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1.1. The φ4 model

1 A pedagogical, yet nontrivial, model in lattice scaler-field theory.

2 The Hamiltonian for the spin configuration φ = {φx}x∈Λ, on Λ ⊂ Zd:

HΛ(φ) = −
∑
{u,v}⊂Λ

Ju,v φuφv +
∑
v∈Λ

(
µ

2
φ2

v +
λ

4!
φ4

v

)
.

Ju,v ≡J (u− v) ≥ 0 (ferro), J (o) = 0, Zd-symmetric, all moments are finite.

In particular, Ĵ ≡
∑
x∈Zd

J (x) < ∞, V ≡
∑
x∈Zd

|x|2
J (x)

Ĵ
< ∞.

The “temperature” µ ∈ R varies, while the “nonlineariry” λ ≥ 0 is unchanged.

3 The two-point function: ⟨φoφx⟩µ,Λ =
∫
RΛ
φoφx e−HΛ(φ)dφ∫
RΛ

e−HΛ(φ)dφ
↗
Λ↑Zd

⟨φoφx⟩µ

(∵ the 2nd Griffiths inequality).

Since HΛ(φ) =
Ĵ

2
(φ,−∆φ)︸         ︷︷         ︸

Kinetic energy

+
∑
v∈Λ

(µ − Ĵ

2
φ2

v +
λ

4!
φ4

v

)
︸                         ︷︷                         ︸

Potential energy

,

λ = 0 ⇒ well-defined only when µ ≥ Ĵ : the Gaussian critical point.

λ > 0, µ

≥ Ĵ ⇒ single-well potential,

< Ĵ ⇒ double-well potential.
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1.2. The phase transition and critical behavior

1 Lebowitz’ inequality implies

0 µ

λ

χµ ≡
∑
x∈Zd

⟨φoφx⟩µ

µ=Ĵµ=∃µc(λ)

2 The bubble condition for the mean-field behavior [Aiz:1982]:∑
x∈Zd

⟨φoφx⟩2µc < ∞ ⇒ χµ ≍
µ↓µc

(µ − µc)
−1.

3 For reflection-positive J in dimensions d > 2 [Frö-Sim-Spe:1976],

0 ≤
∑
x∈Zd

eik·x ⟨φoφx⟩µ ≤ O(|k|−2) ∀k ∈ [−π, π]d, uniformly in µ > µc.

In particular, for the nearest-neighbor model [Sok:1982],

⟨φoφx⟩µ ≤
O(1)

(|x| ∨ 1)d−2
∀x ∈ Zd, uniformly in µ > µc.

As a result, χµ ≍
µ↓µc

(µ − µc)−1 in dimensions d > 4.
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µ=Ĵµ=∃µc(λ)

2 The bubble condition for the mean-field behavior [Aiz:1982]:∑
x∈Zd

⟨φoφx⟩2µc < ∞ ⇒ χµ ≍
µ↓µc

(µ − µc)
−1.

3 For reflection-positive J in dimensions d > 2 [Frö-Sim-Spe:1976],
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1.2. The phase transition and critical behavior

4 Renormalization-group results for the nearest-neighbor model in 4 dimensions:

λ ≪ 1 ⇒


⟨φoφx⟩µc ∼|x|↑∞

∃C1|x|−2 [Gaw-Kup:1984],

χµ ∼
µ↓µc

∃C2(µ − µc)−1
∣∣∣ log(µ − µc)

∣∣∣1/3 [Har-Tas:1987].

For the n-component |φ|4 model, 1/3 is replaced by
n+ 2
n+ 8

[Bau-Bry-Sla:2014].

5 Simulation for the nearest-neighbor Ising model in 3 dimensions [Pel-Vic:2002]:

χµ ≈
µ↓µc

(µ − µc)
−1.23725···.

6 By Onsager’s exact solution for the nearest-neighbor Ising model in 2 dimensions,

χµ ≈
µ↓µc

(µ − µc)
−7/4.

Akira Sakai Hokkaido University

Critical two-point function for the φ4 model in high dimensions



. . . . . .

.

. .

1. Introduction

.

.

2. The main results

. .

.

. . . .

3. Three key steps for the proof 4. Closing remark

2.1. The main theorem

The Schwinger-Dyson equation: by integration-by-parts
⟨
∂HΛ(φ)
∂φo

φx

⟩
µ,Λ
= δo,x,

→
Λ↑Zd

−
∑
v∈Zd

J (v) ⟨φvφx⟩µ + µ ⟨φoφx⟩µ +
λ

3!

⟨
φ3

oφx

⟩
µ
= δo,x.

