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Alexandrov-Fenchel inequality

Alexandrov-Fenchel inequality in Euclidean space

o ) C R" convex domain.

@ k= (Ki,Ka, " ,kn_1) set of the principal curvatures of
> =002

e 01, : R"! — R the k-th elementary symmetric
function.

o Alexandrov-Fenchel inequality : for 0 < j <k <n—1

n—1—k

11 s
1 or > CF_w,_ : /O" ,
W [azc, 1<CJ_1%1 i )

n

where w,,_; is the area of the standard sphere S™!.
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Alexandrov-Fenchel inequality

Hyperbolic Alexandrov-Fenchel inequality

Theoreme 1 (G-Wang-Wu)JDG

Let X be a horospherical convex hypersurface (k; > 1) in
the hyperbolic space H". We have for 2k <n — 1

> % > %n71712k k
/ng > O { (u) + <‘—|) } :
b) Wn—1 Wn—1

Equality holds if and only if ¥ is a geodesic sphere.
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Alexandrov-Fenchel inequality

Weighted hyperbolic Alexandrov-Fenchel

inequality

Theoreme 2 (G-Wang-Wu)

Let ¥ be a horospherical convex hypersurface in the
hyperbolic space H". We have

» k(nnﬂ) b k(n 1)
from ez ()77 (2)°7)]
Wn—1 Wn—1

Equality holds if and only if ¥ is a geodesic sphere centered
at o in H".
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Some motivations
c ass on AH manifolds
Schwarzschild manifolds

Asymptotically flat Riemannian manifolds

ADM mass was introduced by Arnowitt-Deser-Misner(61)
Definition 1 : A complete manifold (M", g) is an
asymptotically flat (AF) of order 7 if there is a compact set
K s.t. M\ K is diffeomorphic to R" \ Bg(0) for some
R >0 and
9ij = 0i5 + 03j

with

] + [2l|00] + |2[*|0%035] = O(jz| ™),
Definition 2 : The ADM mass

1 .
(2) MADM = m rliglo Sr(aigij — (%-gii)l/de,

where w,_; = |S"7!|, S, Euclidean sphere, v unit normal.
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ADM Mass
Some motivations uss-Bonnet

Classical results

e Bartnik (86)
7> (n—2)/2 and R, € L' = mapy is geometric
invariant.
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Some motivations

5 AH manifolds
/\n‘rl de S Schwarzschild manifolds

Classical results

e Bartnik (86)
7> (n—2)/2 and R, € L' = mapy is geometric
invariant.

e Positive mass conjecture(PMT) : Any
asymptotically flat Riemannian manifold M™ with a
suttable decay order and with nonnegative scalar
curvature has nonnegative ADM mass ?
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Some motivations
on AH manifolds
1 manifolds

Classical results

e Bartnik (86)
7> (n—2)/2 and R, € L' = mapy is geometric
invariant.

e Positive mass conjecture(PMT) : Any
asymptotically flat Riemannian manifold M™ with a
suttable decay order and with nonnegative scalar
curvature has nonnegative ADM mass ?

e Answer
Schoen-Yau n < 7 (79) LCF Vn (88)

Witten Spin manifold Vn (81)
Lam Asymptotically flat graph in R"™! V¥n (10).
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Some motivations
on AH manifolds
1 manifolds

Classical results

e Bartnik (86)
7> (n—2)/2 and R, € L' = mapy is geometric
invariant.

e Positive mass conjecture(PMT) : Any
asymptotically flat Riemannian manifold M™ with a
suttable decay order and with nonnegative scalar
curvature has nonnegative ADM mass ?

e Answer
Schoen-Yau n < 7 (79) LCF Vn (88)

Witten Spin manifold Vn (81)
Lam Asymptotically flat graph in R"™! V¥n (10).

