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» A subset .7 C [k]* is said to be k-a.d. if for all distinct
a,be o |lanb| < k.
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» A subset .7 C [k]* is said to be k-a.d. if for all distinct
a,be o |lanb| < k. A k-a.d. family of size > k is said to
be maximal if it is maximal with respect to inclusion.

» We denote by S(x) the group of all permutations on k. A
subgroup ¢ of S(k) is said to be k-cofinitary if each of its
non-identity elements has less than x-many fixed points. A
k-cofinitary group is said to be a x-maximal cofinitary
group (abbreviated k-mcg), if it is maximal among the
K-cofinitary groups under inclusion.
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Spectra
» Cc(mad) = {|«/|: &/ is a k-mad family}
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» Cc(mad) = {|«/|: &/ is a k-mad family}
» Cr(mcg) ={|¥]|: ¥ is a k-mcg}.

Vera Fischer The spectrum of k-maximal cofinitary groups



Spectra

» Cc(mad) = {|«/|: &/ is a k-mad family}
» Cr(mcg) ={|¥]|: ¥ is a k-mcg}.

Thus a(x) = min Cx(mad) and ag(x) = min C,(mcg).
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» The spectra of m.a.d. families and m.c.g. have been
studied by various authors. For example S. Hechler
showed that for every uncountable A there is a generic
extension with a mad family of size A.
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» The spectra of m.a.d. families and m.c.g. have been
studied by various authors. For example S. Hechler
showed that for every uncountable A there is a generic
extension with a mad family of size A.

» A. Blass showed that if GCH holds and C is a closed set of
cardinals such that X4 € C, Vv € C(v > Xy), [X4,|C|]C C
and VA(A € CAcof(1) =w — AT € C), then there is a ccc
generic extension in which C,(mad) = C.
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» The spectra of m.a.d. families and m.c.g. have been
studied by various authors. For example S. Hechler
showed that for every uncountable A there is a generic
extension with a mad family of size A.

» A. Blass showed that if GCH holds and C is a closed set of
cardinals such that X1 € C, Vv e C(v > Xy), [X4,|C|]]C C
and VA(A € CAcof(1) =w — AT € C), then there is a ccc
generic extension in which C,(mad) = C.

» Brendle, Spinas and Zhang obtained an analogous result
regarding mcg’s: if C is as above (and GCH holds), then
there is a ccc generic extension in which C,(mcg) = C.
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Theorem (V.F.)

(GCH) Let x be a regular infinite cardinal and let C be a closed
set of cardinals such that

1. kt € C,Vve C(v>«kt),
2. [xH,|C|]] C C,
3. VWve C(cof(v) <k — vt e ).

Then there is a generic extension in which cofinalities have not
been changed and such that C = C(mcg).
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There are two major problems that have to be addressed, in
order to obtain the above result:

» adding a k-m.c.g. of desired cardinality,
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There are two major problems that have to be addressed, in
order to obtain the above result:

» adding a k-m.c.g. of desired cardinality,

» excluding certain cardinals as possible values for k-mcg.
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Adding x-mcg’s generically

» A mapping p : B— S(x) induces a k-cofinitary
representation of F if the canonical extension of p to a
homomorphism p : Fg — S(k) has the property that every
non-identity element of im(p) has < k-many fixed points.
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» A mapping p : B— S(x) induces a k-cofinitary
representation of F if the canonical extension of p to a
homomorphism p : Fg — S(k) has the property that every
non-identity element of im(p) has < k-many fixed points.

» Given a k-cofinitary representation p with domain B and a
set As.t. AnB =0, we will add generically a family of
k-permutations {ga}aca such that the group ¢(p,A)
generated by im(p) and {ga}aca is k-cofinitary.
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Adding x-mcg’s generically

» A mapping p : B— S(x) induces a k-cofinitary
representation of F if the canonical extension of p to a
homomorphism p : Fg — S(k) has the property that every
non-identity element of im(p) has < k-many fixed points.

» Given a k-cofinitary representation p with domain B and a
set As.t. AnB =0, we will add generically a family of
k-permutations {ga}aca such that the group ¢(p,A)
generated by im(p) and {ga}aca is k-cofinitary.

