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QOutline

Focus: Multiscale methods for 2D /3D point defects at 0T, e.g., the coupling of

length scales.
o Introduction
o Atomistic/Continuum Coupling: Setup and Issues
o Construction and Analysis of Consistent Energy Based Method
o Consistency: Ghost force removal (patch test Consistency).
o Stability: Stability gap and stabilization.
o Convergence: Balance of coupling, truncation and coarsening errors.
o Beyond Consistent Methods
o Atomistic/Continuum blending with ghost force correction.

o Outlook

CO: Christoph Ortner, AS: Alexander Shapeev

CO & LZ, arXiv:1110.0168, 50(6), SINUM 2012, 2d nearest neighbor construction;
CO, AS & LZ, arXiv:1308.3894, SIAM MMS 2014, stability of consistent method;
CO & LZ, arXiv:1312.6814, CMAME 2014, optimal implementation for general cases;
CO & LZ, arXiv:1407.0053, blending with ghost force correction

L. Zhang, C. Ortner, A. Shapeev A/C Coupling Singapore, Feb 13, 2015

1/35



Introduction Consistent Methods Beyond Consistent Methods Outlook
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Introduction

Atomistic Mechanics (0T statics)

o Atomistic lattice functions: U/ := {v : £ — R™}, Bravais lattice £ = BZ¢,
d=2,3, m=1,23. vis the nodal P; interpolation of v.

2:={uelU|Vue l*}
o Total energy of configuration y:
£ (y) = EMy) + Paly)

where £% = interaction energy, P, = potential of external forces, V is
multi-body interaction potential,

ZV peR)
xeL

where D,y (x) := y(x + p) — y(x).
o Goal: Find

y* € argmin{E*'(y)|y € Y}

where Y := {y € U|y = yo + u for some u € U2} and y, a proper reference
deformation which imposes a far-field boundary condition.
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Atomistic Mechanics (0T statics)

o Assumptions:

o regularity of V, C* (no accumulation of atoms).

o homogeneity of V, V, = VP°™ for x outside the defect.

o finite interaction range R, with cut-off radius reys.

o symmetry of V and R, —R =R, and V(g) = V(h), if g, = —h_,.
o atomic spacing of L is 1.

o Energy difference functional: redefine

= V(Dy(x)) = V(Dyo(x))

xeL

which is well defined if y — yo € U°.
o We look for y* with Strong stability

(B2 (v v, v) 2 7|V, Yy € U

where U°¢ := {u € U|supp(u) is compact}
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Atomistic Mechanics (0T statics)

o Regularity of the strongly stable equilibrium away from the defect
core: Given existence of the strong stable equilibrium, which is due to the
property of the lattice and interatomic potential, 3¢ > 0, such that [Ehrlacher
et. al, 2013]

clx|t=9, case point defect

c|x| 7 Llog|x|, case straight screw dislocation,d = 2

v o) <

where I is smooth interpolant of w.

o Now we are in the position to consider the finite dimension
approximation of this infinite dimensional problem (nonlinear,
nonconvex)...
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Why Do We Need Multiscale Method?

Microcrack in triangular lattice under macroscopic shear/stretch, EAM potential

V(g) = (el + G(Z zp(gp)), where

PER PER
()ZS(S) — 672/4(571) _ 2efA(sfl)’/l/J(s) — est’
and G(s) := C((s — ) 4 (s— 50)4).
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Why Do We Need Multiscale Method?

Microcrack in triangular lattice under macroscopic shear/stretch, EAM potential

Vig) = ollenl) + G<Z¢<gp>), where

PER PER
— 672A(571) _ 267A(571), w(s) — est7

(s) :
and G(s) := C((s — s0)* + (s — 50)4)~
WORK*l/Z
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Why Do We Need Multiscale Method?