1 i)(n@/(nl)

e Penrose inequality : mapy > s les

Huisken-Ilmanen and Bray n = 3 and Bray-Lee n <7
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Some motivations
onnet-Chern ass on AH manifolds
Sitter Schwarzschild manifolds

Asymptotically hyperbolic manifolds

Hyperbolic mass is introduced by Wang and
Crusciel-Herzlich

Hyperbolic metric (H", b = dr? + sinh® rd©?),

where d©? standard metric on the sphere

Definition 3 : A Riemannian manifold (M",g) is
asymptotically hyperbolic of decay order T if 3 a compact
subset K and a diffeomorphism at infinity

d: M"\ K - H"\ B (B is a closed ball), s.t. (#71)*g and
b are equivalent on H" \ B and

(@™ g=blls IV ((271)"9) bV ((271)79) [l = O(e™™),

where V is covariant derivative w.r.t. hyperbolic metric b.
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Some motivations

s on AH manifolds
1d manifolds

o Definition 4 :
N, := {V € C*(H")|Hess"V = Vb}.

e Remark : N, is an (n + 1)-dimensional vector space
spanned

Vioy = coshr, Vi1 = zlsinhr, -, Vin) = 2" sinhr,

where 2!, 22, .-+ , 2" are the coordinate functions on

S"~1. N, is equiped with a Lorentz inner product 7
with signature (+,—,---,—) s.t.

Vi), Vi) =1, and n(Viy,Viy) = -1 for i=1,---,n
@ Definition 5 :
N} = {V = cosh disty(zo, -), zo € H"}



ADM Mass
Some motivations er: -Bonnet curvature

on AH manifolds
Anti-de tter Schwarzschild manifolds

o Condition :

coshr |[R+n(n—1)|du < oo, 7>n/2
M
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Some motivations

s on AH manifolds

1d manifolds

e Condition :
/ coshr |[R+n(n—1)|du < oo, 7>n/2
M

e Definition 6 : Mass functional of (M", g) with
respect to ®

He(V) = lim [ (V(dive—dtr’e)+(tr’e)dV —e(VPV, -))vdp,

r—00 S
T

where e := ®,g — b, S, is a geodesic sphere with radius
r, v is the outer normal.
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Some motivations

onnet- on AH manifolds
de Sitter Schwa 1ild manifolds

e Condition :
/ coshr |[R+n(n—1)|du < oo, 7>n/2
M

e Definition 6 : Mass functional of (M", g) with
respect to ®

He(V) = lim [ (V(dive—dtr’e)+(tr’e)dV —e(VPV, -))vdp,

r—00 S
T

where e := ®,g — b, S, is a geodesic sphere with radius
r, v is the outer normal.
o If A is an isometry of the hyperbolic metric b

Haop(V) = Hy(V o A7)
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Some motivations

AH manifolds
1 manifolds

e Condition :
/ coshr |[R+n(n—1)|du < oo, 7>n/2
M

e Definition 6 : Mass functional of (M", g) with
respect to ®

He(V) = lim [ (V(dive—dtr’e)+(tr’e)dV —e(VPV, -))vdp,

r—00 S
T

where e := ®,g — b, S, is a geodesic sphere with radius
r, v is the outer normal.
o If A is an isometry of the hyperbolic metric b

Haop(V) = Hy(V o A7)

1
—————— inf H*(V
(n—1) w1 VlgN; V)
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ADM Mass

Some motivations Gauss-Bonnet curvature
s on AH manifolds
ild manifolds

Gauss-Bonnet curvature

° Deﬁnition 8 : k-th Gauss-Bonnet curvature :
Ly = 52112 “i2k— 1Z2kR ]1]2_,,R, . J2k—1J2k

h J1jo-dor—1Jak " i1z 12k 122k )
w ere

J1 J2 Jr

o 5

&5 L. 5Jr

K] 7 K3
S =aer| T
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ADM Mass

Some motivations Gauss-Bonnet curvature
Gauss-Bon Chern Mass on AH manifolds
Anti-de S Schwarzschild manifolds

Gauss-Bonnet curvature

° Deﬁnition 8 : k-th Gauss-Bonnet curvature :

. 1192+ lok—1%2k J1J2 . )  Jok—1J2k
Ly = 5J1J2 Jok— 1J2kR7‘122 Rz2k—1742k )
Where

