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Matrix multiplication speedup based on GPU, MIC and MKL
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Background

Backgrounds of PSEM

J.L. Guermond, P.D. Minev and m Start-up flow in a

A.J. Salgado. three-dimensional lid-driven
cavity by means of a
m A new class of fractional step massively parallel direction
techniques for the splitting algorithm.

incompressible Navier-Stokes
equations using direction
splitting

m Convergence analysis of a
class of massively parallel
direction splitting algorithms
for the Navier-Stokes
equations.
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Scheme and stability analysis

The continuous problem

We shall restrict our attention to Q = (—1,1)?,d = 2,3, and
consider the time-dependent Navier-Stokes equations:

@—VAu+u'Vu+Vp = f, inQx(0,T],

ot
V-u = 0, inQx]0,T],
u|aQ = 0, in [O, T],

uft=0 = up, inQ,

where v is the viscosity coefficient, u and p stand for the velocity
vector and the pressure respectively.
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Scheme and stability analysis

A second-order pressure-stabilization scheme

1

Pt =" 4 p" =V - (5

(™ +u"),0< y < 1. (4)

Error estimate:

Ju(e1) — " < O(AF),
Ip(e"1) = p"* 2,2 < O(AE), X =0,
Ip(e ) p" e < O(AEE), 0<x <L
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Scheme and stability analysis

1 n+1 n
E(Un+1 — Un) — VA%

u" 0 =0,

L VP =3, in Q
P (5)

(1-0u)(1 —0,)6" =~V -u i,
a¢n+1 (6)
on log = 0,

1
pn+1 e d)n+1 + pn — XI/V . (E(un+1 + un))a 0 é X S 1 (7)

Error estimate:
HU(t”f) - un+1HH1 < 0(At?),
Ip(e7+1) = P12 < O(A), X =0,
[p(t"*1) = p"t 2 < O(AE2), 0< x <1,
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Scheme and stability analysis

Direction splitting scheme

e Velocity splitting:

€n+1 —u” 1 1
X vAu" + Vptmta £ NL" P (u™ u™ ) = 12 €7 g 0,
n+1l _ ¢#n4l 1

e v ™ —w) = 0, e =0,

n+1 _ . n+l 1
ot V0 (Cn+1 - “n) = 0, ¢"y—s1=0.

At 2
n+1 _ »~n+1 1
% - 51/022 ("t —u") = 0, ul,_; =0

Lizhen Chen

Parallel Domain Decomposition Methods and Parallel Hierarchical Grid (PHG)



Scheme and stability analysis

e Pressure splitting:

1, 1 V- umtl 1
7/)”+2 - dxan+2 = - At 8X¢n+2 |x=i1 =0,
(pn+% _ anyOIH_% — wn-l—%7 aySOIH—%‘y::tl — O; (9)
¢ — 0,07 = P2, 0,0™ 3| ,m1 = 0,

and
pn+% — pnf% + ¢n+% — vV - (%(un—i-l + un)>'
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Scheme and stability analysis

Stability analysis

The solution with f = 0 and x = 0 satisfies the following inequality:

Aty 1
||UJV’||/°c0T1_2)Jr ||VUN||/20TL2 JFAt”PN”/z Azt,rf%;A)JFT”aqunJr ||/20TL2

Atr?

<c (nuouiz + Yol + Aol + 222 uaxyuoup) 7

The solution with f =0 and 0 < x < 1 satisfies the following inequality:
1 v 1
[[6urf ||I°°OTL2 ||V><5“ ||/20TL2 "‘5(1—9()HV'5U”+ ||/20TL2)

N B,

v n
+——|0x6u +1||/2(o T;12) +At||PN —PN H/Z At T_At:p) + x|V -u
(0wl + 21V x duelfE + 2 (1= IV - duelE

At? O sul % + A 1.2 12
T 10w dunl> + tllpilla + xvlIV - unlliz),

where ¢ is a constant independent of discretization parameters.
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Parallel implementation based on MPI

1D poisson equation

au— 0%u=f xeN=(-1,1)

u(+1) = 0. (10)
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Parallel implementation based on MPI

1D poisson equation

au— 0%u=f xeN=(-1,1)

10
u(£1) =0. (10)
eDomain decomposition N = (ag_1, aK), k =
A=A 1,2,--,K,
k —l=g<a1<---<ak =1

hk = dk — dk—1-
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Parallel implementation based on MPI

1D poisson equation

au— 0%u=f xeN=(-1,1)

10
u(£1) =0. (10)
eDomain decomposition N = (ag_1, aK), k =
A=A 1,2,--,K,
k —l=g<a1<---<ak =1

hk = dk — dk—1-

ao az o o o aK_l aK
° - - R ]
eSpectral element space -1 1

XYy = {un |n€ P, uy € C(UELAY), up(£1) = 0}, (11)

where the A denotes the integer pair (N, K).
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Parallel implementation based on MPI

e Construct the basis function:
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Parallel implementation based on MPI

o Construct the basis function:

¢ (x) = ﬁ(l‘f&k) — Lia(%)), x €N,

0, others,

j:0717"'7N_27 k:1727"

Xy = {vivw € Vi k=12, K},
eex bex V¥ =span{g§(x),pk(x), -,k o(x)}, k=1,2,--- K.