» We will work with approximations to the new generators of
size < k, i.e. with sets s € [A x k x k]<*. For each a€ Awe
interpret s, = {(v,B) : (a,7,B)} as a partial approximation
to the generator g,.
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Adding x-mcg’s generically

» To describe arbitrary members of ¢(p, A), we work with the
set of words WAug (referred to as good words) on the
alphabet AU B which start and end with a different letter, or
a power of a single letter. Every word on AUB is a
conjugate of such a good word.
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Adding x-mcg’s generically

» To describe arbitrary members of ¢(p, A), we work with the
set of words WAU,; (referred to as good words) on the
alphabet AU B which start and end with a different letter, or
a power of a single letter. Every word on AUB is a
conjugate of such a good word.

» Every approximation s to the new generators gives an
approximation to the permutations corresponding to
arbitrary words w € /VV,tu. This approximation is denoted
ew[s,p] and is obtained by substituting every appearance
of a letter b from B with p(b) and every appearance of a
letter a € A with s5. We refer to ey [s, p] as the evaluation of
w given s and p.
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Adding x-mcg’s generically

Adding a k-m.c.g. of desired cardinality

Let A and B be disjoint sets and let p : B — S(x) be a function
inducing a k-cofinitary representation.

Vera Fischer The spectrum of k-maximal cofinitary groups



Adding x-mcg’s generically

Adding a k-m.c.g. of desired cardinality

Let A and B be disjoint sets and let p : B — S(x) be a function
inducing a k-cofinitary representation. The forcing notion Qf\p

consists of all pairs (s, F) € [Ax k x k]<* x [VAVAU5]<’< such that
Sz is injective for every a € A.
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Adding x-mcg’s generically

Adding a k-m.c.g. of desired cardinality
Let A and B be disjoint sets and let p : B — S(x) be a function
inducing a k-cofinitary representation. The forcing notion wa

consists of all pairs (s, F) € [Ax k x k]<* x [VAVAU5]<’< such that
Sa is injective for every a € A. The extension relation states that
(8,F) <q,, (t.E)if

» sDOt, FOEand
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Adding x-mcg’s generically

Adding a k-m.c.g. of desired cardinality
Let A and B be disjoint sets and let p : B — S(x) be a function
inducing a k-cofinitary representation. The forcing notion sz

consists of all pairs (s, F) € [Ax k x k]<* x [VAVAU5]<’< such that
Sa is injective for every a € A. The extension relation states that
(8,F) <qq, (t,E) if
» sDOt, FOEand
» forall « € k and w € E, if ey [s,p](a) = a then already
ew(t,p](@) is defined and ey [t, p](a) = c.
In case B = 0 then we write Q4 for Q4.
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Adding x-mcg’s generically

» The above poset is clearly < x-closed. In analogy with the
Knaster property, we will say that a poset P has the
k-Knaster property, if in every collection of k-many
conditions from P there are x many which are pairwise
compatible.

> The poset Qj , is kt-Knaster.
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Adding x-mcg’s generically

Some Basic Properties
Let (s,F) €Qp,, ac A
1. Domain Extension Let a € x\ dom(sy). Then there is an
index set | = I 4 such that |x\/| < k and for all B € /
(su{(a,a,B)}, F) extends (s, F).
2. Range Extension Let 8 € x\ran(sa). Then there is an

index set J = J, g such that |x\J| < x and for all « € J
(su{(a,a,B)}, F) extends (s, F).

Vera Fischer The spectrum of k-maximal cofinitary groups



Adding x-mcg’s generically

The generic cofinitary representation

If Gis Q4 p-generic, then the mapping pg : AUB — S(x), which
is defined by

> PG rB =p and
» pg(a) =U{sa:IF(s,F) c G} forevery ac A,
induces a k-cofinitary representation of AU B which extends p.
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Adding x-mcg’s generically

Complete Embeddings and Quotients
Let Ap C Aand Ay = A\Ap. Then:
> Qo <Qap

» Qap =Qap *Q/h Pe where G is the canonical name for
the Q4, »-generic filter.
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Adding x-mcg’s generically

Generic Hitting

Let p : B— S(k) induce a k-cofinitary representation and let
o € S(x)\im(p) be such that (im(p)uU{c}) is k-cofinitary. Let
a¢ B. Then for every Q € k the set of all (s, F) € Qf such

a},p
that for some a > Q we have s;(a) = o(a) is dense in Q, .
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Adding x-mcg’s generically

Generic Hitting

Let p : B— S(k) induce a k-cofinitary representation and let
o € S(x)\im(p) be such that (im(p)uU{c}) is k-cofinitary. Let
a¢ B. Then for every Q € k the set of all (s, F) € Qf such

a},p
that for some a > Q we have s;(a) = o(a) is dense in Q, .