J1 j2 Jr
1 11
J1 .72 Ir
P¥ 5@ . 5i2

K3
S = det |

5]1 5]2 6.77‘
e Decomposition of the Gauss-Bonnet curvature

stjl
Ly = P,y Raji,

(k)
where o~
5i1i2-~~z‘2k_3i2k—25t R Jij2 (k)R Jok—3J2k—2 d2k—11 d2k]
J1j2-Jok—3j2k—2j2k—1J2k " 192 T Yok —giok—2 ) g
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ADM Mass
Some motivations Gauss-Bonnet curvature

Gauss-Bonnet-Chern Mass on AH manifolds
Anti-de Sitter Schwarzschild manifolds

Li=R= Rstjlp(slt)jla
Pstjl o 1( sj tl sl tj)
1 ~ 9 g-g g g-).

1
L2 _ _611121314 R31J2“22RJ3J4Z3Z4 = ||Rm||2 4||RZCH2 + R2

4 71323374

and

1 ) )
P(thjl Rst]l Rt] sl Rtl sj R5jgtl+Rsl t]+2R(95]gtl_gsl9t]
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ADM Mass

Some motivations Gauss-Bonnet curvature
Gauss-Bon Chern Mass on AH manifolds
Anti-de S Schwarzschild manifolds

Properties of tensor P

@ P shares the same symmetry and antisymmetry with
the Riemann curvature tensor that

styl tsjl stlj _ pjlst
Poy =Py = Loy = Ly -

e P satisfies the first Bianchi identity, i.e.,
Pstjl + Ptjsl + Pjstl =0.

e Py is divergence-free,
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ADM Mass

Some motivations Gauss-Bonnet curvature
Gauss-Bonnet-Chern Mass on AH manifolds
Anti-de Sitter Schwarzschild manifolds

Gauss-Bonnet-Chern Mass on AH manifolds

e~

@ A new four-tensor Riem

Riem;;q(g) = Rijsl(g) = Rija(9) + 9isgj1 — 9ugjs-

o
IN‘/ ._ i5i1i2~..i2k—1i2k R Jijz | R Jek—1J2k __ R ‘Pstjl
k-— Ok 172 J2k—1J2k " 1102 lok—1%2k — tlstjld (k) »
o
st jl
ok il
(k) -
irig-iok—glok—2st P Jij2 D J2k—3J2k—2  jor_17 ~joxl
5j1j2"'j2k—3j2k—2j2k—1j2k 1112 Rizk—:sizk—z g g :
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ADM Mass

Some motivations Gauss-Bonnet curvature
Gauss-Bonnet-Chern Mass on AH manifolds
Anti-de Sitter Schwarzschild manifolds

Gauss-Bonnet-Chern Mass on AH manifolds

e~

@ A new four-tensor Riem

Riem;;q(g) = Rijsl(g) = Rija(9) + 9isgj1 — 9ugjs-

o
IN‘/ ._ i5i1i2~..i2k—1i2k R Jijz | R Jek—1J2k __ R ‘Pstjl
k-— Ok 172 J2k—1J2k " 1102 lok—1%2k — tlstjld (k) »
o
st jl
ok il
(k) -
irig-iok—glok—2st P Jij2 D J2k—3J2k—2  jor_17 ~joxl
5j1j2"'j2k—3j2k—2j2k—1j2k 1112 Rizk—:sizk—z g g :

° ]5(k) satisfies the same properties as P
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ADN lass

Some motivations Gauss-Bonnet curvature
net-Chern Mass on AH manifolds
Anti-de Sitter Schwarzschild manifolds

Examples

o Li=L+nn—1)=R+n(n—1)

0 Lo=Ly+2(n—-2)(n—3)R+n(n—1)(n-2)(n—3)

o Faf' =P = 3(079" — g"'9Y)
rstjl

Py = |
Rst]l+Rtggsl_RSJgtl_Rtlgsj _{_Rslgtj_{_%R(gS]gtl _gslgt])
where R = gy RV, R = g,;R.

'+ (n=2)(n—-3)P".

