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GP equations for the dipolar BEC

In the ultracold gas, the dipole-dipole interaction (DDI)is long-range and
anisotropic. The DDI between alkali atoms is a thousand times smaller
than the short-range interaction. However, DDI between transition atoms
is large (52Cr) [Pfau,PRL, 2005]. The dipolar BEC is governed by the 3D
Gross-Pitaevskii equation (GPE). By the dimensionless transformation, one
gets the following nonlocal GPE:

iie(,8) = (~ 3 92+ V() + B + AU # [0 )20, t) (1)

_ 2
where V(x) = 3(73x® + 73y? +132%) and Ugjp = 5241 3|xc\gs =
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GP equations for the dipolar BEC

GPE has two conservation quantities, i.e, the number of the particles and
the total energy:

/R3 [(x, t)|?dx = /R3 1 (x, 0)2dx = /]1@3 lo(x)[2dx = 1 (2)

and

EWxt) = / ( VU2 4 VOO + 5l + 2 (Ui [ )rwrz)dx
= .0)) (3)

Some efficient numerical method: time-splitting spectral (Bao et.al.
2010; Bao, et.al,arXiv:1410.3584;Markowich et. al., 2014);Finite
difference method;Finite element method.
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© Finite element method for the 1D dipolar BEC
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FEM for the ground state of the 1D dipolar BEC

To obtain the ground state of the 1D dipolar BEC, we apply the imaginary
time method, that is, solve the following equation and combine projection
method:

Yelet) = VR = VO 1) - Bl )P0 )
“A(Ugip * [0 (x, £)P)0(x, ), —a< x < a (4)

where V(x) = < Udip = |x|7 with 0 < a < 1. The boundary condition

is (—a,t) = w%a, t) = 0; Initial condition is 9 (x,0) = 1o(x)
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FEM for the ground state of the 1D dipolar BEC

FEM is to find the real function ¥s(x, t) = > 7 ai(t)¢i(x) € Va(Q),
which satisfies Vo (x) € V4(Q2), Q = [—a, 3]
{ Jo Uneddx = [ (1 V2 — V(x) = Blvn|* — A(Udip * \¢h\2)>¢h¢ dx,
fQ Wp(x,0)pdx = fR Yo(x)pdx,
(5)
>~ ai(e) [ ox(x)ay(x)a =

m

—;Z:Oéi(t)/QV@(X)'Véj(X)dx—Za;(t)/ﬁV(x)¢,-(x)¢j(x)dx

i=0

53 0i(0) [ 13- e nlF 116105




FEM for the ground state of the 1D dipolar BEC

Denote A;j = [, ¢i(x ¢J(x)dx
Bij = Jq qu, (x) - Voj(x)dx
G~ Io V1 $)6i(x)r(x)dx.
Q)i = Joo | S an()6k(x) P (x);(x)x
R e A T
It's easy to see that A B, C, D(«) and K(«) are symmetric, and A
B, C, D(«) can be directly calculated, while K(a) needs to estimate
carefully
Let the convolution term F(x,t) = Ugjp * | Y. o ci(t)$i(x)[>. Notice

Pty = [ I ELoalt0 07

0 ‘X_.y’a

—ad(o) [ B ey ad [ g

|X Xmllx_.y|a

+ZO‘:2 /XX‘“ 97 (y) 2 Y ot  i(y)pi(y)

i—1 | | 0<i<j<m X0 |X7y|a
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FEM for the ground state of the 1D dipolar BEC

Setting that

5 9i(y) 1% (y = x+x—xi1)?
L= [y = kg,
Xji—1 ‘X - .y’ h2 Xji—1 |X - y‘

dy,

Ri(x) = X g2 (y) dv — 1 [ (Xip1 — x4+ x — y)?
’(X) T @ ) a
x  Ix=yl h* J, Ix =yl

i

MI.(X) _ /xi+1 wd . 1 /Xi+1 (Xi+1 — y)(y — X;) dy.

x — y|o T n? x — y|o

i

then we have

m—1
Fx,t) = ag(t)Ro(x) + D af(t)(Li(x) + Ri(x)) + ap(t)Lm(x)+
i=1

2t ai(t)aia (H)Mi(x) (7)
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FEM for the ground state of the 1D dipolar BEC