Microcrack in triangular lattice under macroscopic shear/stretch, EAM potential

V(g) = o(lel) + G(Z w(gp)), where

PER PER
¢(s) — 672A(571) _ 267A(571), w(s) — est7
and G(s) := C((s — s0)* + (s — 50)4)~

WORK Y2 ATM (truncated atomistic
: simulation) error is controlled by the
2 .
107 1 truncation error
= Err < ||[Vu|lre\q,
S oo 1
: < [opnay
= I
10 ¢ 1 d 1
<R 2~N"2
-©-ATM
L L . . 7d .
102 10° 10° Note. decay of Vu is r=¢ in the far
DOF = WORK field.
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Why Do We Need Multiscale Method?

Microcrack in triangular lattice under macroscopic shear/stretch, EAM potential

Vig) = ollenl) + G<Zw<gp>), where

PER PER
¢(s) — 672A(571) _ 267A5 1) ( ) — e s7

and G(s) := C((S—Sn)2+(s—so) )-

WORK-12 Can we find a better method, e.g.,
: accuracy scales O(N~1)?
-2
L1077
=
& Idea:
>
S o Coarse grainning the DoF.
c
10
-©-ATM
10° 10° 10*
DOF = WORK
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Introduction

Consistent Methods

Coarse Graining
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Beyond Consistent Methods

Adaptive FEM
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o Molecular statics: Find y, € |argmin€?*())

o Coarse grained problem: Find yj, € ‘argminé'a(yh)‘
where .7}, resolves the defect, and YV, = Y N P1(%)

o ||Vys— V| < ||hV2y‘—,,||Q\Qa [Lin, Ortner/Siili, Lin/Shapeev, ...

But cost to evaluate £%|y,, 02|y, still ~ atomisitic dof in Qp.
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Introduction

Coarse Graining: Cauchy—Born Approximation
Atomistic Stored Energy:

=Y V(y(x+p)—y(x)ipeR)

xeL

Cauchy-Born Stored Energy:

EYy) = /Q W(Vy)dV, where W(F)= V({Fp;p € R}).

Theorem:
Let y, € argmin £°' be “sufficiently smooth and strongly stable”,
then 3 y. € argmin £'° such that

IVya = Vyelle S C(IV3yallLe + [1V2yallFe)

If the lattice spacing is ¢, the RHS is O(e?).
E & Ming (2007), Makridakis & Sili (2013), Ortner & Theil (2013)
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Introduction

Coarse Graining: Cauchy—Born Approximation

Atomistic Stored Energy'
=Y Viy(x+p)—y(x)ipeR)
xeL

Cauchy—-Born Stored Energy:

£(y) = /Q W(Vy)dV, where W(F) = V({Fp:p € R}).

o If there are no defects, then the Cauchy—Born model is a highly
accurate continuum approximation.

o If there are defects (dislocation), then the Cauchy-Born model has
O(1) error.

Vul(£)
/\M
elastic bulk defect core elastic bulk

® & & & 5 5 5 S B B 0 E 8 .

[2012, Ortner & Luskin]
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Atomistic/Continuum Coupling: First Attempt

Tadmor, Ortiz, Philips (1996)
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Atomistic/Continuum Coupling: First Attempt

Tadmor, Ortiz, Philips (1996)
Fails the patch test (ghost force):

Error: x-Component 1 Error: y-Component

58 (ye) =0 |
and EE§
ISE
0E°(yF) =0, =8
X
but <

5E(ye) 70
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Introduction

Atomistic/Continuum Coupling: First Attempt

Tadmor, Ortiz, Philips (1996)

Fails the patch test (ghost force): WORK'™
56%(yr) = 0 Lo
and :

)
s
>
|
C _ B
6E°(yr) =0, £
= a3
10
put
—=-QCE
0 (yr) #0 !
(y ) # 10 10 100
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A 1D Model Problem

o Periodic displacements:

N
U= {u = (Un)nGZ - UpyNn = Up, Z Up = 0},

n=1
Y =1y = (Yn)nez : ¥n = Xn + un where u € U}.
o Atomistic energy: (next-nearest neighbor pair interactions)

N N N
ENY) =Dy + D dvh+ym) = D Ey)
n=1 n=1

n=1

where E2(y) = 3{(vp_1 + yn) + ¢(vh) + d(yni1) + S(vh + yrea)}
o Continuum finite element model

