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Topics on strategic learning 1V:

Tools via continuous time



1. Fictitious play

Discrete fictitious play

Consider a finite game with I players having pure strategy sets
S and mixed strategy sets X’ = A(S’). The evaluation fonction is
G from S =TT; 5" to R/,

The game is played repeatedly in discrete time and the moves
are announced.

Given an n-stage history h, = (x; = {x }ic1,x2,...,xs) € 5", the
move x;',H of player i at stage n+ 1 is a best reply to the “time
average moves" of her opponents.

X1 € BRU(%,) (1)

where BR' is the best reply correspondence of player i, from
A(S™7) to X', with S~/ =TT, S".



Since one deals with time averages one has

—i i
nx, X,
n+1

hence the stage difference is expressed as

—i .
Xnt1 =

S X1 =%
n+1 n n+1
so that (1) can also be written as :

1
(n+1)

Tyt — %, € [BR'(x,") —x,]. )
Definition

Brown (1949, 1951)

A sequence {x,} of moves in S satisfies discrete fictitious play
(DFP) if (2) holds.

Remark. x/ does not appear explicitely any more in (2): the
natural state variable of the process is the empirical average
X, eX.



Continuous fictitious play and best reply dynamics

The continuous (formal) counterpart of the above difference
inclusion is the differential inclusion, called continuous fictitious
play (CFP):
i o 1 i (y—i i
Xj € —[BRI(X,") - X]]. (3)
The change of time Z; = X,s leads to
Z; € [BR'(Z,") - Z,] (4)

called continuous best reply (CBR) and studied by Gilboa and
Matsui (1991).

We will deduce properties of the initial discrete time process
from the analysis of the continuous time counterpart.



Zero-sum case

Harris (1998); Hofbauer (1995).
Let x =x!, y =x2. Then F! = —F? = F(x,y) = xAy.

Define a(y) = max,ex F(x,y) and b(x) = minycy F(x,y), then the
duality gap at (x,y) is

W(x,y) =a(y) —b(x) > 0.
Moreover (x*,y*) belongs to the set of optimal strategies,
XF X YF, iff W(x*,y*) =0.
W will play the réle of a potential (distance) for the set Xr x Y.

Proposition

The “duality gap" criteria converges uniformly to 0 in (CBR) and
(CFP).



Proof
Let (x/,y,) be a solution of (CBR) (4) and introduce

OC, :xt+xt 6 BRl (y[)7ﬁ[ == y[ +y[ E BRZ(XI)

Consider the evaluation of the duality gap along a trajectory:
w; = W(x,,y,). Note that a(y,) = F(a,y,) hence

d . .

Ea()’t) = D1F(04,y;)0 +D2F (0, ;)91

but the first term is 0 (envelope theorem). As for the second
one DyF(ay,y,)y: = F(ay,y,), by linearity. Thus:

Wy = %a(y,) - %b(x,) = F(a,31) = F (&, Br) = F(x1,31) — F (5, 1)
= F(x;,B) — F(a,y1) = b(x;) —a(y:) = —w;.

It follows that exponential convergence holds: w, = ¢ 'wy,
hence convergence at a rate 1/z in the original (CFP). L]



Extension: Hofbauer and Sorin (2006)
F is a continuous, concave/convex real function defined on a
product of two compact convex subsets of an euclidean space.

Proposition
Under (H), any solution w, of (CBR) satisfies

Wl < —Wr a.e.

Xr x Yr is a global attractor.



Extension: Hofbauer and Sorin (2006)
F is a continuous, concave/convex real function defined on a
product of two compact convex subsets of an euclidean space.

Proposition
Under (H), any solution w, of (CBR) satisfies

Wl < —Wr a.e.

Xr x Yr is a global attractor.

To deduce results for the discrete time case from results in the
continuous time one, we introduce a discrete deterministic
approximation.



Discrete deterministic approximation

Consider a differential inclusion, where ® is u.s.c. with
convex-compact values:

€ CD(Z;). (5)

Let o, a sequence of positive real numbers with ¥ o, = +-oo.
Given g € Z, define inductively {a,} through the difference
equation:

Qpt+1 —an € anJrlq)(an)- (6)

Definition
{a,} following (6) is a discrete deterministic approximation
(DDA) of (5).



The associated continuous time trajectory A : R™ — Z is
constructed in two stages.