↕

−
∑
v∈Zd

J (v) ⟨φvφx⟩λ=0
µ + µ ⟨φoφx⟩λ=0

µ = δo,x
d>2⇒ ⟨φoφx⟩λ=0

Ĵ
∼
|x|↑∞

d
2π
−d/2Γ( d−2

2 )

Ĵ V |x|d−2
.

Theorem [Sak:2015]� �
Let d > 4 and λ ≪ 1 (depending on d and J ). Then,

∃Φµ(x) =
⟨
φ2

o

⟩
µ
δo,x +

O(λ)

(|x| ∨ 1)3(d−2)
uniformly in µ > µc,

such that the following linearized Schwinger-Dyson equation holds:

−
∑
v∈Zd

J (v) ⟨φvφx⟩µ + µ ⟨φoφx⟩µ +
λ

2

∑
v∈Zd

Φµ(v) ⟨φvφx⟩µ = δo,x.

As a result, µc = Ĵ − λ
2
Φ̂µc ≡ Ĵ − λ

2

∑
v∈Zd

Φµc(v), ⟨φoφx⟩µc ∼|x|↑∞

d
2π
−d/2Γ( d−2

2 )

Ĵ V +O(λ2)
|x|2−d.

� �
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2
Φ̂µc ≡ Ĵ − λ
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2.2. Remark

Remark

1 Similar results hold for large λ if Ĵ ≫ 1 (e.g., d≫ 4).

2 If J (x) ∝ |x|−d−α for some α > 0, then

1−
Ĵ (k)

Ĵ
≡ 1−

∑
x∈Zd

eik·x J (x)

Ĵ
∼
|k|→0

∃V̂α
2d
|k|α∧2 ×

1 [α , 2],

log 1
|k| [α = 2].

For d > 2(α ∧ 2), or for d ≥ 4 when α = 2,∣∣∣∣∣ ∑
x∈Zd

eik·x ⟨φoφx⟩µ
∣∣∣∣∣ ≤ O(1)

Ĵ − Ĵ (k)

uniformly in µ > µc, hence χµ ≍ (µ − µc)−1 (∵ extension of [Hey-Hof-Sak:2008]).

3 Under an additional condition on the “derivative” of J ∗n(x) [Che-Sak:2015, 201?],

⟨φoφx⟩µc ∼|x|↑∞

2d
2α∧2 π

−d/2Γ( d−α∧2
2 )

/
Γ( α∧2

2 )

Ĵ V̂α +O(λ2)1{α>2}
|x|α∧2−d ×


1 [α , 2, d > 2(α ∧ 2)],

1
log |x| [α = 2, d ≥ 4],

hence χµ ≍ (µ − µc)−1.
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2 If J (x) ∝ |x|−d−α for some α > 0, then

1−
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3.1. The Griffiths-Simon construction of the φ4 model from the Ising model

1 Ising spins on Λ̃N ≡ Λ × {1, . . . ,N} (Λ ⊂ Zd, N ∈ N).

Nearest-neighbor bonds from
a single site on Z̃d

4 ≡ Z
d × {1, . . . , 4}.

2 The Hamiltonian for the Ising-spin configuration σ = {σ(x, j)} ∈ {±1}Λ̃N , on Λ̃N:

HΛ̃N
(σ) = −1

2

∑
u,v∈Λ

Ju,vσ̃uσ̃v −
I
2

∑
v∈Λ
σ̃2

v,

where σ̃x ≡
∑N

j=1σ(x, j) is the block spin at x ∈ Λ.

The Griffiths-Simon construction [Sim-Gri:1973]� �
Let ϵN =

( λ
2 N3)−1/4, Ju,v =Ju,vϵ

2
N, I = 1

N − µϵ2N. Then,

ϵ2N ⟨⟨σ̃oσ̃x⟩⟩Λ̃N
≡ ϵ2N

∑
σ σ̃oσ̃x e

−HΛ̃N
(σ)∑

σ e
−HΛ̃N

(σ)
→

N↑∞
⟨φoφx⟩Λ .� �

Akira Sakai Hokkaido University

Critical two-point function for the φ4 model in high dimensions



. . . . . .

.

. .

1. Introduction

.

.

2. The main results

. .

.

. . . .

3. Three key steps for the proof 4. Closing remark

3.1. The Griffiths-Simon construction of the φ4 model from the Ising model

Idea of the Griffiths-Simon construction

1 The marginal distribution given σ̃ = {σ̃x}x∈Λ:

(⋆)
(1
2

)|Λ̃N | ∑
σ∈{±1}Λ̃N

(σ̃ fixed)

e
−HΛ̃N

(σ)
= exp

(1
2

∑
u,v∈Λ

Ju,vσ̃xσ̃y +
I
2

∑
v∈Λ
σ̃2

v

) ∏
x∈Zd

(
N

N+σ̃x
2

)(1
2

)N
.