N N
Ey) = {olyn) +oyp)} = Ey)
n=1 n=1

where E5(y) = 3{6(2y;) + ¢(vh) + d(vp1) + (2vh1)}
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Introduction Consistent Methods Beyond Consistent Methods Outlook

The Energy-Based Quasicontinuum Method

o Choose atomistic and continuum regions:
NYUNC=1,...,N
o Define a/c hybrid energy

E1y) = > &)+ D &) — gy
neNa neN©
———

Joe W(Dy) dx

S S N—— . > e
¥r-2 ¥H-1 ¥ ¥H+1 Y42 ¥H+3
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Introduction Consistent Methods Beyond Consistent Methods

Ghost Forces
Solutions for £2 and £°:
VEX(x) =0 and VE(x)=0

Insert y, = x into V&Ice

0, n=...,K-2

1, n=K-1
Qg ¢'(2) -1, n=K
75 S T BT

, n=K+2

0, n=K+3,...
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Introduction Beyond Consistent Methods Outlook
Alternative Approaches

© Energy-based coupling: Interface Correction

@ Force-based coupling:

o FeAt: Kohlhoff, Schmauder, Gumbsch (1989, 1991)
o Dead-load GF removal: Shenoy, Miller, Rodney, Tadmor, Phillips, Ortiz (1999)
o CADD: Shilkrot, Curtin, Miller (2002, ...)

© Blending methods: E = SE, + (1 — 5)E.
o Belytschko & Xiao (2004)
o Parks, Gunzburger, Fish, Badia, Bochev, Lehoucq, et al. (2008)
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Consistent Energy-Based Coupling

Goal: Construct consistent A/C energy £2¢ by interface correction

Ecy)= > Vu+ > % +/
XEL, xEL;
find V s.t. patch test consistency holds: d€2¢(yg) = 0 for all

F e RIxd,

1d, Shimokawa, et al (2004), E et al (2006),
For pair interaction, 2d/3d, Shapeev (2011,2012), Makridakis(2013)
Questions:

@ Does patch test consistency implies accuracy? A priori analysis?

@ How to construct consistent coupling method and optimal
implementation?

L. Zhang, C. Ortner, A. Shapeev A/C Coupling Singapore, Feb 13, 2015 14 / 35



Introduction Beyond Consistent Methods Outlook
Theory: A Priori Error Analysis

Framework: Let y, € argmin £, y,. € argmin £9, then

ac !

CONSISTENCY  [[6E%(ya) — 0E*(ya)|ln-1

||V(ya - yaC)||L2 ~ STABILITY - ianVUHLQ:l ((5258‘C(ya)u, U>

3 Steps:
@ CONSISTENCY:  (56%(ya) — 06(va), tn) S hl[V2¥all 2 [V unl 2
© STABILITY: (62E2(ya)u, u) > Cyan|| Vul|2,

© Error Estimate:  Existence of A/C minimizer by inverse function
theorem, convergence rate by decay estimate of defect
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Consistent Methods

Theory: Convergence Estimates of A/C Coupling

[V(Ya = Yac)||;» <Consistency Err 4 Coarsening Err 4- Truncation Err

<Consistency Err + HhVZE/aHLz(QC) + ||VL_13||L2(Rd\BRC/2)

———
P1 FEM is used in Q¢
<Consistency Err + N71/271/d 4 y~1/2-1/d

for point defect (|V/iiy(x)| < [x|79F17/ ), those parameters are
(quasi-)optimal,

o R;: radius of atomistic domain,

o R. ~ R2: radius of whole computational domain,

o N ~ Rg: total degree of freedom,

o h0) ~ (2

L. Zhang, C. Ortner, A. Shapeev A/C Coupling Singapore, Feb 13, 2015
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Consistent Methods

Patch Test Consistency = First-order Consistency

If £2° is patch test consistent (no ghost force for homogeneous deformation):

6E*(yg) =0  VF e RIX

“Theorem:” [First-order Consistency]