First define a sequence of times {t,} by: 7 =0, 7,11 = Ty, + Q11;
then let A;, = a, and extend the trajectory by linear interpolation
on each intervall [, T,1]:

(t— 1)

At - an +
(Tn-H - Tn)

(Gns1—an).

Since Y a, = +oo the trajectory is defined on R*.

To compare A to a solution of (5) we use the next approximation
property which states that two differential inclusions defined by
correspondences having graphs close one to the other will have
sets of solutions close, on a given compact time interval.



Notations
o (P,T,z) = {z; z is a solution of (5) on [0, T] with zp = z},

Dr(y,z) = supo<,<7 ||y — z||,
Gg is the graph of ® and Gj, is an e-neighborhood of Ge.

Proposition
VT > 0,Ve > 0,36 > 0 such that:

inf{Dr(y,z);z € o/ (®,T,z)} <&

for any y solution of y, € ®(y,), with yo = z and d(Ge,Gz) < §.



Assume a,, decreasing to 0. Then the set L({a,}) of
accumulation points of the sequence {a,} coincides with the
limit set of the trajectory: L(A) = N>0A(;, 4o0)-

Proposition
IfZ is a global attractor for (5), it is also a global attractor for (6).

Proof

i) Given € > 0, let T} such that any trajectory z of (5) is within &
of Z after time T,. Given T, and ¢, let 6 > 0 be defined by the
previous Proposition (approximation property).

Since a,, decreases to 0, given é > 0, for n > N large enough for
a,, hence ¢t > T, large enough for A, one has :

A, eW(A,) with Gy cCGS.



ii) Consider now A, for some ¢ > Ty + 7.

Starting from any position A,_r, the continuous time process z
defined by (5) reaches Z within € at time ¢ (the convergence is
uniform).

Since r— T, > T, the interpolated process A; remains within &
of the former z; on [t — Ty,¢|, hence is within 2¢ of Z at time ¢.
In particular this shows: Ve > 0,3N, such that n > Ny implies

d(a,,Z) < 2e.



Proposition

(DFP) converges to X x Yr in the continuous saddle zero-sum
case.

The initial convergence result in the discrete case (finite game)
is due to Robinson (1951).

In this framework one has also:

Proposition

(Riviéere, 1997)

The average of the realized payoffs along (DFP) converge to
the value.



Potential games

Definition

The game (F,S) is a potential game (with potential G) if
G: S — R satisfies:

- discrete case:

Fi(s',s ) —=F'(f,s7) = G(s',s ) =G(f',s7"), VseS eSS sies
- continuous case:
VFi(s)= V;G(s), Vs€S, Viel
In particular the best reply correspondence BR' is the same
when applied to F' or to G.

Let NE(F) C X be the set of Nash equilibria of F then
NE(F) = NE(G).



Consider a potential game where G is defined on a product X of
compact convex subsets X’ of an euclidean space, ¢! and
concave in each variable.

a) Discrete time
Finite case: Monderer and Shapley (1996).

Proposition
(DFP) converges to NE(G).



Consider a potential game where G is defined on a product X of
compact convex subsets X’ of an euclidean space, ¢! and
concave in each variable.

a) Discrete time

Finite case: Monderer and Shapley (1996).
Proposition

(DFP) converges to NE(G).

b) Continuous time
Finite case: Harris (1998)
Compact case: Benaim, Hofbauer and Sorin (2005).

Proposition
(CBR) (or (CFP) ) converges to NE(G).



Proof

Let W(x) = ¥,[g'(x) — G(x)] where g'(x) = max,cxi G(s,x™').
Thus x is a Nash equilibrium iff W(x) = 0 (Nikaido).

Let x, be a solution of (CBR) and consider g, = G(x;).
Then g, = ¥, D;G(x,)i. By concavity one obtains:

G(x,x ) +DiGlxg,x; ) &y > G+, %)
which implies

& > Y [Gxi+il,x) = G(x)] = W(x) >0

i

hence g is increasing but bounded.

g is thus constant on the limit set L(x).

By the previous majoration, for any accumulation point x* one
has W(x*) =0 and x* is a Nash equilibrium.



In this framework also, one can deduce the convergence of the
discrete time process from the properties of the continuous
time analog.

Proposition
Assume G(NE(G)) with non empty interior. Then (DFP)
converges to NE(G).