Therefore K(a); = [ F(x, t)¢i(x)®j(x)dx can be estimated. Then we
have

Ad'(t) = _(EB + C + BD(d@) + AK(a))a(t) (8)
The initial condition 1 (x,0) = 1o(x) shows that
[ onx 00000k = [ do(esax, 0<j<m(9)
Q Q

and
AG(0) = b (10)
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FEM for the ground state of the 1D dipolar BEC

Now we solve the ODEs (8) with the backward Euler scheme
1
[A+r(23+ C+BD(&")+>\K(&"))]&"+1 = Aa* (11)

Furthermore,
/th t)2dx =aTAd ,0<t <ty

After each discrete time level, ¥p(x, t) should be normalized to satisfy
fQ [¥n(x, t)!2 x =1, that is,

Yn(x,t)
Uh(X, £) = 15 Goay- |
In addition, the total energy can be rewritten

E(¢p(x,t)) = laTBa+aTca+ ﬂ*TD( 7)o

5 +ZaTK@a (12

M\y
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FEM for the ground state of the 1D dipolar BEC

Proposition 1. Suppose the initial condition p(x) is bounded uniformly
and 8 > 0, then we have

[m(x, )]l2 < C, (13)

where the constant C is independent of h and t.

Proposition 2. Suppose |[¢x:(x,0)||?, is bounded with respect to h

% , then we have

deht(Xa t)||L2 <C, (14)

uniformly and g >

where C is independent of h and t.
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FEM for the ground state of the 1D dipolar BEC

Proposition 3. Under the assumptions of Proposition 1 and Proposition
2, we have

IVenllz < C, [V()|enl?ln < C,
(15)
[nlls < C, [(Udip * [t0m]?)|9on]?[| 2 < C.

Theorem 1. Under the assumptions of Proposition 1, 2, 3, there exists any
T > 0 such that the finite element solution ,(x, t) is convergent to the
generalized solution (4) on [0, T].

The FEM for dynamical evolution of the 1D dipolar GPE is similar.
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Summary

e Numerical Example for the 1D problem
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Example 1

The initial condition is chosen to be 1g(x) = ﬁe‘xzp. The ground
state ¢ = ,I:H =3 o« Jk+1¢1( ) is reached numerically when
~k+1 —»k . k+1 k . —6
= max |a;" " —a;| <e:=107".
441 — o = max ok~ af <

We solve this problem on [—16, 16] with h =1/8 and 7 = 0.01.

0.35

03

0
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Fig.1. Ground state solution 1), .
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Example 1
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Fig.1. The energy evolution of a dipolar BEC with A = 10 and [ = 500.
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Example 2

We solve this problem on [—8,8] with h = 1/32 and 7 = 0.005.

8 6 4 -2 o 2 4 6 8

Fig.2. Ground state 1), and energy e:/olution with A =0.8 and S = 30.

E —— Ekin
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@ The combined DG method for the 3D problem
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Because the dipolar interaction is not only nonlinear but also nonlocal,the
key difficulties are to efficiently and accurately calculate the nonlocal
interaction and deal with singularity for numerical method. The
convolution term can be split into a § function (local) and directional
derivative of potential (nonlocal), that is, the dipolar GPE is equivalent to
the GPP:

ihe(x, t) = [—;W + V(%) + (B = N> = 329 (w(x, t))] ¥ (16)

v2w(xv t) = = |11Z)|2 ) (17)

It also can be rewritten as follows:

e ) = [ -5 4 VOO + (5= NP + 33T (-0 v, (19

Vov=[gP,xeR3t>0 (19)
v=—-Vuw. (20)
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Semi-discrete combined DG finite element method

total energy becomes

E(p(x 1)) =

Jos (BIVOR2 + VIR + Z201*) dx + % foy T(v-1) - 1[p o

The whole space is usually truncated into a bounded computational
domain € such as Q = [—a, a] x [—b, b] x [—c, c] with homogeneous
Dirichlet boundary condition for wave function ¢ and the Neumann
boundary condition for potential. In general, as |x| — oo, the wave
function 1 tends to 0 fast, while the associated potential w and its gradient
v tend to O slowly. Then we replace equations (19) in R3 by the following
equations in bounded domain 2 with the Neumann boundary condition

1

V'V=|¢|2,V'"|as2:m-

(21)
The boundary condition is chosen to avoid the inconsistency between the
equation V -v = |1/)|2 and particle conservation.

fq V-vdx = [o[¢]>dx =1
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Semi-discrete combined DG finite element method