Suppose 6E2¢ passes the patch test, V finite range multi-body potential +
technical conditions +

ed=1;or

e d =2, Q, connected; [Ortner, 2012] or

e d =3, Q, connected [in progress|
then

(662°(y) = 6EX(y), un) = > (Tac(yi T) = Taly: T)) : Vup
TeT

SIAV2y [z @.uay)

VUhHLZ

With the assumption of stability, = ||Vu, — V| ~ N1

L. Zhang, C. Ortner, A. Shapeev A/C Coupling Singapore, Feb 13, 2015
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Consistent Methods

Consequence of Patch Test Consistency
If an A/C energy £2° satisfies patch test consistency,

0= (6 (ye),u) = > |T|Taclyr; T) : Vru
TeT

then X, is discrete divergence free.

Lemma:
3 a function ¥(F, T) € N1(7)?, such that

Yoclye; T) = OW(F) + JV(F; T)

N1(7) is Crouzeix—Raviart finite element space,

J is the counter-clockwise rotation by /2. s
JV(F; T) is divergence free piecewise constant tensor field
[Arnold/Falk, Polthier/PreuB].

L. Zhang, C. Ortner, A. Shapeev A/C Coupling Singapore, Feb 13, 2015
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Construction of Consistent A/C Schemes

E%Un) =Y Vit > i+ > V¢
x€£a~ x€L; x€Lc
Construct V s.t. §€%(yg) = 0 for all F € RI*9,

General Construction: [1D, Shimokawa et al, 2004; E/Lu/Yang, 2006]

Vi= V(g rer)

Bor = Yeer, Corsts

— Find G, ;s s.t. 6E2°(yr) =0 VF
— geometric conditions only!

2d, NN, multibody potential,
@ Explicit constructions for 2D general triagular lattice
interface

o In general: compute C, /s
numerically in preprocessing

L. Zhang, C. Ortner, A. Shapeev A/C Coupling Singapore, Feb 13, 2015 19 / 35



Consistent Methods

Construction of Consistent A/C Schemes

E(yp) = ZV+ZV+ZVC
xX€EL, . XEL; XEL:
Construct V s.t. §€2(yg) = 0 for all F € R9*4.

General Construction: [1D, Shimokawa et al, 2004; E/Lu/Yang, 2006]
2. Patch Test Consistency

Vi= V(g ireR) 0 =(88(y), u)

Bx,r = ZseRx Cx,r,s8s _ Z Z Ve, Z CersDou

— Find G, s s.t. 06%(yg) =0 VF|  E2eR R

— geometric conditions only! = Z Z Z(Cx—as,r,sVF,r = Gar,s DV r)u(x)
1. Local Energy Consistency \7(yF) = V(%) x€L reR s€ER
=r= Z Curss. (a) = ZZ w—srsVEr — CeorsVE,) =0. (b)
SERx reRseR

Solve (a) + (b) + B.C. in L, and L to obtain Cx s for x € L;.
unknowns: |Z||R|?, eqns: < 5|Z||R].
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Construction of Consistent A/C Schemes
Em) =Y Vet > Vet Y Ve

x€EL, x€L; x€Lc
Construct V s.t. §€2¢(yg) = 0 for all F € R9*9.

General Construction:

_ Interface with corner
Flat interface
i

Cx,r,r for NN interaction, multibody potential, one-sided construction.
1. works for general interface in 2d
2. preprocessing for longer interaction range, coefficients are not unique, can be
optimized by minimizing the consistency error.

L. Zhang, C. Ortner, A. Shapeev A/C Coupling Singapore, Feb 13, 2015 20 / 35



Minimizing the Consistency Error

s|[-e-Gaces
-&-Gac >
DoF'2, DoF"! —5 DoF ™, DoF™|

10° 10* 10°
#DoFs # DoFs

Left: H' Error with coefficients from least norm solution
Right: H' Error with coefficients from L! minimization

@ Consistency Error Estimate
(36°(y) = 3E2(¥), un) = Y (Faclyi T) = Za(yi T)) : Vuy
TeT
SCHhvz}/”LZ(QCuQi)HVUhHL?
The constant C is controled by maxxez | Y cp > cr 17115/ Carisl.
@ The coefficients needs to be pre-computed for longer range interactions, can be

optimized for optimal accuracy.
@ The coefficients can be obtained by solving a constrained L! minimization problem.

