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Introduction

e An asymptotic limit associated with a PDE is a limit in which certain
terms in the PDE are made “small” relative to other terms.
e This ordering in size is achieved via a scaling parameter (say ¢)
that goes to zero in the asymptotic limit.
e In many instances, the scale lengths associated with solutions of
the limiting equation are much larger than the smallest scale lengths
associated with solutions of the original PDE.

When this is the case, asymptotic-preserving (AP) discretization
schemes are necessary for near-asymptotic problems to avoid com-
pletely impractical mesh resolution requirement (Ax ~ O(e), € — 0).
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Aim of this talk: To present an AP scheme for the grey radiative
transfer system

e Outline:

1. Governing equations

2. An AP scheme for the system

3. Asymptotic analysis, AP property
4. Numerical experiments

5. conclusions

6. Future studies
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1. Governing equations

Grey radiative transfer equations:

€2 ol
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eC, 5 _a(/IdQ acT ) 2)
I(F, §, t): Radiation intensity, T (F, t): Material temperature,
o(F, T): Opacity, a: Radiation constant, c: Speed of light,

€ > 0: Knudsen number, C, (7, t): Specific heat,
7: Spatial variable, $: Angular variable, t: Time variable.

ol: absorption term; %acT“: emission term.
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Grey radiative transfer system finds applications in the study of ICF
(inertia constrained fusion), Z-pinch, astrophysics, etc.
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Numerical challenges

High dimensional problem
time: t, spatial: 7, direction : ©.

For multi-material problems (multi-scale)
optically thick material: small ¢
optically thin material: large ¢

To resolve physical scales, hormally Ax ~ O(e/o)
huge computing costs for small e

e For small ¢, the radiation transfer behaves like diffusion

how to construct a scheme which can capture the diffusion
behavior for small €? (~ asymptotic preserving)
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Formally, as ¢ — 0 (optically thick), (1)-(2) behaves like a diffusion
equation.

Expand / and T in ¢ and insert the expansions into (1)-(2) = the
leading-order term satisfies (formally):
10 = L ac(T(®)4 and a diffusion equation

9 ] ac
C,—TO a2 (TO) =v. v (TO)4, 3
vorl T at( ) 30 (™) (3)

An asymptotic preserving (AP) scheme for (1)-(2) is a numerical
scheme that discretizes (1)-(2) in such a way that it leads to a correct
discretization of the diffusion limit (3) when ¢/o small.

Song Jiang AP scheme for the grey radiative transfer system



Related results:

e AP schemes were introduced first by Larsen, Morel and Miller '87
for steady neutron transport problems

e Further developments for different non-steady problems, based on
a decomposition of the distribution function between an equilibrium
part and its derivation, by Klar, Jin, Pareschi, Toscani, - - - '93-13

e A different approach by Xu & Huang 10 for rarefied gas dynamics
based on a unified gas kinetic scheme (UGKS), further development
by Mieussens ’13 for a linear transport model.

(scalar equations are dealt with only, not coupled with other eqgs.)

We want to use the idea of gas kinetic schemes to construct an AP
scheme for the system (1)-(2).
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2. AP scheme for the system (1)—(2)

2.1. Angular discretization

In 2D Cartesian coordinates, we can rewrite (1), (2) as

€ 04l + udgl + 0yl = & (] !
Et+ux+€y—;(§¢_)a

GZCV%: =a(/ldﬁ—¢), ¢ = acT*.

where . = /1 — (2cos 0, ¢ = /1 — (2sing,

¢ € [0,1]: cosine value of the angle between the propagation direc-
tion Q and z-axis,

6 € [0,2x): projection vector of Q) onto the xy-plane and the x-axis.
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2.1. Angular discretization

We use the usual discrete ordinate method to discretize (4) in direc-
tions.

Write the propagation direction (u, &) as some discrete directions
(#my&m)s, m = 1,--- ,M (= N(N + 2)/2), together with the corre-
sponding integration weights w, =—> angular discretized equations:

€ o 1
*atlm + Nmaxlm + Emaylm = *(7¢ - Im)’
c € 2w

(5)
2C — ( Z Inwm — ), ¢ = acT*.
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2.2. Time and spatial discretization

Denote I; ., T/";: cell average values of I, T at t" in cell

(1,0) ={(X%,¥)i Xi—1/2 < X < Xig1/2, Yji—172 < Y < Yjr1/2}s

and integrate (5) =
FV discretization of (5) reads as
At
’,n,+,1 =m+ 7(Fi—1/2,j,m — Fiz1/2,5,m)