Hstjl _— ps
° Py = Py
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Some motivations Gauss-Bonnet curvature

Gauss-Bonnet-Chern Mass on AH manifolds
Anti-de Sitter Schwarzschild manifolds

o Conditions :

>4,V ENy and V L, is integrable in (M™, g)
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ADM Mass
Some motivations Gauss-Bonnet curvature

Gauss-Bonnet-Chern Mass on AH manifolds
Anti-de Sitter Schwarzschild manifolds

° Conditions : )
7> 45, V e Ny and VL is integrable in (M", g)
@ Definition 9 : Gauss-Bonnet-Chern Mass functional

H2(V) = lim (VViejs — e ViV) B vidps

r—00 s, (k)
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ADM Mass
Some motivations Gauss-Bonnet curvature

Gauss-Bonnet-Chern Mass on AH manifolds
Anti-de Sitter Schwarzschild manifolds

° Conditions : )
7> 45, V e Ny and VL is integrable in (M", g)
@ Definition 9 : Gauss-Bonnet-Chern Mass functional

Hg (V) = lim ; ((V?lejs eJSVlV)P”Sl)VZdu

@ Definition 10 : Gauss-Bonnet-Chern mass

3) it (n — 2k)!

f H (V
ok— 1(n_1)'wn1V1£N1 e (V):

provided HY is timeline future directed on N}.
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Some motivations Sauss net curvature

nnet-Chern Mass on AH manifolds
Anti-de Sitter Schwarzschild manifolds

° Conditions : )
7> 45, V e Ny and VL is integrable in (M", g)
@ Definition 9 : Gauss-Bonnet-Chern Mass functional

H;?(V)=Tlggo ; ((V?lejs eJSVlV)P”Sl)yZdu

@ Definition 10 : Gauss-Bonnet-Chern mass

3) it (n — 2k)!

= Dl s i (V).
provided HY is timeline future directed on N}.

e Remark mj vanishes if 7 > % and well-defined and
non-trivial range for GBC mass milis T € (i %)
The decay order of the anti-de Sitter Schwarzschild
type metric is 7.
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ADM Mass
Some motivations (e net curvature
onnet-Chern Mass on AH manifolds
Anti-de Sitter Schwarzschild manifolds

Anti-de Sitter Schwarzschild manifolds

@ Definition 11 : anti-de Sitter Schwarzschild metric
(m > 0)

2m
Gaas—sen = (1 + p* — p%‘z) Ydp* + p*de?;
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ass
Some motivations e nnet curvature
onnet-Chern Mass on AH manifolds
e Sitter Schwarzschild manifolds

Anti-de Sitter Schwarzschild manifolds

@ Definition 11 : anti-de Sitter Schwarzschild metric
(m > 0)

2m
Gaas—sen = (1 + p* — p%‘z) Ydp* + p*de?;

@ ADS metric can be realized as a graph over the
hyperbolic metric H". ;

° fzk(g) =0;
o mil =mk.
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Applications

Theoreme 3 (G-Wang-Wu)

Suppose that (M", g) is an asymptotically hyperbolic
manifold of decay order 7 > kLH and for V € N, Vf/k is
integrable on (M™, g), then the mass functional HF (V) is
well-defined and does not depend on the choice of the
coordinates at infinity used in the definition in sense that

H' (V) = H?*(V o A) with some isometry A of b.
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Applications

Positive Mass Theorem

Theoreme 4 (G-Wang-Wu)

Let (M",g) = (H", b+ V?df ® df) be the graph of a
smooth function f : H" — R which satisfies V' Ly, is
integrable and (/\/l", g) is asymptotically hyperbolic of

decay order 7 > 5. Then we have

my = c(n, k)/ 1 VL ——dV/,.
Mmr 24/1+ V2|V S

where V' = V) = coshr. In particular, L;, > 0 implies
mEI > 0.
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Applications

Penrose Inequality by Weighted hyperbolic

Alexandrov-Fenchel inequality

Theoreme 5 (G-Wang-Wu)
Assume conditions given in Theorem 4 hold and

f:H"\ Q — R with 0Q = X. If each connected component
of ¥ is horospherical convex, then

L((IE\ (12
n—1 n—1

H - =

e = 2k< Wn—1 i Wn—1 ’

provided that

Ly > 0.