L. Zhang, C. Ortner, A. Shapeev A/C Coupling Singapore, Feb 13, 2015 21 /35



Introduction Beyond Consistent Methods Outlook
Stability of Consistent A/C Coupling Method

o Study the Hessians

(Hpyv,v) = (8°E™(y)v,v) = Z Z Vi<(Dy(§)) - Dpv(§)Dsv(€)

EEL £,cER
(Hiov,v) = (8°(y) = Z Z Vo (Dy(€)) - Dpv(€)Dev(€)
EEZ §,GER

L. Zhang, C. Ortner, A. Shapeev A/C Coupling Singapore, Feb 13, 2015 22 /35



Introduction Beyond Consistent Methods Outlook
Stability of Consistent A/C Coupling Method

o Study the Hessians

(Hpyv,v) = (8°E™(y)v,v) = Z Z Vi<(Dy(§)) - Dpv(§)Dsv(€)

€EZ £,sER
(Hpyv,v) :== (8°E%(y) = Z Z Ve (Dy(€)) - D,v(€)Dev(€)
£E€EL £,6ER
@ Stability constant:
v(H) == inf (Hu, u)
[IVull 2=1

We say that H is stable if v(H) > 0.

L. Zhang, C. Ortner, A. Shapeev A/C Coupling Singapore, Feb 13, 2015 22 /35



Consistent Methods

Stability of Consistent A/C Coupling Method

@ Study the Hessians

(Hayv, v) = (P ()viv) =D D Voel(Dy(€

E€Z £,cER
(Hiov,v) = (8°(y) = Z Z Ve (Dy(€)
E€TZ £,6ER
@ Stability constant:
H):= inf H
v(H) inf  (Hu,u)
[IVull 2=1

We say that H is stable if v(H) > 0.

@ For homogenous deformation yg,

o Y(HE®) < y(HR) for all F > 0.
o Y(HE) = W (F) > ~(Hg) for all det(F) > 0.

L. Zhang, C. Ortner, A. Shapeev A/C Coupling

v (§)Dsv(€)

) - Dpv(§)Dov(§)

Singapore, Feb 13, 2015
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Universally Stable Method

Question: For any potential V/, can we find such a A/C scheme, such that
vg&¢ > 0 if an only if 42 > 07 If exists, such method is called univerally
stable.

@ universally stable method in 1D
o 3
o { 22(0) — (¢

5rﬂ()’) =E%(y) + /0 W(Vy)dx, where
-1

()= Y [V(Dy (&) - V(FR)] + 5 [V(Dy*(0)) - V(FR)].

E=—o0

L. Zhang, C. Ortner, A. Shapeev A/C Coupling Singapore, Feb 13, 2015 23 /35



Universally Stable Method

Question: For any potential V/, can we find such a A/C scheme, such that
vg&¢ > 0 if an only if 42 > 07 If exists, such method is called univerally

stable.

@ universally stable method in 1D
o 3
o { 22(0) — (¢

5rﬂ()’) =E%(y) + /0 W(Vy)dx, where
-1

()= Y [V(Dy (&) - V(FR)] + 5 [V(Dy*(0)) - V(FR)].

E=—o0

o Nonexistence of universally stable method in 2D, even for flat interface.

L. Zhang, C. Ortner, A. Shapeev A/C Coupling Singapore, Feb 13, 2015 23 /35



Introduction Beyond Consistent Methods Outlook
Stability Gap and Stabilization

(a) Stability Testfor C=1,D =-0.5 (b) Atomistic eigenmode

8 T T T T T T

(c) QNL eigenmode

y(H;I) (stability constants)

—10¢

1.02 1.04 1.06 108 1.1 112 1.14 116 1.18
t (loading parameter)

Figure: Stability test for C = 1, D = —0.5. The black circles indicate which eigenmodes
(u1-component) are plotted in (b, c).