Contrary to the zero-sum case where the attractor was global,
the proof uses here the tools of stochastic approximation.
Remarks. Note that one cannot expect uniform convergence.
Consider the standard symmetric coordination game:

(1,1) | (0,0)
(0,0) | (1,1)

The only attractor that contains NE(F) is the diagonal. In
particular convergence of (CFP) does not imply directly
convergence of (DFP). Note that the equilibrium (1/2,1/2) is
unstable but the time to go from (1/27,1/27) to (1,0) is not
bounded.



2. Stochastic Approximation for Differential Inclusions

We summarize here results from Benaim, Hofbauer and Sorin
(2005), following the approach for ODE by Benaim (1996,
1999), Benaim and Hirsch (1996).

1. Differential inclusions

Given a correspondence F from R™ to itself, consider the
differential inclusion

x € F(x). (I)
It induces a set-valued dynamical system {®,},.r defined by
®,(x) = {x(¢) : x is a solution to (7) with x(0) = x}.

We also write x(7) = ¢;(x) and define ®4(B) = Uca, xep®:(x).



2. Attractors

Definition

1) Cis invariant if for any x € C there exists a complete solution:
o;(x) € Cforall r e R.

2) C is attracting if it is compact and there exist a neighborhood
U,g>0andamapT: (0,&)— R" such that: for any y € U,
any solution ¢, ¢;(y) € C* forallt > T(e), i.e.

Dpr(e)+00) (U) C CE, Ve €(0,8).

U is a uniform basin of attraction of C and we write (C;U) for
the couple.

3) Cis an attractor if it is attracting and invariant.

4) The w-limit set of C is defined by

@0(C) = Ny>0Uyec Urzs Pr(y) = Niz0Pps, 10 (). (7)

5) Given a closed invariant set L, the induced set-valued
dynamical system is denoted by ®. L is attractor free if ®* has
no proper attractor.



3. Lyapounov functions
We describe here practical criteria for attractors.

Proposition

Let A be a compact set, U be a relatively compact
neighborhood and V a function from U to R*. Assume:
)@, (U) C U forallt > 0.

i) vV-10)=A

iif) V is continuous and strictly decreasing on trajectories on
U\A:

V(x) > V(y), VxeU\A,Vye®Pi(x), Vt>0.

Then:

a) A is Lyapounov stable and (A;U) is attracting.
b) (B;U) is an attractor for some B C A.



Definition

A real continuous function V on U open in R™ is a Lyapunov
function for (A,U),AC U if :

V(y) < V(x)forallxe U\A,y € ®;(x),t >0,

V(y) <V(x)forallxc A,y e d,(x) and t > 0.

Proposition

Suppose V is a Lyapunov function for (A,U). Assume that V(A)
has empty interior. Let L be a non empty, compact, invariant
and attractor free subset of U. Then L is contained in A and V|,
is constant.



3. Asymptotic pseudo-trajectories

Definition

A continuous function z: R*—R™ is an asymptotic
pseudo-trajectory (APT) for (1) if for all T

lim inf sup [|z(z+s)—x(s)|| =0. (8)

=00 XES,(y) 0<s<T

where S, denotes the set of solutions of (7) starting from x at 0.

In other words, for each fixed T, the curve: s — z(r+s) from
[0,T] to R™ shadows some trajectory for (I) of the point z(z) over
the interval [0, 7] with arbitrary accuracy, for sufficiently large z.
Let

ﬂ {z(s):s>1}

t>0
be the limit set.
Theorem

Letz be a bounded APT of (I). Then L(z) is (internally chain
transitive, hence) compact, invariant and attractor free.



4. Perturbed solutions
Definition
A continuous function y : R, = [0,e0) — R™ is a perturbed
solution to (I) if it satisfies the following set of conditions (I1):
i) y is absolutely continuous.
ii) There exists a locally integrable function ¢ — U(¢) such that
limy e sUpg< <7 || [ U(s) ds|| =0, for all T > 0.
i

) . S(1)

y() € F*(y(0)) + U(1),

for almost every ¢ > 0, for some function § : [0,e0) — R with
o(t) >0ast— oo,
Here Fo(x):={yeR":3z: ||z—x| < 8, d(y,F(z)) < &}.
The purpose is to investigate the long-term behavior of y and to
describe its limit set L(y) in terms of the dynamics induced by F.

Theorem
Any bounded solution'y of (II) is an APT of (I).