Consider a regular partitioning of the domain Q into polygonal elements K
forming a mesh 7T}, satisfying the standard finite element conditions. Let ¢,
= {e: eis an edge of K for all K € T}, €9 = {e: e is an interior edge of
K} and 6‘2 = e, N 02. We define that averages and jumps for scalar and
vector function on e € ¢°:

o= L0 ] = 6y on e € 2,

where 1) (1)/") represents v evaluated from outside (inside) of K.
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Semi-discrete combined DG finite element method

Define finite element spaces:
Ch={ € L*(Q) : Y|k € CK(K),VK € T},
Vi, = {v e L2(Q)x[2(Q)xL3(Q) : v|x € PK(K)xPK(K)xPX(K),VK € T},
Wy = {w € L%(Q) : w|k € PX(K),VK € Tp}
and Lagrange multiplier £ in the space
My = {n € L?(ep) : n]e € PX(e), Ve € e}

Then the DG finite element approximations ¢ in Cp, v in V}, w in W),
and £ in My, are determined by requiring that
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Semi-discrete combined DG finite element method

i e )i = 5 V%, Ve — 5 (Tnru) 45 (1] b +
(VD )+ (8= N) ([P, u) + (22)
MV (v 1) D(x, 1), u)

ST = Y W Ver+ Y (Grn)y, =0, (23)

KeTh KeTh KeTh
> (Vv =D (WPep) . (24)
KeTh KeTh

1
Z (Vven,m)g = <777> . (25)
P 091"/ g
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property of Semi-discrete combined DG

The numerical fluxes for ¢ by direct DG method are chosen as:

ﬁzao[‘fﬂww-n (26)
We have

Theorem 2. The scheme (23)-(25) keeps the particle conservation,

0x 1 = [ 1) dx = [0(x O = 1.
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Combined DG method for ground state

In order to obtain the ground states, we take the ansatz
P(x,t) = e Hp(x), xeR3, t>0,peR (27)

Inserting (27) into the system (18)-(20), we get the time-independent
GP equation or the eigenvalue problem

no(x) = [—%v2 + V() + (8= Vo2 + 3NV (v - 1) - D]6(x)(28)
v = —Vw,V.-v= |¢|2,x e R3

under the constraint

foll =/ [ lot0ax =1 (29)
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Combined DG method for ground state

Find ¢z €S and pug € R such that

ES i E(0g) = minE(0).  4¥ = (o). (30)

S is defined as
S:={o(x) [ lI¢ll =1, E(¢) < oo} (31)
and eigenvalue of (28)is defined as

no) = [ [5IV67 + VOl + (3 = NIol* + 3\ (- D) DIoPlx

= E@)+ [ 515Nl ~3\(T(v- 1) DloPlex.
v = —Vw,V-v:\¢|2.
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Combined DG method for ground state

The function ¢(x, t) is the solution of the following gradient flow with
discrete normalization:

00 IV v (8 NP AT ) Dl (32)
v = —Vu,V.v= ‘¢|27X€Qvt€ (tn7tn+1)7 (33)
b )loa = 0, v-nly = |;Q|,t >0, (34)
6(x.0) = do(x). 0] = 1. (3)

. ¢(X7 tn_+1)

DX, tri1) = P(x, ty, 1) , xe, n>1, (36)

oG )l
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DG for ground state

From time t, to t,t1, the combined DG with Euler backward
discretization in time for (32)-(33) is to find ¢ in Cp, v in V}, w in W,
and £ in M}, such that the foIIowing

(el = 5 (V0 Va5 (Fmu) o+ (6] o +

2
(VX3 1) +(B—A)<|¢"|2¢,u>K
FIN((V (V1) (e, 1), )

Z<V7r>K = Z<w’v.r>K_Z<§’r'n>8Kv

KeTh KeTh KeTh
> Vel = > (le"F.p),
KeTh KeTh

Z <v'n’77>8K = <|81§2|777> y

hold for any v in Cp, rin Vp, pin Wy, and n in M}, .
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A semi-implicit time discretization for dynamic evolution

Turn to deal with the semi-discrete system for dynamic evolution. This
finite element scheme (23)-(25)is nonlinear ODEs. First solve velocity field
(24)-(25) to get v,then integrate the nonlinear ODEs exactly in time. The
scheme (24)-(25) can be written into a matrix equation

A -B C Q 0
Bt 0 0 w = F |, (37)
ct 0 0 = Gn

Both the vectors of @ and W can now be easily eliminated to obtain an
equation for the multiplier only, namely,