> ollenh + 6> wllesh)) + DZ(r, B - 1/2),

PER PER

where ¢(s) := e 2D _ 2= A= () = e_Bs, and G(s) := C((s —50)?+ (s — 50)4)
L. Zhang, C. Ortner, A. Shapeev A/C Coupling Singapore, Feb 13, 2015 24 / 35
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Introduction Beyond Consistent Methods Outlook
Stability Gap and Stabilization

(a) Stability Test for C=1, D =-0.5,x = 0.1 (b) Atomistic eigenmode

—©-QNL
——=ATM

B ]
@
€
s 2t ]
2
8 o 1
2
"-IE -2r ]
T | (c) QNL eigenmode
=
= -6 1
—-8F +H
—10r 4

1.02 1.04 1.06 1.08 1.1 112 114 116 1.18 ﬁ
t (loading parameter)

Figure: Stability test for C =1, D = —0.5,kx = 0.1. The black circles indicate which
eigenmodes (u1-component) are plotted in (b, c).
£5%b () 1= £2°(y) + r(Su, u), for y = Fx 4+ u,u € W,
where
(Su,u)i= Y ID?u(©),
e
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Introduction Beyond Consistent Methods Outlook
Stability Gap and Stabilization

N (a) Stability Testfor C=1,D=-0.5x=1 (b) Atomistic eigenmode
8|
—©-QNL
6| ——ATM
— 4
2
c
g 2
2
8 0
=
E -2
z _4| (c) QNL eigenmode
= -6
-8
-10

1.02 104 1.06 1.08 1.1 112 114 116 1.18
t (loading parameter)

Figure: Stability test for C = 1, D = —0.5,x = 1. The black circles indicate which eigenmodes
(ui-component) are plotted in (b, c).

£8P (1) 1= £2°(y) + k(Su, u), for y = Fx + u,u € Wy,
where
(Su,u)i= Y ID?u(©),
el
L. Zhang, C. Ortner, A. Shapeev A/C Coupling Singapore, Feb 13, 2015 24 / 35



Tradeoff of Stabilization: Consistency vs. Stability

“Theorem:” [Critical Strain for Stablized A/C Coupling]
Let V' have hexagonal symmetry, F o< I, V;ii» = Vi3 = 0, and
E{l) — Z‘f_l) = 0; then there exists constants c1, ¢, > 0 such that

a C acC a C
v(HE) — K—; < Y(HE + kS) < y(HE) — E—i

o existence of a critical loading parameter t € [ty, t.] for which
Y(H{5 + £S) = 0 and such that

1
[tF — t.| =~ er

o Therefore, if we wish to admit at most an O(N~1) error in the critical strain,
then we must accordingly choose k = O(N*/?). Unfortunately, this has a
consequence for the consistency error of the stabilised A/C method, which
will accordingly scale like O(N/?).

L. Zhang, C. Ortner, A. Shapeev A/C Coupling Singapore, Feb 13, 2015 25 /35



Consistent Methods

Numerical Experiment

Test Problem: microcrack in the triangular lattice, EAM multi-body potential,
next nearest neighbor interaction

V=F, Zpg(r,'j) +%Z¢uﬂ(ru)

i£i i£i

T
AVg"eé Lor] e%ve'

B0

JAVAVAINAVA
PAVAYAN.Vi VavaN

40

OGN v,
. Pz AN . o
S 7
DGR
af EPREPERRA 10
P VAN 7 VAN VAN -
VAYANVAVAV

Apply 3% isotropic stretch and 3% shear loading

_(1+s o)
B'_( 0 1+s> Fo.

where Fy oc / minimizes W, s = 1 = 0.03.
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ATM: full atomistic model is minimized with the constraint y = yg in £\ Q
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QCE: original quasicontinuum method without ghost-force correction, Tadmor,

Ortiz, Philips, (1996).
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B-QCE, B-QCE+: blended quasicontinuum method, B-QCE+ is a variant with
al., (2012).

