and gradient term AVwu, which need more technique and
fine estimates.
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The main idea in the proof of Theorem 1.1

It is well known that the functions

N—2 A f=2
U, =|N(N -2 (—) , A>0, zeRY,
2 0) = NV =202 (e —op .
are the only solutions to the problem
—Au=uN2, u>0inRV, (6)

One can check that e'@ 2a(y),0 € R! are solutions of
—Au= |u|ﬁu, u e DV2(RY,C). (7)

It was proved that e 2 (y) is non-degenerate. More precisely, define the
functional corresponding to (7) as follows

fotw) =5 [ Vel =5 [ L we DIEEY o).
2 ]RN 2* RN
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fo possesses a finite-dimensional manifold Z of least energy critical
points, given by

Z=1{e"U,p: c €R\, A >0, 2z ¢ RV}

Moreover,

0 o o o
ozl T9xN’ AN Oo

We use the least energy solutions of problem

ker f(z) = spanR{ }, V2z=¢e"U, € Z

2
(z,on) u= |u\ﬁu, ue HY(RY,C), (8)
i

where Ay = (Ao,1, Ao2, ..., Ao,N) is a constant vector, to construct
approximate solutions for (5). The functional corresponding to (8) is

1 2 1 *
IO(U)Z/RN‘YU—AOU‘ —/ ', v ue H'(RY,C).
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We can infer that ei””AO'(y_“")Ux,A is non-degenerate. That is
k:erf(')/(ew"'mo’(y_r)ULA) = spang {0(6/"/”“’40'(9_“’)(]367”} ,

where 8(ei"+iA0'(y_z)Um’>\) represents all the partial derivatives with
respect to z1,--- ,znN, A and o.

Define

2
H, = {u: / (‘Yu — Au’ —i—V]u\z) < +o0,
RN 1
u(y1, —Yy2, y") = u(y1, Y2, y"),
o
u(rcos®,rsind,y”) :u(rcos<9+ 7r]) rsm<0+ 7T‘7> y”)}
m

m
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Let

2(7 —1 2(7 — 1
T = (rcos(]m >7T,7“sin7(‘7 M,g”), j

where 7" is a vector in RN 72,

We will use ei"”A(xj)'(y_xf)U%.’,\ as an approximate solution. To deal
with the slow decay of this function when N is not big, we define
E(y) =&(Y'|, ") be a smooth function satisfying & = 1 if

(9], 9") = (ro, y5)| <6, & = 0if [(|y/],4") — (ro, yg)| = 26, and
0 < ¢ < 1. Denote

ni(y) =io +iA(z;) - (Y = 25), Zu;no(y) = MUy, A

m

ry”)\cr E Z:z:],)\a

Jj=1
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N—2 N—
A € [LymN-1, Lym~N- ] for some constants L1 > Ly > 0 and

|(r,5") = (ro, yg)| < 6.
To prove Theorem 1.1, we will show the following result.

Proposition 1.2

Under the assumptions of Theorem 1.1, there exists a positive integer
mo > 0, such that for any integer m > my, (2) has a solution z,, of the
form

m
2 = gy A (Y) +om = D ETHANWTEIY () + o,
j=1

where o is any real number, and w,, € H;. Moreover, as m — +00,

N-—2 N—-2 2
)\m € [Lomm,lem], (T’mvg;:v,) — (7"0798) and )‘ me”Loo — O
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Proposition 1.2 implies that (5) has solutions with large number of
bubbles near (ro, y(). It is also worth pointing out that the magnetic
vector fields do not affect the locations of the bubbles of the solutions.

Let us point out a simple fact which implies that some estimates in
the complex case are harder to obtain than the real-value case. To
estimate the derivative of the energy of z,,, we need to control some terms
involving | Zr.. g7 anor|?’ 3823%“ If N >7,2* —3<0. In the real case
A =0, we have |Z, g1 . 0| > 32U, x, which gives

* azz o
| Z, 78| =g | < SUE 3. However, in the complex case, it is
not easy to prove the weaker |nequa||ty | Z,
small ¢ > 0.

!
m7ym7)‘mvg

o| > coUs, » for some

m ,ym 7>\m»
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Finite-dimensional reduction
Let

[ull = sup (Z ! |)N2_2+T>1)\_N2_2|u(y)| (9)

yeRN N (T4 Ay — o5

and
-1

n 1 N42
[| f]l«x = sup AT | f(y)ls (10)
yeRN (]Z_; (1+ Ay — a:j])N;rQ‘”)

where 7 = % For this choice of 7, we find that

m r m

> N

Axj — 1) AT L= gT TN

Jj=2 =2

Denote
7. L= asz,)\,a 7. = aZ:vj,)\,a ' . 8Za:j,)\,cf
J7 - ) - -
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Finite-dimensional reduction