At 1. .
+f(H,/ 1/2m—H,/+1/2m)+CAt (27T ij — lijm)s  (6)

chn+1 — CVTn + At (ZI,,,mwm ¢i,i)’

where F: 1/2,j,ms Hi.j—1/2,m* numerical fluxes in the x-, y-directions,
Hijs I j,m: average of ¢, I in (1", t"t1) x cell(i, j); and
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f"+1

cu
Fi:l:1 /2,j,m = eAnt' / Im(ta Xi+1/25 Yjs m, €m)dta
t"
CE tn+1
m
H;jt1/2,m = Al / Im(t, Xiy Yj+1/25 ms Em)dl, (7)
tn

and we take here approximation (implicitly in time):
im0, b= o

We have to construct the numerical fluxes in (7).
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2.3. Construction of the numerical fluxes

To evaluate F;_1 /2 ; m, We use the idea of gas kinetic schemes, i.e.,
solve (5) in the x-direction at the cell boundary x = x;_1,2,y = y;:

€ o 1

—Otln + IJ'maxIm = *(791) - Im)a

c € 2w

Im(X, ¥j, Olt=tn = Im,0(X, ¥j, 1") (8)
to have the explicit solution

—u; (f—t" cu
Im(t, Xi—1/2, ¥j» Bm, €m) = € 2=/2/ 0" [ o (Xi_1/2 — Tm(t — 1)

t

Coj_ i C
+ e—vi—1/2,i(f—5)2’71£2’l ¢(s’ xi—1/2 — ﬂ(t — s))ds, (9)
tn TE €

where v = co/é?, vi—1,2,j+ value of v at the corresponding cell
boundary. (/m,0, ¢ to be determined)
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Put (9) into (7) =
numerical flux Fi_q/2m, inx,

provided the initial data /I, o(x, y;, t") in (8), ¢(x, y, t) for t € (1", )
and (x, y) around (xj_1,2, y;) in (9) are known.

(Flux H; j_1/2,m in y can be constructed in the same manner)

® Approximate I o(X, y;, t") explicitly by piecewise linear polynomi-
als and MUSCL limiter for slopes, using known /!

’7j7m
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e Evaluate ¢(x, y, t) implicitly by piecewise polynomials:

¢(x7 .yj7 t) = ¢7j11/2,] + 6t¢7i—:/27](t - tn+1)

5x¢7j11}li,j(x — Xi_1/2), if X < Xj_1/2,

n+1,R . (10)
6X¢i—1}2,j(x - Xi—1/2), if x > Xi—1/2-
1 1
Here 5!¢7j1/2,i = ((7571'1/2,,- — ?_1/2,]-)/At, and
n+1 n+1 n+1 n+1
PO T I A7, ek 1 VUL Y, O M VLY,
XFi-1/2,j — Ax/z ’ xPi_1/2,j — Ax/2

The numerical flux F;_4 2 j m is obtained, provided the implicit terms

DIt 100 01 B are evaluated.
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Remark. By (9)—(10), flux F;_4 /2 ; m can be decomposed into

Fi1/2m = Aic12,jm(l_4 j2 j mlum>0 + Al " 1/2,j,m1um<0)
+Ci_1)2 jﬂm¢7+-:/2,j

+Di1/2,j(H20x b7t Lum>0 + 120x T3 1,1, <0) (11)
+Bj_1/2,j(1indx] 4 jmlpm>0 + waoxl]! i imlum<0)
+Ei_1/2,jbmbt$]7] 5 (involved the values of / at t” only)

where I, 5 i s It 1/2,j,m denote the boundary values:

AXx AXx

- — n n + — n n
lizay2jm =61 jm+ 5 0xliitjm §l1/24m = lijm — 5 Oxlijm

9

and v = co/€?; the coefficients Aij_1,2,j = --- are explicit functions
of At,e,o, v

Song Jiang AP scheme for the grey radiative transfer system



2.4. Evaluation of ¢ in the flux Fi_1/2,jm

To evaluate ¢"+', we take the moment of (1).
Denote ¢ = acT*, p = [ 1d$) as before, take angular moment of (1)
= (1), (2) can be rewritten in the macro-form:

2 8 . N .
CorHev<@i>=o(@-p), <Gl>= [g,
¢ 4acT? 12)
27 = — = .
Sy Bolp—¢), B C.
We discretize (12) implicitly as follows.
pif = pij+ (¢7+11/2,/ 7 1/2,)
At w”*‘
+ay Ve = Vil ¥ o - or, (13)
+H1 A
P = @+ L 7 (i = o),
l’j ?l
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where

c (At

d)?;:/z’l = E /tn < Qul > (x,-i1/2,y,-, t)dt,
c [t"+at

il = Al /tn < Qyl > (Xi, Yj+1/2, t)dt,

which can be explicitly evaluated using (9) and (11), e.g.,

M
Ot 5= Zme, 1/2,,m = Ai— 1/2,;ZWmum(’, 1,j,m 1 m>0
m=1 m=1
27D — Mt
) + 220 (O j" 1)

M
+Bi_1/2j Y Wt (Bxl g j mVim>0 + Oxl; 1 im<0)s

m=1

where Aj_1/2,- - - are same as before (oj_1/2; = U"':;’ ‘1')
i i—1,j
(x only involved the values of / at ")
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(13) is a nonlinear system for ¢]/", p]' with parameters o, 3 de-
pending on T, and is solved by a two-level iteration method,

outer iteration: a nonlinear iteration with fixed o, 3 ~ a linear alge-
braic system;

inner iteration: Gauss-Sidel iteration to solve the linear system.

After obtaining ¢/, we take the cell boundary value ¢;*] , in (10)
to be

¢7+‘:/2,] (¢7+‘:,j + ¢n+1). (14)
With (14), the numerical fluxes (10) are determined.

The construction of our AP UGKS scheme is complete d
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LOOP of the AP-UGKS: Given /7, ;, and T},
Find /"' and T+,
1) Solve the system (13) to obtain 41", p]f";

2) Using ¢/ to solve the system (6) for / to get I, T/

we have p}; and ¢7,.

3) (Corrector step) Using I’} to solve (12); (i.e. 2¢r = Bo(p — ¢))

to get a new ¢/ (explicitly given by

N+l _
Pij =

P+ AHBo) T Sy wmll )

1+ At(Bo)]]

And then, to give the corrected temperature by 7/} = (]} /(ac))"/*.
4) Goto 1) for the next computational step.
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3. Asymptotic analysis, AP property

e The above constructed scheme is AP

Recalling (11), Fi_1 /2 j,m can be decomposed into
Fi_1/2jm = Ai—1j2j -+ +Ei_1/25--,

where the coefficients satisfy A,B — 0, D — —c/(2wo) as ¢ — 0.

Thus, the corresponding macroscopic diffusion flux (Diff);’j11 120

tﬂ+1

/ I(t, Xi—1/2, Yj> w, §)dtdpdg
t"

n+1 n+1
c Pij — ¥y,

30™M! Ax
’_591

coey N41 L cu
(lef)i_1/2’j '_ 2reAt

1 M
= E Z wmp,mlm(t, X'_%,yj, Hms €m) - -
m=1

as ¢ — 0, which gives a numerical flux of the limiting diffusion equa-
tion for ¢ ~~ 5 points scheme in 2D = an AP scheme.
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5. Numerical experiments

Example 1. A test for the linear kinetic equation:
ol + 8[—0(1 ® l)
c ! HOE = € \27 ’
where we take ¢ = [ Idp, Domain: x € [0,1],0 = 1,€e = 1078;

boundary conditions: /. (0, ) =1 (¢ > 0and Ig(1, 1) = 0 (1 < 0);
Ax =5x10"325x10"% >> e.

This problem corresponds to the equilibrium diffusion approxima-
tion.
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Computed solution at t = 0.01,0.05,0.15, 2.0:

po

Ps % : ) '

P, % circle: UGKS method with 200 points
8 %% diamond: UGKS method with 50 points

F % square : diffusion limit solution with 200 points
8

0.8 9(5) 8 %
Moy %
3 %5

Computed solution agrees well with that of the diffusion limiting eq.
~ AP property
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Example 2. (Marshak wave-2B)

o =2Rcm?/g, T = 10~°Kev, € = 1, specific heat=0.1GJ/g/Kev.
This corresponds to the equilibrium diffusion approximation.