highly optimised approximation parameters Luskin et.
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QCEF: sharp-interface force-based a/c coupling Dobson et. al. (2009), formally
equivalent to the quasi-continuum method with ghost-force correction Shenoy et.

al., (1999).
B-QCF: blended force-based a/c coupling, as described in Li et. al, (2013).
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GRAC: two variants METHOD 1, METHOD 2 with both least squares solution
and #1-minimisation to solve for the reconstruction parameters, and with
stabilisation parameters kK = 0, 1. The resulting methods are denoted by Mi-Lp-Sk,

where i € {1,2}, p € {2,1}, k € {0,1}
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Introduction Consistent Methods (Beyond Consistent Methods) Outlook

Blending with Ghost Force Correction (BGFC)

Energy-difference functional is well-defined.
Eu):=Y_Vi(u),  where V)(u) := V,(x + u) — Vy(x),
aeLl
where L be the lattice with defects.
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(Beyond Consistent Mcthods)

Blending with Ghost Force Correction (BGFC)

Energy-difference functional is well-defined.
E(u) : Z Vi(u), where V.(u) := V,(x 4+ u) — V,(x),
acLl

where £ be the lattice with defects.
Let £P°™ be the homogenous reference lattice, V'°™ be a globally homogeneous

site potential,
u) =Y Vi(u) = > (§VIOm(x), u)

acLl ag Lhom
=0
_ Z V// £ren >
acLl
where
V' (u) := Va(x + u) = Va(x) = (6Va(x), u),
(Lremu) = (OVa(x),u) = Y (VRO (%), u).

a€Lder acLhom
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(Beyond Consistent Mcthods)

BQCE Energy Functional
Define the BQCE energy functional
)= 3 (1= A@Viw) + | QulpW/(Vun)].
a€LNQy it

where 3 € C>}(RY), B =0 in Bra with R < R* < R°and B =1in R\ Bg,,
where Ry, is the blending width.
The BQCE problem is to compute

up € argmin {Eb(vh) ‘ Vh € Up}. (1)
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(Beyond Consistent Mcthods)
BQCE Energy Functional
Define the BQCE energy functional

)= 3 (1= A@Viw) + | QulpW/(Vun)].

acLNQy, Q25

where 3 € C>}(RY), B =0 in Bra with R < R* < R°and B =1in R\ Bg,,
where Ry, is the blending width.
The BQCE problem is to compute

up € argmin {Eb(vh) ‘ Vh € Up}. (1)

BQCE error is, cf. Li, Ortner, Shapeev, Van Koten, (2014)

[Vup =V <G [V2B]le + C2(||5hv2f’a||L2(Qh) + HVf’aHLZ(Rd\BRc/z)) +.
—_—— —_—
due to ghost forces FEM coarsening error

<SGNPE+ GNTETE < GNETE

truncation error

by choosing R, ~ R..
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(chond Consistent Mcthods)

BGFC Formulation
The BGFC energy is defined as

E%5(up) = Y (1—ﬁ(a))Va”(Uh)+/

a€LNQ, Q

Qn[BW”(Vun)] + (L7, up),
h
Apply the error analysis of BQCE to BGFC, the new constant C;

G 3 VP g,y S (R

and the ghost force error becomes
V2Bl S N28
best approximation error
~ - _1_
1BhV28* | 2, + VB | 2020\ e ) S N2
Error of BGFC scheme is therefore (P1 FEM in the coarse graining region)

Q-

IV = Ve S N2
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(chond Consistent Mcthods)

BGFC Formulation
The BGFC energy is defined as

E%5(up) = Y (1—ﬁ(a))Va”(Uh)+/

a€LNQ, Q

Qn[BW”(Vun)] + (L7, up),
h
Apply the error analysis of BQCE to BGFC, the new constant C;

" - —d
' < C”V“a|\Loo(Rd\BRa,2,m) < (RY)~.
and the ghost force error becomes
V2Bl S N28
Using P2 FEM in the coarse graining region, the best approximation error

[P V30%| 2 (0, Bre) +

V0| 2R\ Be 1)
can be balanced with ghost force error.