As an immediate corollary we obtain that if G is Q{Ka}vp—generic,
then there are x-many « such that pg(a)(a) = o(«). Thus in
particular, in V%> the group (im(pg)U{o}) is not x-cofinitary.
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Adding x-mcg’s generically

Maximality
If |A| > k then Q4 adds a maximal x-cofinitary group.

ischer The spectrum of k-maximal cofinitary groups



Adding x-mcg’s generically

Maximality
If |A| > k then Q4 adds a maximal x-cofinitary group.

Proof:

Let G be Q4 ,-generic. Suppose that impg is not maximal.
Then there is a 6 ¢ im(pg) such that (im(pg)U{c}) is
cofinitary. By the k™ -c.c., there is Ay C A, |Ay| = k such that

o € V[H] where H= GNQ4y, . Take any a € A\Ag. Then by the
Generic Hitting Lemma in V[G] we have that pg(a)(a) = o(@)
for k-many «, which is a contradiction. O
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The spectrum of generalized cofinitary groups Proof of Lemma C

Theorem (V.F.)

(GCH) Let x be a regular infinite cardinal and let C be a closed
set of cardinals such that

1. kt € C,Vve C(v>«kt),
2. if|C| >kt then [x,|C]|] C C,
3. Vv e C(cof(v) <k —vT € ).

Then there is a generic extension in which cofinalities have not
been changed and such that C = C(mcg).
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The spectrum of generalized cofinitary groups Proof of Lemma C

Proof:
Foreach & € C, let I: :={(7,§):y< &} andlet | = Ugcc I Let
P=Tlecc QZ with supports of size < k.

Lemma A
P is < x-closed and x*-Knaster.
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The spectrum of generalized cofinitary groups Proof of Lemma C

Proof of Lemma A:
Let {pq}a<i+ be given. Without loss of generality
{supt(pg)} o<+ form a A-system with root Ry, where |Ry| < k.

» For pe P and & € supt(p) recall that p(§) € Q,’Z. That is
p(&) = (s>, F%) where s° € [I: x k x k]X and F¢ € [l//\l/,g]“.
By oc(p(&)) we denote the set of all letters of /z which
occur in (s5, F%). Thus in particular oc(p(&)) € [/e]<¥.

» Since {[1zcr, 0CA(Pa)(E)}a<ict are k*-many sets each of
size < k, by the A-system lemma we can assume that they
form a A-system with root A where A =T[zcp, Ag.
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The spectrum of generalized cofinitary groups Proof of Lemma C

Proof cnt.d:

» For every o let py (&) = (s*5, F*%). Then the sets
{[Iger, s%:5 [Ag X K X K} 4o+ must coincide on a set of size
k', since |[zep, (Ae X K X k)| = K.

» Thus there is some t = [[¢cp, t& such that for all £ € Ry and
(wlg) all & < k* we have that $*S[A x k x k = t:.

> This implies that [Tecp, (s*¢ UsPS, Fas UFP¢)is a
common extension of py[Ry and pg[Ry. Thus we can find
a subset if size k™ of pairwise compatible conditions. O
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The spectrum of generalized cofinitary groups Proof of Lemma C

Lemma B
In VF there is a x-mcg of size & for allé € C.

Proof
Let & € C and let ¥, be the mcg added by Q,’Z . We will show
0

that ¢ remains maximal in VP, If not then there are a p € P
and a P-name for a k-cofinitary permutation 7 such that

plFp (“im(pg,) U{t}) is a k-cofin. group”. WIg 7 is a nice name.
Since P is xk*-cc there are k-many antichains {By } «cx €ach of
size «, such that Vb € B, 3B, € k with bl-p () = fp.