A natural class of perturbed solutions to F arises from certain
stochastic approximation processes.



Definition

A discrete time process {x, } with values in R" is a (7, U)
discrete stochastic approximation for (7) if it verifies a recursion
of the form

Xnt1 —Xn € ynH[F(an— Un+1]7 (III)

where the characteristics {y,} and {U,} satisfy
i) {1 }n>1 is a sequence of nonnegative numbers such that

;Yn = %9, ’}grolo'}/n =0;

i) U, € R™ are (deterministic or random) perturbations.

To such a process is naturally associated a continuous time
interpolated (random) process w as usual (1V).



5. From interpolated process to perturbed solutions

The next result gives sufficient conditions on the characteristics
of the discrete process (I1I) for its interpolation (V) to be a
perturbed solution ().

Proposition
Assume that :
(x) ForallT >0

k—1
Y v Ui

i=n

limsup{ :k:n+1,...,m(fn+T)}:O,
n—o0

where 7, =Y" v and m(r) =sup{k > 0:1> 7 };

(%) sup,, ||xn|| =M < oo.

Then the interpolated process w is a perturbed solution of (7).



We describe now sufficient conditions for condition (x) to hold.
Let (Q,.#,P) be a probability space and {.%, },>¢ a filtration of
Z . A stochastic process {x,} satisfies the Robbins—Monro
condition if:

i) {w} is a deterministic sequence.

i) {U,} is adapted to {%,},

i) E(Un+l ‘ gn) =0.

Proposition

Let {x,} given by (ZII) be a Robbins—Monro process. Suppose
that for some g > 2

supE(|U,]|7) <o and Y 3" <o
" n

Then assumption (x) holds with probability 1.
Remark Typical applications are
i) U, uniformly bounded in [? and Y= %,

ii) U,, uniformly bounded and ¥, = 0(@



6. Main result

Consider a random discrete process defined on a compact
subset of RX and satisfying the differential inclusion :

Yo—Yuo1 €ay[T(Yn—1)+W,]

where

i) T is an u.s.c. correspondence with compact convex values
i) a, >0, Y,a,=+oo, ¥,a2 < +oo

i) E(W,|Y1,....,Y,—1) =0.

Theorem

The set of accumulation points of {Y,} is almost surely a
compact set, invariant and attractor free for the dynamical
system defined by the differential inclusion:

Y eT(Y).



A typical application is the case where:
Yy~ Y, 1 €a,T(Y, 1)
with T random, where one writes
Yo — Yy 1 € au[E[T(Y,1)|Y1,..., Yy1]

+(T(Yp—1) —E[T(Yu—1)|Y1,y-., Yu1])]



3. Application1: Fictitious Play for potential games

Proposition
Assume G(NE(G)) with non empty interior. Then (DFP)
converges to NE(G).

Apply Proposition 2 to W with A = NE(G) and U = X.

Recall

Proposition

Suppose V is a Lyapunov function for (A,U). Assume that V(A)
has empty interior. Let L be a non empty, compact, invariant
and attractor free subset of U. Then L is contained in A and V|,
is constant.



4. Application 2: No regret

Definition

P is a potential function for D = RX if
(i) Pis €' from RX to R

(iy Pw) =0iff we D

(iii) VP(w) € R¥

(iv) (VP(w),w) > 0,Yw ¢ D.

Compare Hart and Mas Colell (2003).

Example: P(w) = ¥ ([w¥]*)%= d(w,D)>.
1. External regret

Given a potential P for D = RX, the P-regret-based discrete
procedure for player 1 is defined by

o(h,) +~VP(R,) if R,¢D

and arbitrarly otherwise.



Discrete dynamics associated to the average regret:

— 1
n+1 _Rn = n+1 (Rn-H _Rn)

=

By the choice of o
(VP(Ry),E(Rys1]hy)) = 0.

(recall (x,Ex(R(.,U)))=0.)
The continuous time version is expressed by the following
differential inclusion in R™:

weNw) —w (10)
where N is a correspondence that satisfies

(VP(w),N(w)) = 0.

Theorem
The potential P is a Lyapounov function associated to D = RX.
Hence, D contains a global attractor attractor.