2
I
2
σ̃2

x + log

((
N

N+σ̃x
2

)(1
2

)N
)

Stirling∼
φx≡ϵNσ̃x

ϵ−2
N

2

(
I − 1

N︸       ︷︷       ︸
−µ/2

+O(N−2)
)
φ2

x −
ϵ−4
N

12N3︸︷︷︸
λ/4!

φ4
x + oφ(N−1/4) +O(logN).

3 (⋆) ∝
Ju,v=Ju,vϵ

2
N

exp

(
1
2

∑
u,v∈Λ

Ju,vφuφv −
∑
v∈Λ

(
µ +O(N−1/2)

2
φ2

v +
λ

4!
φ4

v

)
+ oφ(N

−1/4)

)
∼ e−HΛ(φ).
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3.2. The random-current representaion for the Ising model (to regard the Ising two-point function as a certain connectivity function)

1 To make life easier, let N = 1 and I = 0:⟨⟨
σ̃xσ̃y

⟩⟩
Λ̃N
=

∑
σ σxσy e−HΛ(σ)∑
σ e−HΛ(σ)

, HΛ(σ) = −
∑
{u,v}⊂Λ

Ju,vσuσv.

2
(1
2

)|Λ|∑
σ

e−HΛ(σ) =
∑
σ

∑
n={nb}

∏
b

Jnb
b

nb!

∏
v

σ
∑

b∋v nb
v

2
=

∑
n={nb}

∏
b

Jnb
b

nb!

∏
v

1{∑b∋v nb is even},

(1
2

)|Λ|∑
σ

σxσy e−HΛ(σ) =
∑

n={nb}

∏
b

Jnb
b

nb!

∏
v

1{δv,x+δv,y+
∑

b∋v nb is even}.

The random-current representation (for N = 1, I = 0) [Gri-Hur-She:1970]� �
⟨⟨
σ̃xσ̃y

⟩⟩
Λ̃N
=

x

y

/
.

� �
3 Next, extract a recursive structure out of the connection between the two points.
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3.3. The lace expansion for the Ising model (to factorize the Schwinger-Dyson equation)

1 Split the event depending on whether ∃a pivotal bond for the connection:

x

o o

b

x

≡ π(0)

Λ̃N
(o, x) ≃

∑
b=(b,b)

π(0)

Λ̃N
(o,b) (tanhJb)

⟨⟨
σbσx

⟩⟩
Λ̃N
.

2 Further investigation of the difference in “≃” yields

The lace expansion for the Ising model [Sak:2007]� �
For ũ = (u, i), ṽ = (v, j) ∈ Λ̃N, let J̃ũ,ṽ = δu,v(1− δi, j )I + (1− δu,v)Ju,v. Then,

∃πΛ̃N
(õ, x̃) ≡

∞∑
n=0

(−1)nπ(n)

Λ̃N
(õ, x̃) = õ x̃︸    ︷︷    ︸

≤ ⟨⟨σõσx̃⟩⟩3
Λ̃N

−
õ x̃

+
õ

x̃ − · · ·

such that ⟨⟨σõσx̃⟩⟩Λ̃N
= πΛ̃N

(õ, x̃) +
∑

ũ,ṽ∈Λ̃N

πΛ̃N
(õ, ũ) (tanhJ̃ũ,ṽ) ⟨⟨σṽσx̃⟩⟩Λ̃N

.

� �
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3.3. The lace expansion for the Ising model (to factorize the Schwinger-Dyson equation)

Bound on πΛ̃N
[Sak:2015]� �

Let λ̃ =
1
µ

√
λ

2N
and set λ ≪ 1 and N ≫ 1. Then, for d > 4,

∣∣∣∣∣πΛ̃N
(õ, x̃) − δõ,x̃

(
1−

∑
ṽ

(tanhJ̃õ,ṽ) ⟨⟨σṽσõ⟩⟩Λ̃N

)∣∣∣∣∣ ≤ O(λ̃2)
(
δõ,x̃ +

O(λ̃)

(|x| ∨ 1)3(d−2)

)
.

� �
⇒ ΠN(x) ≡ lim

Λ↑Zd

∑
õ=(o,·)
x̃=(x,·)

πΛ̃N
(õ, x̃) = Nδo,x

(
1−

õ

)
+

O(λ̃3N2)

(|x| ∨ 1)3(d−2)
.

⇒ ΦN(x) ≡ −ϵ2NN
(
ΠN(x) − Nδo,x

)
∼

N↑∞

⟨
φ2

o

⟩
µ
δo,x +

O(λ/µ3)

(|x| ∨ 1)3(d−2)
.