Lizhen Chen

Parallel Domain Decomposition Methods and Parallel Hierarchical Grid (PHG)



Parallel implementation based on MPI

o Construct the basis function:

¢ (x) = ﬁ(l‘f&k) — Lia(%)), x €N,

0, others,

j:0717"'7N_27 k:1727"

Xy = {vivw € Vi k=12, K},
eex bex V¥ =span{g§(x),pk(x), -,k o(x)}, k=1,2,--- K.

*
1 " "
5 (Lo(Ri) + L1(R)), x € N,
r(x) = %(LO(*kH) — L1(%e41)),  x € N (12)
0, others,
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Parallel implementation based on MPI

o Construct the basis function:

¢ (x) = \/zylﬁ(l‘f(f‘k) — Lia(%)), x €N,

0, others,

j:0717"'7N_27 k:1727"

Xy = {vivw € Vi k=12, K},
eex bex V¥ =span{g§(x),pk(x), -,k o(x)}, k=1,2,--- K.

*
1 N “
5 (Lo(Ri) + L1(R)), x € ¥,
r(x) = %(LO(&H) = Li(f41)), x €N (12)
0, others,

X% = Xy @ span{e1, 2, , 0K_1}.
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Parallel implementation based on MPI

With the Neumann boundary condition,

Xy = Xy @ span{yo, o1, , ok }-

where the ¢ and @k is defined as follows:

1 o o

eo(x) = 5(Lo(R) = Li(x)), x€ Al
0, others,
1 o

o (x) = 5(Lo(Rk) + La(%k)), x € A",
0, others,

and ok, k =1,2,--- K — 1 is defined in (12).
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Parallel implementation based on MPI

Matrix statements

Expanding uxs as

K N-2 K-1
un(x) =YD afef(x) + > Tk (x),
k=1 i=0 k=1

and denoting
N A1 ~K K NT _ Al K—1\T
Ui:(uo’...’UN_2,...’UO’...’UN_2) , Ue_(u’...’u )

F/: fl,"',fli,"")?K’---7)?K7 T’ Fe: Fl,...’FK_lT
0 N-2 0 N-2
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Parallel implementation based on MPI

(Aik, = b(ok, 0K), nm=0,1,--- N—-2, k=1,2,--- ,K;

A; = diag(AL, A2, -

RN TR ' 7A;1'<)7
(Ae)k = b(p,0K),n=0,1,--- N=2,k=1,2,--- K, =12, K
Aje = diag(AL, A2, - AK),

(Aee)i = b(P*, "), k,1=1,2,--  K—1;

b(u,v) = a(u, v) + B(Oxu, Oxv).
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Parallel implementation based on MPI

Parallel implementation

In each direction d, d € {1,2,3}:
Ai  Aie U\ [ F
Aei Aee Ue - Fe ’
I3
Aii Aje U\ F;
0 Aee — Ae,'AEIA,'e Ue - Fe _ AeiA;:l F,' s
AiUi = F; — AjeUe.
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Parallel implementation based on MPI

e Each 1D problem gives a block tridiagonal matrix Aj;.
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Parallel implementation based on MPI

e Each 1D problem gives a block tridiagonal matrix Aj;.

e Direct solution with Schur complement (direct solution on proc
0) (Ace — AciA; Aie)Ue = Fe — AqA; .
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Parallel implementation based on MPI

e Each 1D problem gives a block tridiagonal matrix Aj;.

e Direct solution with Schur complement (direct solution on proc
0) (Ace — AciA; Aie)Ue = Fe — AqA; .

e Number of communications =number of interfaces
Af-jU,-k = F,-k — Af-;Ue.

@ Boundary node @ Interior node @ Interface node

Proc 0 Proc 1 Proc 2 Proc 3
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Parallel implementation based on MPI

Expression of one order derivative on numerical function

1

— D D k+1 -

Oty () Z Netlp +Z e tlp 2hk  2h)
Oxun ) (wh +wg ™) = Oeun ()i + Oxun ()™

= (Oxun, Pr)N .0
= (axu/\/v wkl)N,/\" + (aXUNa 1/}5+1)N,A‘<+1
= —(un, O wone + unnlon,

_(UN7 8X¢O )N Akt T+ UNw0+ |89k+1
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Parallel implementation based on MPI

Expression of second order derivative on numerical function

1 1
k _ E § k+1
aXXUJ\/'(XN) - part DN/Ja UN + pr DNpa UN( ))/(2hk + 2hk+1
Ot (X)) (wiy + w§ ™) = (Outin, U)o + (Drctin, Up ) pein

= _(8XuNa aXZ/}I,{I)N,N( + 8XUN'[/),‘[§I|QQ,<

k
_(uNa 3x¢é+1)N,Ak+1 + aX UN’(/J0+1|3Q,<+1
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Parallel implementation based on MPI