Now we consider

\V4 2
(= = AW19") Ergrao +0) + VYY) Zrgrao +9)

N+1 m
= | Zrgine + 0¥ 2 Zrgrne +0)+ D> a D |Zayrol” ?Zjy, inRY
=1 j=1

RS HSv <E;n=1 |ZCC]',)\,U|2*_2Z]',Z7SO> = 07 = 1727 7N + 1.
(11)
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Finite-dimensional reduction

Proposition 2.3

There exists a positive integer mg such that for each

m > mg, \ € [Lom%,le%],a eR,refro—0,r0+06],5" € Bo(yy),
where 6 > 0 small, (11) has a unique solution ¢ = @, g » » € H, satisfying

1 1+e 1 14+n;+e
lel.<c(3) o lse(3) (12)

where € > 0 is a small constant.
Moreover, @, g1 3o = €7@, g0 10 for any o € R.
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Rewrite (11) as

\V4 2
(5 - AWL") e+ V")

_[(2* - 2)’Zﬂg”,)\,o"2*74Z7‘,Q”,)\,o-Re(ZT.’g//’)\’UgD) + |Z7'7§//,)\,U|2*7280]
N+1 m
= N +lm+ > ad |Zorol> 2Zj, inRY,
=1 =1

p e HSv <Z;n:1 ‘Z:Ej,)\,a|2*_22j,l,§0> = Oal = 1a2’ T aN +1,
(13)

? 7227‘47”,)\,0

N = (1Zeamno + o Zngrre +0) — Zrgino
B [(2* —2) |Z7“7?J",)\,a|2* _4Re(27“717"7)\70SD)ZT:??N’A’U

)

+|ZT1:'7”7>\)0'

Shuangjie Peng with Shusen Yan and Chunhua Wang Infinitely many solutions for nonlinear Schrédinger equations i



Finite-dimensional reduction

and

Im

m
- ('Zny",w|2*72Zr,y”,x,a - \ij,x,olz**Qer,AJ ~Vy'l:y") Zr g
j=1

1. _
+ngVAZT,gN7)\7U + |A(T, y") - A(Iy’|7 y”)|2Zr,ﬂ”,)\7a
F2A(5") - (AGT") = AQY 5 Zrgr
2
~HAT) = AW Y") - Vg
Vv N - i
(5 - AWLy) (-9 U,

j=1
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Finite-dimensional reduction

If N > 5, then

min(2*—1,2
N () lex < Cleg] 3 =12),

If NV > 5, then there is a constant € > 0, such that

e < 0(%)”6
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Proof of the main

Let E(r, 4", \,0) = I(Z37 x0 + Prig ro), Where 7 = |2, and
©rg" 0 1S obtained in Proposition 2.3, and

1) =5 (|5 = A0197)o] + V)l

We will choose (r, 3", A, o) such that Z, g » o + ¢y g7 0 is a solution
of (5). We only need to prove that (r, y”,)\,cr) is a critical point of
function F(r, 7", \, o).

Since @y g5 Ao = e""go,ﬂ’gn’)\,o, it is easy to check that

F(r,g" N\ o) = F(r,5",),0).

That is, %{:”\’”) =0 for all (r,y”,\,0). So, we just need to find a
critical point (r,3”, A) for the function

Flr,g",A) = F(r, ', 2,0)
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Proof of the main

We have

Flr,g",)) = <ryu>+0(A§'L)

B _ B 1
= m<A+ A—;V(r,y”) _]z:; /\N_Qfxlixj’N_Q +O(W>)’

where B; > 0,7 = 1,2 are some constants.

Lemma 3.2
We have

OF(I'\ N _ 21 S ByN-2) 1
T_m<_ 7) +Z)\N ey — a4V - 2+O()\3+6>>

| 5\

where B; > 0,7 = 1,2 are the same as in Lemma 3.1.
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From [J. Wei, S. Yan, JFA. 258 (2010)], 3 a constant B3 > 0 S.T.

f: 1 BgmN_2+O( m )
2 o=~ e )

Therefore,

~ By ) Bym™N—2 1
F(T,y//,A) :m(A—l—ﬁV(?”,y”) — W—FO(W)), (14)

and

8F(T7 gﬂa)‘) 2B1 U 1
— = m(—?v(ﬁ Z/”)"’ AN—-1,N-2 +O<)\3+6>>' (15)
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Proof of the main

=

For each fixed (r, "), let Ag(r,y”) be the solution of

By(N —2)

—7‘/(7‘, g//) + W =0.