4
Optimal error estimate can be achieved by taking R® ~ (R*)*3.

1

|VuPeP2 — Vit S N"27 4,
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(Beyond Consistent Mcthods)

Connection to Ghost-Force Correction

We have

£V (un) = E°(un) — S (1 — 5(2)) (3Va(0), un) — /R Qu[BOW(0) : Vup] dx

acLl
= E°(up) — (9€"(0), un)
= E"(up) — (6€P(0) — FPI(0), up),
The renormalisation step V. ~» V" is equivalent to the ghost-force correction

scheme of Shenoy et al (1999) , applied for a blended coupling formulation and in
the reference configuration.
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(chond Consistent Mcthods)

Connection to Ghost-Force Correction
We have

£V (un) = E°(un) — S (1 — 5(2)) (3Va(0), un) — /R Qu[BOW(0) : Vup] dx

acLl
= E°(up) — (9€"(0), un)
= E"(up) — (6€P(0) — FPI(0), up),
The renormalisation step V. ~» V" is equivalent to the ghost-force correction

scheme of Shenoy et al (1999) , applied for a blended coupling formulation and in
the reference configuration.

The BGFC scheme can be generalized by choosing a suitable reference
configuration (predictor) .

gbg(uh) = 5b(uh) - <55b(i\lh) - quCf(ﬁh), up — ﬁh>,
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Introduction Consistent Methods

(Beyond Consistent Methods)

Numerical Results with BGFC

Convergence rates for the di-vacancy example
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Introduction Consistent Methods (Beyond Consistent Methods} Outlook

Anti-Plane Model for Screw Dislocation

- 1
- 27

linear elasticity solution y''"(a) arg(a — 3)

o Renormalized potential:
Vi(u) = V('™ + u) = V(y'™)
Apply consistent (cs) method to V!,

|Vu? — Vus|| o < N73/4
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(Beyond Consistent Mcthods)

Anti-Plane Model for Screw Dislocation

linear elasticity solution y'(a) = ;Larg(a — 3)

o Renormalized potential:
Vi(u) = V('™ + u) = V(y'™)
Apply consistent (cs) method to V!,
|Vu? — Vus|| o < N73/4

o Another Renormalized potent_ial:
V3(u) = V(y™ + u) = V(y'™) = (6V(0), u)
Apply blending (bg) method to V2,

[Vu? — Vub8| 2 < N~ (log N)?
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(Beyond Consistent Mcthods)

Anti-Plane Model for Screw Dislocation

linear elasticity solution y'(a) = ;Larg(a — 3)

Screw Dislocation Test : Geometry Error

o Renormalized potential: < oo
Vl(u) — V(ylin + u) _ V(ylin) s
Apply consistent (cs) method to V!,

— (Do)

=3
|Vu? — V|| < N73/4

o Another Renormalized potential:
V3(u) = V(y™ + u) = V(y'™) = (6V(0), u)
Apply blending (bg) method to V2, 0l ; p

10
DOF

~ (DOF)™!

[Vu? — Vub8| 2 < N~ (log N)?
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Outlook

Summary

Consistent energy coupling has optimal accuracy O(N~1),
Construction of consistent method with optimized consistency error,
Stability and stabilization,

Beyond consistent methods: the key is to find good 'predictor’.
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3D arbitrary crystal,

a posteriori error estimate and adaptive methods,
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Summary

Consistent energy coupling has optimal accuracy O(N~1),
Construction of consistent method with optimized consistency error,
Stability and stabilization,

Beyond consistent methods: the key is to find good 'predictor’.

Ongoing Work

3D arbitrary crystal,

a posteriori error estimate and adaptive methods,
dislocation, cracks, nano-indentation, ...
Implementation, benchmarks, applications

Major Open Problems

o A/C methods for multi-lattices

o A/C methods for Coulomb interaction, e.g. charged crystal
o A/C methods for electronic structure models
o

A/C methods at finite temperature (equilibrium and non-equilibrium)
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Thanks for Your Attention!
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