D= = H, (38)
where D and H are given by
D= CH{(SM1St — A71)C,
H=G,— C:SM~LF,
M=B!'A"B, S=A"'B.
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A semi-implicit time discretization for dynamic evolution

We substitute the gradient v in equation (23) and sum it over all elements

to get
i Z <sz)t7u>K -

KeTh
Yket 3 (VU Vi)
Pecet, (3 <[¢],[U]>e 3 (Ve -nu]), + 5 ([¥]Vu-n),)
+5 ke, ((VOOU, e+ (8= X) ([P b u) +3N(V(v-1) - b, ) )
Write it into the global linear ODE system by inverting the mass matrix:
dw

= GV, 39
o (39)
We integrate the equation (40) exactly from time t” to t"*! and get
‘un-i-l _ eGAtwn (40)
The Krylov subspace approximation is adopted
eGAt\IJ" = ,va+1eAtﬁm+lel (41)
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A semi-implicit time discretization for dynamic evolution

The orthonormal basis and the upper Hessenberg matrix resulting from the
following Arnoldi process:
Algorithm 1
Hp0 = zerosim + 2, m +2];
1. Compute the initial vector: vi = W"/||W"||,;
2. Perform iterations: Do j =1,2,..., m:
(1) Compute the vector p = Gvj;
(2) Doi=1,2,...,j:
(2.1) Compute the inner product hj; = (p, v;);
(2.2) Compute the vector p = p — hjjv;;
(3) Compute hji1; = ||pl[2;
(4) If hjy1; =0, then stop the iteration;
Else compute the next basis vector vj11 = p/hji1.
3. Hm+2,m+1)=1.
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Summary

© Numerical results for the 3D problem
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Numerical results for the 3D problem

Here we apply the combined DG method to compute the ground states
and dynamics of dipolar BEC in the three-dimensional (3D) space with
hexahedra mesh.The combined DG method is applied with the
lowest-order Raviart-Thomas element for the solution of Poisson equation.
In solving the linear algebra equations, we use the Conjugate Gradient
(CG) method. The ground states reached numerically when

[0 — g = max [y rt) — ] < e = 1070,
KeTh

The DDG method for the computing of GP equation is applied with linear
element. The time step is chosen as At = 1073 in the computation.
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Example 3.Ground states of dipolar BECs

We take the bounded computation domain Q =[-8, 8]3 with the
Neumann boundary condition. The dipolar direction is fixed with

I =(0,0,1)7 the harmonic potential V/(x) = % (x2 +y? + 0.2522) and

8 =207.16, A = 33.146. The ‘exact’ values for the energy and chemical
are E8 = 2.72842 and u& = 3.58331 which is found using P? element and
a 64 x 64 x 64 mesh. We adopt it as the reference value and chose the
relative error in the energy as the measure of the discretization error.

Table 1

Spatial errors of energy and chemical potential for the ground state of dipolar BEC for g = 207.16 and A = 33.146.
Mesh 8x8x8 16 x 16 x 16 32x32x32 64 x 64 x 64
erTE 3.51e-3 1.0le-3 2.51e—4 5.91e->5
erry, 517e-3 1.32e-3 3.72e—4 9.18e-5
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Example 3. Ground states of dipolar BECs with different

potentials

Consider the following three different potentials, i.e. that harmonic
potential

1
V(x) = 5 (X2 +y° +22),

double-well potential

V(x) = (x —|—y +z ) + 4e*zz/2,

r\)\n—l

and optical lattice potential,
V(x) = (x 2+ 22) + 100 (sin?(T0) + sin?() +sin?(%) )
The initial condition is ¢o(x, y,z) = 73/4e= (P2 Figure 3 depicts

the ground state ¢, i.e., the isosurface of |¢g| = 0.01 and slice view of

gbg(X,O,Z).
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Ox ] I

(f)

Fig.3. Surface plots of ground state |¢4(x, 0, z)|? (right column) and
isosurface plots of |¢4(x,0,z)| = 0.01 (left column) of a dipolar BEC
under harmonic potential (top row), double-well potential (middle row)
and optical lattice potential (bottom row).
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Example 4.Dynamics of dipolar BECs

Now we study the dynamics behaviors 3D dipolar BEC system with dipolar
direction 1 = (0,0,1)7, potential V(x) = 3 (x? + y? + 2522), 8 = 103.58
and A = 82.864. We take the bounded computational domain

[—8,8]? x [—4,4].Table 2 shows the L2 and maximum norm errors, e.g.
llel|2 and ||e]|oo , with different meshes at t=0.8.