Vera Fischer The spectrum of k-maximal cofinitary groups



The spectrum of generalized cofinitary groups Proof of Lemma C

Proof of Lemma B, cnt.d:
» For b € B, let K p denote the support of b. Then the set
C = [(Usex.bes, Ka,p)U supt(p)]\{&o} is of size at most «.

> Let Az, = [Ugex bes, 0¢(b(E0))]Uoc(p(&)). That s Ag, is
the collection of all letters from /¢, occurring in 7 and p.

> Let P=[]ecc QF with supports of size < k and Q= Q3 -
_ _ _ _ 0
Then Qﬁé < QZ .AlsopisinPxQ and tis a P x Q-name
0 0
for a x-cofinitary permutation. Furthermore

plFs.q “(im(pe,)U{t}) is a k-cofin. group”.
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The spectrum of generalized cofinitary groups Proof of Lemma C

Proof, cnt.d:

» Since Ag, is of size at most k gnd 150 is of size &y > «, there
is some a € g \Ag,. Let Gbe PxQ genericand p € G.
Then in V[G] by the Generic Hitting Lemma we have that

Fap o, ¥2< K38 > Qo (2)(B) = ()"

e VAo PAg,
» However
w _ K ) K
(]P) X QZ&O)*QZO\AEO"pAgO - ]P) X (Qﬁéo *Qléo\Aéo’pAgo ) - ]P) X ngo .
Therefore p IFxr VQ < k3B > Q(pg,(a)(B) = T(B))"-
%o

Since P X_QZ <P, we reach a contradiction.
0
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The spectrum of generalized cofinitary groups

Proof of Lemma C

Lemma C
In VP for every A ¢ C there are no x-maximal cofinitary groups
of size 1.

The proof follows very closely to Blass’s proof regarding the
spectrum of maximal almost disjoint families on @ and relies on
homogeneity properties shared by the two constructions.
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The spectrum of generalized cofinitary groups A G ma @

Proof of Lemma C:

We will show that for every A ¢ C, A is not OD(*«) definable.
That is we will show that in V[G] if (Xy)aca IS @ sequence of
OD(*x) definable sets which covers *k, then there is a proper
subsequence which also covers ¥k. Fix such a sequence and
for each o an ordinal ©, and a function u, € ¥k such that in
V[G], Xy is the ©,-th set definable from uy.

Let 1 be the largest element of C below A. Then cof(u) > k™.
By GCH (in V) we have u* = u. Recursively we will define a
sequence (M) ¢+, where |[M,| < u for all y, such that the X,’s
with indexes in (UM, cover *k. Let My := 0 and for y limit, let
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The spectrum of generalized cofinitary groups A G ma @

For each a € A choose Jy C /= Ugcc ¢ of size k such that for
every p which is involved either in i, or in ©, and each & in the
support of p we have that oc(p(&)) C J,. Let S be the union of
{ly:yeunC}and {Jy:x € 1}. Then |S|=A.

K-support
Let K C S be of size u such that Uyc,~c ly € K. A subset J of /
such that |J| = k is called a K-support for the name x of a
function in *x if
» for every p involved in x and every ¢ in the support of p we
have that oc(p(&)) € J and

» it JNL\K #0then |[JNL\K| = k.
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The spectrum of generalized cofinitary groups

Proof of Lemma C

Since every ye C\(nu{u}), y> A, we have |[,\S| = |l,\K|=7.
Thus whenever we are given a K as above and a name for a
function in ¥k, we can assume that it has a K-support.
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The spectrum of generalized cofinitary groups A G ma @

Let ¢ be the group of those permutations of / that map each /,
into itself and that fixes all members of K. Then & acts as a
group of automorphisms on the notion of forcing P by sending
each p to a condition g(p) naturally defined from g and p.
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The spectrum of generalized cofinitary groups A G ma @

Let ¢ be the group of those permutations of / that map each /,
into itself and that fixes all members of K. Then & acts as a
group of automorphisms on the notion of forcing P by sending
each p to a condition g(p) naturally defined from g and p.