Proof
For any solution w, if w(z) ¢ D then

d

S Pw(0) = (VP(w(1)), (1))

€ (VP(w(1)), N(w(1)) —w(1)) = —(VP(W(1)),w(1)) <0



Proof
For any solution w, if w(z) ¢ D then
d

S Pw(0) = (VP(w(1)), (1))

€ (VP(w(1)), N(w(1)) —w(1)) = —(VP(W(1)),w(1)) <0

Corollary

Any P-regret-based discrete dynamics satisfies internal
consistency.

Proof

D = RX contains an attractor whose basin of attraction contains
the range # of R and the discrete process for R, is a bounded
DSA. n



2. Internal regret

Definition
Given a potential Q for M = RX a Q-regret-based discrete
procedure for player 1 is a strategy o satisfying

o(h,) € Iv[VO(S,)] if S,¢M (11)

and arbitrarly otherwise.
The discrete process of internal regret matrices is:

n+l1 —On — L |POnt+1 —On|- 12
Sut =80 = — [0 =5, (12)

with the property:

<VQ< n)v E(Sn-H ’hn» =0.

(Recall (A,E,(S(.,U))) =0.)



Corresponding continuous procedure with w € RK*
w(t) € N(w(r)) —w(z)

and
(VO(w),N(w) =0.

Theorem
The previous continuous time process satisfy:

Wi (1) = 12500.
Corollary
The discrete process (12) satisfy:
[SF =50 as.

hence conditional consistency (internal no regret) holds.



5. Application 3: Consistency with smooth fictitious
play

This procedure is based only on the previous observations and
not on the moves of the predictor, hence the regret cannot be
used, Fudenberg and Levine (1995).

Definition

A smooth perturbation of the payoff U € % is a map
VE(x,U) = (x,U) —ep(x), 0< &< g, such that:

(i) p:X —Risa®! function with ||p|| < 1,

(ii) argmax, .y V¢(.,U) reduces to one point and defines a
continuous map brf : 7 — X, called a smooth best reply
function,

(iiiy Dy VE(brf(U),U).Dbré(U) =0

(for example D;U%(.,U) is 0 at br®(U)).



Recall that a typical example is obtained via the entropy
function

p(x) =Y xilogx. (14)
k
which leads to
€ k_ exp(U"/e)

LU Ve IG) o)

Let
Wé(U) = mfleS(x, U)=VEbré(U),U).

Lemma

(Fudenberg and Levine (1999))

DWE(U) = bré(U).



Let us first consider external consistency.

Definition

A smooth fictitious play strategy ¢ associated to the smooth
best response function br® (in short a SFP(¢) strategy) is
defined by (U, is the average vector of regret at stage n):

¢ (hy) = br (T,,).

The corresponding discrete dynamics written in the spaces of
both vectors and outcomes is
Tt~ Ty = —
n+1 n— n+1

1
n+1

[Un-H _Un]' (16)

6tH»l — 0, = [wn+1 _an]‘ (1 7)

with
E(a)n+l|hn) = <br8(Un)>Un+l>' (18)



Lemma
The process (U,,®,) is a Discrete Stochastic Approximation of
the differential inclusion

(w,@) € {(U—u,(br(u),U) —0);U € %}. (19)

The main property of the continuous dynamics is given by:

Theorem

The set {(u,w) € % xR : Wé(u) — o < €} is a global attracting
set for the continuous dynamics.

In particular, for any n > 0, there exists & such that for e <,
limsup,_,,, Wé(u(r)) — w(r) < n (i.e. continuous SFP(¢g) satisfies
n-consistency).



Proof
Let ¢(r) = W¢(u(r)) — 0(z).
Taking time derivative one obtains, using the previous Lemma:
q(t) = DW%MONKﬂ—wm
= (brf(u(r)), (» (1)
= (br'(u(t)),U—u(n)) - ((br(u(r)),U) — (1))

< —q(t)+e.
Hence
g(t)+q(t) <&

so that ¢(r) < € + Me™" for some constant M and the result
follows.



Theorem
For any n > 0, there exists € such that fore < g, SFP(¢) isn-
consistent.



Theorem

For any n > 0, there exists € such that for e < g, SFP(¢) isn-
consistent.

Proof

The assertion follows from the previous result and the DSA
property.

A similar result holds for internal no-regret procedures.

Recent advances: Benaim and Faure (2013) obtain
consistency with vanishing perturbation e =n=%,a < 1.
Process non longer autonomous.



6. Replicator dynamics and EWA

Replicator dynamics

Evolution of a single population with K types modelized through
a symmetric 2 person game with K x K payoff (fithess) matrix A
Ajj is the payoff of "i" facing "j".

x¥ : frequency of type k at time .