Table 2

Spatial errors of 4 for Case 1 att =0.8.
Ny x Ny % Nz 8x8x4 16 x 16 % 8 32x32x16 64 x 64 x 32
llell ;2 1.10e—1 2.57e—2 6.48e—3 1.60e—3
llell oo 243e—2 6.01e—3 151e—3 3.75e—4
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From Fig. 4(a), we can see that semi-implicit time discretization
demonstrate the one-order convergence rate in time.The DG method can
approximate the particle very well(up to 6 significant digits,cf Figure

4(b)).
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0.005
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HE-07

(b)
Fig.4. Time evolution of the errors between the discretized energy and
particle
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Case 1

Study the dynamics of suddenly changing the dipolar direction from
I=(0,0,1)7 to1=(1,0,0)" at t = 0. The time evolution of kinetic
energy Ein(1)), potential energy Epot(1)), interaction energy Ejn(v)),
dipolar energy Egjp() and total energy E(1)) are plotted in Fig. 5 (a).
We can also observe that the total energy conserved very well. The
isosurface of density function [t/(x, t)|? = 0.01 are plotted in Fig. 6 at
time t =0, 1, 2, 3. The results agree well with the reference spectral
results in.
Case 2

study the dynamics of a dipolar BECs when the trap potential is
suddenly changed from 1 (x? + y? +2522) to 3(x% + y% + z2) at time
t =0. Fig. 5 (b) plots time evolution of kinetic energy Ex,(1), potential
energy Epot(1), interaction energy Ej,(1), dipolar energy Egip(1)) and
total energy E(1)). From Fig. 5 (a) and (b), one can see that the total
energy keeps conservation well for Case 1 and 2. The isosurface plots of
density p(x, t) := |t)(x, t)|?> = 0.01 at time t = 0, 1, 2, 3. for dipolar
BECs are plotted in Fig. 7.
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Fig.5. Time evolution of different energy quantities for (a) Case 1, (b)
Case 2 of dynamics of dipolar BECs.
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Fig.6. The isosurface plots of density p(x, t) := [¥(x, t)|> = 0.01 at (a)
t=0,(b)t=1, (c) t=2, (d) t =3 for dipolar BECs with the dipolar
direction changing from n = (0,0,1)" to (1,0,0)" suddenly at time
t=0.
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Fig.7. The isosurface plots of density p(x, t) := |(x, t)|> = 0.01 at (a)
t=0,(b)t=1, (c) t=2, (d) t =3 for dipolar BECs with the trap
potential V/(x) changing from (x? + y? 4 252%) to 1(x® + y? + 22)
suddenly at time t = 0.
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Case 3

study the collapse of dipolar BEC with changing the dipolar
interaction from \ = 82.864 to A = 414.32 suddenly at t = 0. Fig. 8 (c)
plots time evolution of kinetic energy Egin(1), potential energy Epor(1)),
interaction energy Ejn:(v), dipolar energy Egin(7) and total energy E(v).
The isosurface of density function |¢(x, t)|> = 0.01 are plotted in Fig. 9
attime t =0, 0.7, 1.1, 1.3.
Case 4

study the collapse of dipolar BEC with changing the interaction
constant 3 from 8 = 103.58 to 5§ = —569.69 suddenly at t = 0. Fig. 8
(d) plots time evolution of kinetic energy Egin(v), potential energy
Epot(1)), interaction energy Ejn:(1)), dipolar energy Egip(¢) and total
energy E(1)). The isosurface of density function |(x, t)|> = 0.01 are
plotted in Fig. 10 at time t =0, 0.1, 0.15, 0.20.
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Fig.8. Time evolution of different energy quantities for (c) Case 3 and (d)

Case 4 of dynamics of dipolar BECs.
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Fig.9. The isosurface plots of density p(x, t) := |(x, t)|> = 0.01 at (a)
t=0.0, (b) t=0.7, (c) t =1.1, (d) t = 1.3 for dipolar BECs with the
dipolar interaction constant A changing from 82.864 to 414.32 suddenly at

time t = 0.
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Fig.10. The isosurface plots of density p(x, t) := |1(x, t)|?> = 0.01 at (a)
t=0.0, (b) t=0.1, (c) t =0.15, (d) t = 0.2 for dipolar BECs with the
interaction constant 3 changing from 103.58 to —569.69 suddenly at time
t=0.
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