More precisely: let p € P, & € supt(p) and p(&) = (s°, F%) where
s° € [l x Kk X K]<¥, F& € [W,]<*. Then let

supt(g(p)) := supt(p). For & € supt(p), let

9(p(£)) = (9(s°),g(F*)) where oc(g(s*)) = g(oc(s*)) and for
every (a.,£) € oc(g(s°)) = g(oc(s®)) if (a0, &) = (e, &) then
[g(sé)](a’;j] = Sfao,g)- Furthermore for a word w € F¢ define
g(w) to be the word obtained by substituting every appearance
of a letter a= (a, &) in w with g(a,£). Then let g(F¢) be the set
of all g(w) for w € F¢.
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The spectrum of generalized cofinitary groups A G ma @

Let ¢ be the group of those permutations of / that map each /,
into itself and that fixes all members of K. Then & acts as a
group of automorphisms on the notion of forcing P by sending
each p to a condition g(p) naturally defined from g and p.

» Note that each such automorphism g preserves not only
maximal antichains, but also the forcing relation. In
particular, if J is a support of a name x,then g(J) is a
support of the name g(x). If in addition g fixes all members
of J, then it also fixes the name x.

» If J is a support then its ¢-orbit is determined by JN K and
J={yeC:Jnl,— K #0}. Thatis, if J is another support
with  NK =JNK and J' = J, then there is g € ¢ with
g(J) =J'.
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The spectrum of generalized cofinitary groups A G ma @

This implies that there are only u many orbits of supports.
Indeed:
» Since JNK is of size < k and |K| = u = u*, there are only
u possibilities for JN K.
» If [k*,|C|] #0, then [T, |C|] C C. Thus in this case
1C| < .
» If [xT,|C|] =0, i.e. |C| < k, then since u > k™ we have
again |C| < u. Thus there are no more than u* = u many
possibilities for J € [C]=¥.
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The spectrum of generalized cofinitary groups A G ma @

For each ¢-orbit of supports, fix a member J such that
JNS=JNK. Such orbits are referred to as standard supports.
For each fixed support J there are only k¥ = k™ (by GCH in V)
many names. Since u > k™, there are only u-many names that
have standard supports.

For each name x with a standard support, fix a set
A= A(x) € [A]=*N V such that P forces “(Foc € A)x € X,". Let
B =J{A(x) : x has a standard support}. Then |B| < pu.
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The spectrum of generalized cofinitary groups A G ma @

We will proceed with the successor step in the inductive
definition of (Ms)s-+. Let

aeMs y<uncC

Then |Ks| = . Let M1 be obtained from K, in the same way
that B was obtained from K above. Then |M;_1| < u. Define
M = UGEK'+ MG and K = UO-EK-+ Kg.

Let x be a P-name for a fu_nction in ¥x. We will show that P
forces that “(Ja € M)x € X,".
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The spectrum of generalized cofinitary groups A G ma @

Let J C I of size k such that for every p involved in x and every
& in the support of p we have oc(p(&)) C J. Fix o < k't such
that JOK C K. For each ye C such that JN I, — K5 # 0, we
have that y > A(> u). Then |l,— K| = A. Thus enlarging J is
necessary we can assume that it is a Ks-support and

JNK C K.

Consider the group of all permutations of / which fix K5 and
map each /, to itself. There is g € 4 such that g(J) is a
Ks-standard support. Then neither J nor g(J) meets K1 — Ko
and so there is a permutation h which agrees with g on J and
with the identity map on K11 — Ks. In particular h(J) = g(J) is
standard and h leaves K, 1 pointwise fixed.

Vera Fischer The spectrum of k-maximal cofinitary groups



The spectrum of generalized cofinitary groups A G ma @

Since h(x) has standard support h(J), it is one of the u names
for which we chose a set A= A(h(x)) to include in M, 1. Thus

Fp “(3a € A)h(x) € Xy,
which implies that
IFp “Jor € A[h(X) is in the ©4th set ordinal-definable from i]".

However AC M1 and Va € A(Jo C Ks11)- Thus h fixes Jq
pointwise, and so h fixes ©, and u,. Therefore

IFp “Jor € A[h(x)is in the h(©)th set ordinal-definable from h(iy)]".
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The spectrum of generalized cofinitary groups

Proof of Lemma C

Now since h preserves the forcing relation, we have
IFp “Ja € Alx is in the ©,4th set ordinal-definable from ,]" .
Now since M;, 1 C M we obtain that
Fp “Jor e M(x € Xy)”,

which completes the proof that A is not OD(*k)-definable.
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Cohen indestructible mcg’s

Following standard notation, Fn_(k, x) denotes the k-Cohen
poset, e.g. the poset of all partial functions from « to x of
cardinality < x with extension relation superset.