Replicator equation on the simplex A(K) of RX

i =k (ekAxt —xtAx,) , kek (RD) (20)

Taylor and Jonker (1978)



Replicator dynamics for I populations

i =l (PP x )~ Fiag,x )], pesiiel

natural interpretation: xi = {x” p € §'}, is a mixed strategy of
player i.

The model will be in the framework of an N-person game but
we consider the dynamics for one player, without hypotheses
on the behavior of the others.



Replicator dynamics for I populations

i =l (PP x )~ Fiag,x )], pesiiel

natural interpretation: xi = {x” p € §'}, is a mixed strategy of
player i.

The model will be in the framework of an N-person game but
we consider the dynamics for one player, without hypotheses
on the behavior of the others.

Hence, from the point of view of this player, he is facing a
(measurable) vector outcome process {U,,t > 0}, with values in
the cube % = [—1,1]X where K is his move’s set.

Uk is the payoff at time ¢ if k is the choice at that time.

The % -replicator process (RP) is specified by the following
equation on A(K):

i = x[Uf = (x, Up)), keK. (21)



Recall the logit map L from RX to A(K) defined by

k
ki expV
L) = YexpVi’

Let br denotes the (payoff based) best reply correspondence
from RX to A(K) defined by

(22)

br(U) = {x € A(K); (x,U) :yglf},’é)@’ U)}

For e > 0 small, L(V/¢€) is a smooth approximation of br(V) in
the following sense:



Recall the logit map L from RX to A(K) defined by

k
k _expV
L) = YexpVi’

Let br denotes the (payoff based) best reply correspondence
from RX to A(K) defined by

(22)

br(U) = {x € A(K): (x,U) —y‘gﬁ,’@)@’ U)}
For e > 0 small, L(V/¢€) is a smooth approximation of br(V) in
the following sense:
Given n > 0, let [br]" be the correspondence from RX to A with
graph being the n-neighborhood for the uniform norm of the
graph of br. Then the L map and the br correspondence are
related as follows:



Proposition
There exists a function nn from (0,¢&) to R™, with n(e) — 0 as
€ — 0, and such that forany U € C and g > € >0

L(U/g) € [br]" (V).
Remark

L(U/€) = bré(U).



Hofbauer, Sorin and Viossat (2009), Sorin (2009)

Define the continuous exponential weight process (CEW) on
A(K) by:

t
X = L(/0 Usds).

Proposition
(CEW) satisfies (RP).



Hofbauer, Sorin and Viossat (2009), Sorin (2009)

Define the continuous exponential weight process (CEW) on

A(K) by:
t
— 1 / Usds).

0
Proposition
(CEW) satisfies (RP).
Proof
Since x; = L( f; Uyds)

Ul exp I Uldv

_ Uk
—U S Ly e Uy

which is
it =3 [Uf — (x, Uy)].



The link with the best reply correspondence is the following.

Proposition
CEW satisfies
x; € [br]?W (T,

with §(1) — 0 ast — oo.



The link with the best reply correspondence is the following.
Proposition
CEW satisfies
x; € [br]?W (T,
with §(1) — 0 ast — oo.

Proof
Write

t
Xy = L( ) Uyds) = L(t U[)

=L(U/e) € br]" (V)
with U=U,and € = 1/1.



Consider now the time average process:

1 t
X = 7/ Xxsds
tJo
Proposition

If x,; follows (CEW) then X, satisfies
. 1 _
S ;([br]sm(Ur) —Xi) (*)

with 6(r) — 0 ast — oo.

Corollary

In a two person game, if both players follow (RP) the time
average process (X,,Y,) satisfies a perturbed version of (CFP).



External consistency

Recall that a procedure satisfies external consistency (external
no-regret) if for each process {U,} € %, it produces a process
x: € A(K), such that:

t
/ [U§ - <x57 Us>]ds <C= 0(1), Vke K
0

Proposition
(CEW) satifies external consistency.
(RP) satifies external consistency.



External consistency

Recall that a procedure satisfies external consistency (external
no-regret) if for each process {U,} € %, it produces a process
x: € A(K), such that:

t
/ [U§ - <x57 Us>]ds <C= 0(1), Vke K
0

Proposition

(CEW) satifies external consistency.

(RP) satifies external consistency.