Then

By(N —2) )Nl4

Ao(r, gﬂ) = (231V(7“, gj”)?”N_Q

Note that Ag(r,3”) is the unique maximum point of the function

By _11 By
FV(ﬁy ) — AN—2,N=-2

for any fixed (r,7").
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Proof of the main

Define
- N-2
Q= {(Ta g//7 )‘) : (Ta gﬂ) € B@(T07 yg)a A= AmN_47
=1 1 —/! 1 (16)
A€ |:A0(T’y ) - FaAO(T,y ) + Fi| }7
where 6 > 0 is a small constant, satisfying 0 < 0 < .
For any (r, 7", \) € Q, we have
By _ BymN—2
Fv(ra y”) - AN_ZT'N_2
=i 2N —4)BV(r, "
= (B/<T2V(7”a ﬂ”))N A ) 41 9 )(A—AO(T, 7"))?
Ay
1 _2(N-2)
o) .
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Proof of the main

Hence

F(r,g",\)

—m(a+ [B (ving) - BT

m_Q(JJVV:‘f)) —1—0( m )

(A = Ao(r,7"))?

(18)

Proof of Theorem 1.3 We want to prove that F(r, 5", \) has a
critical point in €.

Suppose that (rg, ) is an isolated maximum point of 72V (r,y").
We consider

max F(r, i, \). 19
pmax g (rg",A) (19)

Let (7, Uiy, Am) € €2 be a maximum point. We can prove that
(T Uprys Am) & OS2
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Proof of the main

Now we consider the case that (rg,y() is an isolated minimum point
of F(r,g",\). Let

F(r,g",\) = —F(r,g",\), (r,7",)\) € Q.

Denote

_N—-2 2(N—2)
o = m (A B’ (r3V (ro, yg) (1 + 8)) "9 m~ 3= ) ,
ay = m(=A+p),

where 8 > 0 is a small constant, and B’ > 0 is the constant in (18).
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Proof of the main

For ¢ € R, define

F¢ = {(r, 7'\ e, F(r,gj",/\) < c}.

Consider
(& _p P t>0;
dt
dy’
J -
W_—Dg;/F (]:374, 7N)’ t>0,
dA -
— =-D\F t
7 A > 0;
L (r, 7", \) € F2
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Proof of the main

Using (15) and (18), we can prove that the flow (r(t), A(t), 5" (t))
does not leave €2 before (r(t), \(t),7"(t)) reaches F*1.
Define

={y: 9(rng" N) = (7" 2,25 2) €Q (rng"\) e,
’Y(T7 glla )‘) = (Ta g//) )‘)7 if (T, g”) S 839((T07y[/)/)}

Denote

— inf o 7" \).
¢=inf max (v(r, 7", N))
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We have the following estimates for this constant c.

(1) a1 <c<ag;
(i) sup  F(y(r,g",\) <a1, VyeT.
9Bg((ro,y()

From these estimates, we can use the standard deformation argument to
prove that ¢ is a critical point of F.

In order to prove (ii), let v € I'. Then for any (r,§") € 9By((r0, y(),
we have v(r, 5", \) = (r,4", \). Hence, from (18), we obtain

F (’Y(rv g,/a A)) = F(T7 gllv)‘) < oq.
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Proof of the main

Now we prove (i). It is obvious that
c < 9.

For any v = (y1,72) € T, define

N—-2

310" = (r 7" Aol g")m>1 ) .V (r.5") € Bal(ro. ).

Then
(g = (rg"), i (rg") € 0(Bol(ro,yp)))- (20)

Hence there is a (7,7") € Bj((ro,7g)) such that

(") = (ro, yg)- (21)
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Let A = 7 (f,g“, AofF, g'/)m%). Then by (18) and (21)
max F(y(r,g",\))

(r,g" \)eQ
N ~

I ~ ~I ~ ~I —:2 _ "Ny
> F(’Y (Tay ,AO(T,y )mN 4)) _F(T()’yOv)‘)
_ 2(N-2)

N-—2 ~
= m <—A — (B’ (T(Q)V(m,yg))m + O()\_QG))m N—1 ) > aj.
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Proof of the main

Suppose a = a1 + ias. For any complex number z, we have that if
t € (2,3], then

Re [|1 + 2721+ 2)a—a— ((t — 2)(Rea)z + za)} = 0(z]2|a]), (22)
and
Re |1+ 2I"2(1 + 2)a — a — ((t - 2)(Rea)z + 2a)| = O(l2]"[al). (23)
If ¢ > 3, then
Re[|1+z|t*2(1+z)a—a— ((t—2)(Rea)z+za)} = O(|22|al + 2] Y al).-

(24)

v
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Proof of the main

For t € (2,3],
|11+ 2021 + 2)a—a = ((t - 2)(Rea)z + za)| = O(2lal),  (25)
and
‘\1 + 221+ 2)a—a— ((t — 2)(Rea)z + za)} — O(|z[*"a]).  (26)

For t > 3, we have

‘|1+z|t_2(1+z)d—&—((t—2)(Rea)z+zd)‘ = O(|2|a|+|2[Y]a]). (27)

v
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Proof of the main

Thank you !
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