Theorem (V.F)
(GCH) There is a k-Cohen indestructible k-maximal cofinitary
group.
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Cohen indestructible mcg’s

Proof:

Let {(pe,7¢) : k <& < kT ,& € Succ(xt)} enumerate all pairs
(p,7) where p € Fn_(x, k) and 7 is a name for a k-cofinitary
permutation. Recursively we will construct a family {pg }c<e o+
of x-cofinitary representations such that

1. forall &, pg : & — S(x),
2. foralln <& py =pegIn, and

3. Uk<e<xt Pg : KT — S(x) induces a cofinitary representation
p such that im(p) is a k-maximal cofinitary group, which is
Fn.«(x, x)-indestructible.
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Cohen indestructible mcg’s

Proof cnt.d:
Let pi be a cofinitary representation of k given by QX. Suppose
forall & : x <& < n, pe has been defined and n = & +1 for
some &. Consider the pair (pg, T¢). If

> P H_Fn<,((1c,x) “Tg ¢ im(fjg’:)”, and

> P ‘Fan(K 9 “(im(pe ) U{t¢}) is a k-cofin. group”,
then proceed as follows:
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Cohen indestructible mcg’s

Let g < pg¢. Then
q 'Fan(K,K) “(im(pg) U{t¢}) is a cofin. group”.

The Generic Hitting implies that if G is Fn_(x, k)-generic and
g € G, then in V[@] for all Q2 € k the set

DQ[G]VQ ={(s,F) e Q{g}pé Jdo > Q(s(a) = 7 [C](«))}

is dense. Thus for every Q € k and every (s,F) € Qy¢y.p, there
are ¢ <Fnex(xx) & &> Q and (s, F’) < (s, F) such that

q IFan(K’K) ¥(a) =1 (a).
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Cohen indestructible mcg’s

Proof cnt.d:
Therefore the set

Dy ={(s,F) e Qqeyp, 30 > Q39 < q(q' Ik s(a) = t(a))}

is dense in @{é},pg- Now let G C Q’{%L% be a filter meeting the

dense sets
» pdomain _ r(g Fy ¢ Qyey p; : 00 € dom(s)},
. D;ange ={(s,F) € Qz)p, : @ € range(s)},

> Dw=1{(s,F) € Qqe}p, : we F} and D,

where o, Q € K,  <pp__ (. )Pz and w e Weyoe.
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Cohen indestructible mcg’s

Since these are only k¥ many dense sets and the forcing notion
Qe p: is < k-closed such a filter G exists. Then the mapping

pes1:&+1— S(x) where
> Pei1lE =pe,
> pe1(6) =U{s:3F(s,F) € G}
induces a k-cofinitary representation extending p..
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Cohen indestructible mcg’s

Claim
Pe FER_(er) VL E KT0 > Qe () = pe11(8)())".

Proof:
Suppose not. Then there are g < p: and 2 € k such that

0 En ey (@ () = pesr(E)(@)} C O

Then let (s,F) € GN Dg. Then there are o > Q and

q <Fn_.(cx) 9 such that ¢’ FEn_ (x.0) Te(a) = s(a). It remains
to observe that pz,1(§)(a) = s(«) and so we have reached a
contradiction.
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Cohen indestructible mcg’s

If £ is a limit, then define p; := U, ¢ py and note that
pe - & — S(x) induces a cofinitary representation.

Indeed, let w € F. Then there is a good word w' € VAL/,; such
that for some u € W; we have w = u~'w'u. However in each of
those words there are only finitely many letters involved and so
there is n < k™ such that w,u,w’ are in fact elements in W;,.
Then ey [ps] = ew[py] and since by Inductive Hypothesis pj,
induces a k-cofinitary representation we have that the set of all
fixed points of ey [p¢] is of cardinality smaller than k. However
[fix(ew[pe])| = [fix(ew [pe])|, which completes our argument.
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Cohen indestructible mcg’s

With this the inductive construction of the sequence (peg) ¢+
is complete. Let p :=Uy<g o+ Pe-

Claim
im(p) is a k-mcg which is k-Cohen indestructible.
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Cohen indestructible mcg’s

Proof:
Let G be Fn_(x, x)-generic filter. Suppose

V[G] E (im(p) is not a k maximal cof. group).
Then

VI[G] E 3t(t ¢ im(p) A (im(p)U{r}) is a k cofin. group).
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Cohen indestructible mcg’s

Proof cnt'd.:
Therefore there is p € G and a Fn_(x, k)-name for a cofinitary
permutation 7 such that

p 'Fan(K 9 (t¢im(p)A(im(p)u{t}) is a k-cofin. group).