Proof

1. Let Sk = [lUFds and W, = ¥ exp S¢, so that xk = expf
W, = Y U exp K = Y, Wik UF = (x,, U)W, and

t
W, = Wo exp( / (x, Us)ds)

but W, > exp S implies [; (x,, Uy)ds > [; UXds — Log W, Vk € K.



2. By integrating:

5 U*—(x,U)], keK. (23)

xf

one obtains, on the support of x:

t txlsc xic
/O[Uf (e, U )]ds-/oxka’s:log(lé) “log.



General property of a smoothing process:

Let x, maximize (x, [; Usds) —ep(x) on X.

Claim:

Ar = (xg, fot Uds) — ep(x;) and B, = f(§<x5, Uy)ds satisfy:
At = <Xt7 Uz> = Bl

(enveloppe property) hence

<x,/0t Uyds) < /Ot<xs,Usds>+8(p(x)+l), Vx € X.



Back to a game framework this implies that if player 1 follows
(RP) the set of accumulation points of the corrrelated
distribution induced by the empirical process of moves will
belong to his Hannan set:

H'={6 c A(S);F'(k,07") < F'(0),Vk € S'}.

The example due to Viossat (2007) of a game where the limit
set for the replicator dynamics is disjoint from the unique
correlated equilibrium shows that (RP) does not satisfy internal
consistency.
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We can now compare several processes in the spirit of (payoff
based) fictitious play.
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Comments

We can now compare several processes in the spirit of (payoff
based) fictitious play.

The original fictitious play process (l) is defined by

X € bl‘(l_],)

The corresponding time average satisfies (CFP).
With a smooth best reply process one has (ll)

X — bl‘g([_]t)

and the corresponding time average satisfies a smooth fictitious
play process.



Finally the replicator process (lll) satisfies
x, =br'/(T,)

and the time average follows a time dependent perturbation of
the fictitious play process.



While in (I), the process x; follows exactly the best reply
correspondence, the induced average X; does not have good
unilateral properties.
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While in (I), the process x; follows exactly the best reply
correspondence, the induced average X, does not have good
unilateral properties.

One the other hand for (1I), X, satisfies a weak form of external
consistency, with an error term o(g) vanishing with €.

In contrast, (1) satisfies exact external consistency due to a
both smooth and time dependent approximation of br.



Comparison to the discrete time procedure

Given a discrete process {X,,} and a corresponding EW
algorithm {p,,} the aim is to get a bound on

Y (02— (o X))

1
nm:l

from an evaluation of
1 /T k
7 (ks = (gu v s

where Y; is a continuous process constructed from X, and g is
the CTEW algorithm associated to Y.



Proposition

Given a discrete time process {X,,} € [0,1]%,m = 1,...,n, there
exists a measurable continuous time process

{v,} € [0,1]%,¢ € [0,T], such that

n

P B
ZXm:?/O Yidt  and

1
=

H Zn: <PmaXm>e_5 < 1/T<qut>dt < l2:<pm7xm>€6
n = —TJo T n*

where {p,,} is an EW(T /n) associated to {X,,}, q; is CTEW
associated to {Y,} and 6 =T /n.



Alternative proof of

i — (P> Xim) )<M”71/2

1
nm:I

Given n, choose T = \/n so that:



Alternative proof of
l ¢ ~1)2
- Z <pm7 m ) <Mn
n m=1

Given n, choose T = \/n so that:
- the bound in the continuous version is of the order 1/T =1/+/n

logK
n

1 /T «
T/o (Y — (g1, Y1))dt <

- the error term with the discrete approximation of the order of

¢ —1~8=T/n=1/\/n
LY o) 2 [ g ) 1/

ml

Extension Kwon and Mertikopoulos (2014) to several dynamics
with time varying parameters.



7. Continuous time dynamics

Hofbauer and Sigmund (1998) Evolutionary Games and
Population Dynamics, Cambridge U.P.

Sandholm (2010) Population Games and Evolutionary
Dynamics, M.I.T Press.

Main results:

elimination of dominated strategies

stability of pure strict equilibria

convergence to a profile from inside implies Nash
Lyapounov implies Nash

Typical property:
MAD = Positive correlation



Main classes

0-sum games

Strategic complementarities

Potential games

Dissipative games : congestion games

Several frameworks:
Population games
Congestion games

Extension to composite cases



	Main Talk