Three dimensional example

sin® 7x sin 27y sin 27z,
u(x,y,t) =msint [ sin2mxsin® 7y sin 27z,

—2sin 2wxsin 2wy sin® 7z
p(x,y,t) =sintcosmxcosTysinmy.

i
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Parallel implementation based on MPI

NZg —8—
N=10 —o— 0.01
0.0001 N=12 —%—
1008 00001
1608 16-06
8
s
1e-10 1e-08
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le-14 1e12
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Velocity (left) and pressure (right) error in L?-norm as a function
of K.
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Parallel implementation based on MPI

01 T T
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Velocity (left) and pressure (right) error in L?-norm as a function
of At.
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Parallel implementation based on MPI

Parallel efficiencies with weak scaling

Lizhen Chen

N 16 32 64 128
parallel parallel parallel parallel
7# procs efficiency | efficiency | efficiency | efficiency
1 _ _ _ _
64 0.8101 0.8608 0.7498 0.8152
216 0.6729 0.8057 0.7307 0.7902
512 0.5819 0.7247 0.7037 0.7467
1000 0.5396 0.6929 0.6992 0.6749
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Parallel implementation based on MPI

Divergence of the solution with N =16, K = 3, At = 0.0001 at 7 = 1.
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PSEM for NSE with variable viscosity

Navier-Stokes equations with variable viscosity

— =V -(v(x,y,t)Vu)+u-Vu+Vp= f, inQx(0,T],

Vou= 0, inQx]|0,T], (14)

u‘ag = 0, in [0, T],

\ uft=o = ug, inQ,

where v(x, y, t) > 0 is the viscosity which can vary in time and in
space.
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PSEM for NSE with variable viscosity

e Velocity splitting:

1
u™z —y” 1 1 1 1
T _ 8x (Vn+zaxun+2) _ ay (Vn+2ayun> + Vp*7n+2
2
1 1
=f""2 u"z|,_y; =0,
1 (15)
utl —untz L

2 1 1 1
AL — 0 (V”+58XU”+5) -9, (1/"*5 8yu"+1> + Vp*rta
2

1
= f”+57u”+1|y:i1 = 0,

where 12 = p(x, y, t"3).
e Pressure splitting:

P Gt = — 1 gty =0,

1 1 1 1
Pt — 90"t = Pty Oy 2]y—t1 = 0;
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PSEM for NSE with variable viscosity

The solution with x = 0 satisfies the following estimate for all
T >0:

1
0l o2y + 3 IVP VUl i) + AtlPlleg g 741 (18)
18

1
< lluollz2 + At[lpolfa + 5 At] V¥ Vuol 2.
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PSEM for NSE with variable viscosity

2 1x, — sin 2mx sin? Ty),

u(x, y, t) = msin t(sin 2wy sin
p(x,y,t) =sintcosmxsinmy,

v(x,y,t) = (sin® t + 1)(x + 2)(y + 2).

spliting -

1e-05

L%norm of the error on the pressure

1e-06

1e-07
0.0001 0.001 0.01
At

L?-norm error on the pressure at T = 1.
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PSEM for NSE with variable viscosity

001
splting —x Spiting
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L2-norm (left) and H'-norm (right) error on the velocity at T = 1.
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Grid 2D

1 Block Block Block| ~I o Block (072)
ke ©O] [on] | ©2 vy - - 4 v
E Tesdv ¥ o
S’;:) Block] Block Block YR L.
= (1,0 ) (1.2) <. ..
. v v vy

Block Block BlockK Sly ¥ ‘v ¥

@of & (2,2) 2 threadldx.x

-« 7 direction——

int nx = blockDim.x x blockldx.x + threadldx.x;
int ny = blockDim.y x blockldx.y + threadldx.y;
CUDA threads organization for each direction solver.
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N 8 16|32 |64 | 128 | 256 | 512 | 1024 | 2048 | 4096
2DPE | —| — | —1 3 5 10 | 20 29 32 31
3DPE | —| 4 | 15|47 | 56 | 59

2DNSE | —| — | — | 3 6 9 14 21 25

without using CUBLAS and LAPACK

N 8 | 16 | 32 | 64 | 128 | 256 | 512 | 1024 | 2048 | 4096
2DPE| - | — | —| —| 4 7 15 24 71 98
3BDPE| — | — | 13| 43| 60 | 120
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e Summary

m An efficient parallel algorithm for the time dependent
incompressible Navier-Stokes equations is developed.

m We achieve about 30 times speedup for the Navier-Stokes
Equation by spectral method based on GPU.
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e Summary

m An efficient parallel algorithm for the time dependent
incompressible Navier-Stokes equations is developed.

m We achieve about 30 times speedup for the Navier-Stokes
Equation by spectral method based on GPU.

e Future work

m Treat multiphase flows and/or complex fluids for which the
Navier-Stokes solver plays an important role.

m Treat complex domain and turbulence flow.
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Thank You
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