Thereis & : k <& < k™, successor such that (p, 7) = (pe, 7z ).
Then by construction

plEVQ3a > Q(p(&+1)(a) = 17(ar)),

which is a contradiction. ]
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Open questions

Concluding remarks and open questions

Theorem (V.F)

(GCH) Let x*+ < A be regular uncountable cardinals and let
P = Fn_«(A x k,k). Then in V¥ every x-maximal cofinitary
group is either of size k™ or of size 2 = A.

An isomorphism of names argument shows that in the generic
extension there are no k-maximal cofinitary groups of size u,
where k™ < u < 2%,
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Open questions
Concluding remarks and open questions

Let ¢ denote either of the following sets: set of all x-maximal
cofinitary groups, the set of k-maximal almost disjoint families,
the set of k-almost disjoint permutations on ¥k, the set on
k-almost disjoint functions on *k. Then:

Theorem (V.F)

(GCH) Let x be a regular uncountable cardinal and let C be a
closed set of cardinals such that

1. kT eC,VveC(v>«kh),
2. [xT,|C|] C C and
3. Vv e C(cof(v) <k —vT e Q).

Then there is a generic extension in which cofinalities have not
been changed and such that C ={|¥|:¥ € ¢}.
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Open questions
Concluding remarks and open questions

Theorem (V.F., S.D. Friedman)

Assume GCH. Let E be an Easton index function and let
P =P(E) be the Easton product. Then in V¥ for every
x € dom(E) we have that a(x) = ag(x) < 9(k).
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Open questions
Concluding remarks and open questions

Theorem (V.F., S.D. Friedman)

Assume GCH. Let E be an Easton index function and let
P =P(E) be the Easton product. Then in V¥ for every
x € dom(E) we have that a(x) = ag(x) < 9(k).

Can we control the spectra of k-mad families (resp. k-m.c.g.)
globally?
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Open questions

Concluding remarks and open questions

» The question of obtaining an optimal set of conditions on
the potential spectrum of m.c.g. and also m.a.d. families,
even on o is still open.
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Open questions

Concluding remarks and open questions

» The question of obtaining an optimal set of conditions on
the potential spectrum of m.c.g. and also m.a.d. families,
even on o is still open. In a recent paper S. Shelah and O.
Spinas that the requirements ¥ € C and
VA € C(cof(A) = o — AT € C) in Blass’s theorem are not
necessary.
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Open questions

Concluding remarks and open questions

» The question of obtaining an optimal set of conditions on
the potential spectrum of m.c.g. and also m.a.d. families,
even on o is still open. In a recent paper S. Shelah and O.
Spinas that the requirements ¥ € C and
VA € C(cof(A) = o — AT € C) in Blass’s theorem are not
necessary.

» An analogous weakening on the requirements which we
impose on the spectrum of k-maximal cofinitary groups is
of interest.
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Open questions
Concluding remarks and open questions

» The question of obtaining an optimal set of conditions on
the potential spectrum of m.c.g. and also m.a.d. families,
even on o is still open. In a recent paper S. Shelah and O.
Spinas that the requirements ¥ € C and
VA € C(cof(A) = o — AT € C) in Blass’s theorem are not
necessary.

» An analogous weakening on the requirements which we
impose on the spectrum of k-maximal cofinitary groups is
of interest.

» There are still many open questions regarding the possible
sizes of k-mad families and k-maximal cofinitary groups.
For example, it is not known if consistently cof(a(x)) = «,
neither if consistently cof(ag(x)) = «.
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Open questions

Concluding remarks and open questions

Thank you!

Fischer The spectrum of aximal cofinitary groups
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