Equality < anti-de Sitter Schwarzschild type metric.

Remark : k£ = 1 Lima-Girao,Dahl-Gicquaud-Sakovich(12).



Idea of the proof

Idea of proof of Theorem 1 : case k = 2

e set py := 03, /CF_,.
e Energy functional
_n=5
Q) := |3 1 /(p4 — 2ps + 1)dp.
by
for any convex hypersurface.

o Inverse curvature flow

d
—X = ]EV.
dt P4

e Variational inequality

d
Elog Q(E) <

(n— 5)/ (ps — 2ps3 +p1)? — (pa — 2p2 + 1)dp.
3t 4
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Idea of the proof

Properties of flow :

e Flow preserves the horospherical convexity ;
@ () is non-increasing under flow;

e Flow converges asymptotically to a conformal sphere
at infinity (Gerhardt)
H-convexity < positive Schouten tensor at co

= limy o Q(X) > w)! i
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Idea of the proof

Monotonicity of ()

Refined Newton-MacLaurin inequality

Lemma
Let n > 5 and k; > 1 for all 4. Then

(4) i—i(ps)—ng +p1) <pa—2py + 1.
Equality holds if and only if

()
(1) ki = K; Vi, j, or (i4)Fi with k; > 1& Kk; = 1Vj #i.

Remark. Classical Newton-MacLaurin inequalities :

2
Bsbs S D4, _2& S —2]72; i Z 1
P4 2 P4
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Idea of the proof

Two inequalities

o Claim 1. 3(paps — p3) + (psp1 — p1) < 0. Equality
holds if and only if k satisfies (5).

e Claim 2. 3(psps — p?) + (psp1 — ps) < 0. Equality
holds if and only if x satisfies (5).

For k = (K1, Ko, -+ , ky), define auxiliary function

Fu(w) =Y Clpia" = T (2 + 52)
i=0
F(x) = 5 (2 + A7)
Facts. V1 < i <n—1, pr(r) = pe(K').

Yuxin GE Alexandrov-Fenchel type inequalities in the hyr



Idea of the proof

Results in low dimensions
e Claim 1 in case n = 4.

31(p2p4 —P3) +pips — pa
= E Z /{1/12(1 - /ﬁlllig)(l‘{,g - /{4)2 S 0.

cyc

e Claim 2 in case n = 5.

<

3(]952?3 —p3) + (psp1 — pa)
100 Z/‘élffz R3 — /‘€4 2

cyc
3
+m< - ;(Hlliglig)Z(lﬁl — I€5)2>
1
100 [/flng + Kok3 + K1K3g — 3(51/@/{3)2} (kg — K5)?
cyc
0.
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Idea of the proof

Idea of proof of Theorem 2

Step 1 Set V = cosh(r), u = (VV,v) > 0 support function

and p; = C+Jj normalized j-th mean curvature.
1

Two Minkowski integral formulas

° / uV pedp > / V2pi_1dy,
by b
for any convex hypersurface. Equality holds iff ¥ is a

centered geodesic sphere.

° / Wprdp > / Vupy_idp,
by b
for any convex hypersurface. Equality holds iff ¥ is a

centered geodesic sphere.
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Idea of the proof

Step 2 : A key lemma

Let 1 <k <n — 1. Any horospherical convex hypersurface
Y in the hyperbolic space H" satisfies

/ Vg1 > / (Vpkfl + pkH) dp.
s s 4
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Idea of the proof

o Energy functional

E = / (Vpk+1 — Vpr—1 — pl;;l)dﬂ
by

o Conformal flow :

-V

Yuxin GE Alexandrov-Fenchel type inequalities in the hyr



Idea of the proof

o Energy functional

E = / (Vpk—f—l — Vpp—1 — pl;;l)dﬂ
)

o Conformal flow :
=—-Vv

ot
e Properties of flow :

e F is non-increasing under flow ;
o limit of F under flow is 0;
o Flow preserves the horospherical convexity
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Idea of the proof

Step 3 :
e Induction argument ;

e Hyperbolic Alexandrov-Fenchel inequality without
weight ;
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Idea of the proof

Thank you for your attention !
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