Ax = 0.005cm (200 cells), Ay = 0.01cm (1 cell), Ax,Ay >> ¢/o.
Left boundary: constant incident radiation intensity with a Planckian
distribution at 1Kev;

Right boundary: outflow
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Computed material temperature at t = 15, 30, 45, 60, 74ns

square : t = 15ns;
Delta: t=30ns;
I Diamond : t= 45ns;

08k _ Circle: t=60ns;

A _ Gradient: t=74ns.
06
- F
04
0.2

0 . . . .
0.2 0.4
X
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Computed material temperature for both grey radiation transfer sys-
tem and diffusion limiting equation at 74ns

0.6
[- Circle : Diffusion limit solution with 200 points;
| Diamond : UGKS solution with 200 points

0.4

02

Results computed by AP UGKS agree very well with humerical solu-
tion of the diffusion limiting eq. ~ AP property
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Example 3. (Marshak wave-2A) the same as Example 2 except o =
‘T—?cmz/g. This case violates the equilibrium diffusion approximation.

Computed radiative temperature at t = 0.2,0.4,0.6,0.8,1.0ns:

0.8

square : t = 0.2ns;
Delta: t=0. Ans
6

06 Gradient: t=: 10ns
- L
04
0.2
0 TP P! ol
0.05 0.1 0.15 0.2
X
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Material temperature distributions obtained by AP UGKS and the dif-
fusion equation solution at t = 1.0ns: (clear difference, since not in
the equilibrium diffusion approximation)

D
oo oo
A
0.8
0.6 -
- |
T} .
|
L \‘ \“
04 ' \
I | |
i LI
| Circle : Diffusion limit sloution with 200 points; |
02 Diamond: UGKS solution with 200 points. | “
2 ! \
L | \‘
|
L | |
L |
o L1 L1 Ll ol
0.05 X 0.1 0.15 0.2
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Example 4. (Tophat Test [N.A. Gentile,01])

Domain: [0,7] x [-2,2], e = 1; Five probes: placed at (0.25,0), - - -
to monitor the change of the temperature in the thin opacity material.

optically thick

probe
\ o = 2000em !

heat source

o = 0.2em~ 14 R

=
<
<>

optically thin
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Computed material temperature at 8ns:

128 x 64 cells 256 x 128 cells

G

o a1 IR NEEEN N BN B |
1 2 3 4 1 2 3 4
X X

o
LENLE N DN NLENLAN ENLANLEY (NN NN
D —

Interface between optically thick and thin materials is captured sharply,
compared with [Gentile 01 (JCP)]
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Computed radiation temperature at 8ns:

128 x 64 cells 256 x 128 cells

Y
o
\\l\l\\\\\\’Ll/\ T I T T T

\\_‘//
——
\\_/'
LvJ
L
| —

IR BRI SR R R R | RN ENEEENETE ENENENEN A AR |
T oy 2 3 4 T x2 3 4

Interface between optically thick and thin materials is captured sharply.
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Computed material temperature at 94ns:

128 x 64 cells , 256 x 128 cells
i i T 17/
1F 1k ! |
> | > B T/ o
- | | ™
‘ oF | I {
w i ) \ |
F » e -
A A "j\ ‘w—\‘\
: g SEER
NI INENENENE EANENENE EATENE ERETENE SRS R INENENENE ENANENEEN ENRNATEN SNRNATENE EATTET VRTATA R
2 3 4 5 6 1 2 3 4 5 6
X
Computed radiation temperature
2f 2f
E = 73 i NBRE
1 | <J r ) —
L \ o N » 5 - Vﬁfﬁ —
>T |\ [ [ Call [ [ ~ 1\ / /7
- o | 0 ) (
) ]| ) L VAN
1:' 1' \777\\"\'
r i WARERE
NN SRR VRN SRS BRI RN R INENENENE INANNENE INEANANES NANETANEN SYANENAE AR A
2 3 4 5 6 1 2 3 4 5 6
x (d) X
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Time evolution of the material, radiation temperatures at 5 probes:

o I
w IS
T T

Temperature(KEV)
o
N

0.1

10° 10° 107 10° 10"

time(10ns)

At the 5th probe, the temperature cools off slightly before being heated
up by radiation, which is consistent with [Gentile].

But, the temperature curve here has a rapid growth initially, a slow

increment, then a growth again. This is different from [Gentile], de-

serving further investigation.
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6. Conclusions
¢ A unified gas scheme is constructed for the grey radiative transfer
system.

e The scheme has asymptotic preserving property and works well for
both optically thin and optically thick regimes.

e We believe that it should work for more general problems, say, the
multi-group radiation transfer equations

7. Future studies

e Extension to the multi-group radiation transfer equations \/
e Extension to the multi-material problems, quadrilateral meshes
e Extension to radiation hydrodynamics

Question: An AP scheme converges to the desired diffusion solver ?
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THANK YOU'!
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