Derivation of the linearized Schwinger-Dyson equation from the lace expansion

⟨⟨σ̃oσ̃x⟩⟩N = ΠN(x) +
∑
ũ,ṽ

ΠN(u)
N

(tanhJ̃ũ,ṽ)
⟨⟨σṽσ̃x⟩⟩N

N

= Nδo,x −
ΦN(x)

ϵ2NN
+ (N − 1)(tanhI ) ⟨⟨σ̃oσ̃x⟩⟩N + N

∑
v

(tanhJo,v) ⟨⟨σ̃vσ̃x⟩⟩N

−
∑
u,v

ΦN(u)

ϵ2NN2

(
(N − 1)(tanhI )δu,v + N(tanhJu,v)

)
⟨⟨σ̃vσ̃x⟩⟩N .

Akira Sakai Hokkaido University

Critical two-point function for the φ4 model in high dimensions



. . . . . .

.

. .

1. Introduction

.

.

2. The main results

. .

.

. . . .

3. Three key steps for the proof 4. Closing remark

3.3. The lace expansion for the Ising model (to factorize the Schwinger-Dyson equation)

Derivation of the linearized Schwinger-Dyson equation from the lace expansion (cont.)

⇒ 1− (N − 1) tanhI

Nϵ2N︸                 ︷︷                 ︸
∼ µ

ϵ2N⟨⟨σ̃oσ̃x⟩⟩N︸         ︷︷         ︸
∼ ⟨φoφx⟩µ

= δo,x −
ΦN(x)

ϵ2NN2︸  ︷︷  ︸
O(N−1/2)

+
∑

v

tanhJo,v

ϵ2N︸    ︷︷    ︸
∼ Jo,v

ϵ2N ⟨⟨σ̃vσ̃x⟩⟩N︸         ︷︷         ︸
∼ ⟨φvφx⟩µ

−
∑
u,v

ΦN(u)
(N − 1)(tanhI )δu,v + N(tanhJu,v)

ϵ4NN3︸                                      ︷︷                                      ︸
∼ λ2 δu,v

ϵ2N ⟨⟨σ̃vσ̃x⟩⟩N︸         ︷︷         ︸
∼ ⟨φvφx⟩µ

→
N↑∞

µ ⟨φoφx⟩µ = δo,x +
∑

v

(
Jo,v −

λ

2
Φµ(v)

)
⟨φvφx⟩µ .
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3.3. The lace expansion for the Ising model (to factorize the Schwinger-Dyson equation)

Verification of the uniform boundedness of gN(µ) ≡ supx(|x| ∨ 1)d−2ϵ2N ⟨⟨σ̃oσ̃x⟩⟩N

0

K

2K

3K

gN(µ)

µ
µ(N)

0µ(N)
c

(i) gN(µ) is continuous in (µ(N)
c , µ

(N)
0 ]

(
∼ (µc, Ĵ ]

)
.

(ii) gN(µ(N)
0 ) ≤ ∃K < ∞.

(iii) gN(µ) < (2K,3K] for every µ ∈ (µ(N)
c , µ

(N)
0 ).

Bounding πΛ̃N
under the assumption gN(µ) ≤ 3K

1 By definition, ⟨⟨σõσx̃⟩⟩Λ̃N
≤ δõ,x̃ + (1− δõ,x̃) O(λ̃) ϵ2N ⟨⟨σ̃oσ̃x⟩⟩N.

2 By a BK-type inequality,

δõ,x̃ ≤ π(0)

Λ̃N
(õ, x̃) = õ x̃ ≤ ⟨⟨σõσx̃⟩⟩3Λ̃N

≤ δõ,x̃ +
O(λ̃)3

(|x| ∨ 1)3(d−2)
,

δõ,x̃
õ
. π(1)

Λ̃N
(õ, x̃) =

õ x̃
. δõ,x̃

õ
+

õ x̃
+ other combinations,

etc., where
õ x̃

≤ ∃C̃λ̃2N
õ

x̃
≤ C̃2λ̃2N

õ x̃
≤ C̃3λ̃2N õ x̃.
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Theorem [Sak:2015], the finite-range case� �
Let J ≥ 0 be translation-invariant, Zd-symmetric, supported on a finite set ⊂ Zd \ {o},
but not necessarily reflection-positive. If d > 4 and λ ≪ 1 (depending on d and J ),
then

∃Φµ(x) =
⟨
φ2

o

⟩
µ
δo,x +

O(λ)

(|x| ∨ 1)3(d−2)
uniformly in µ > µc,

such that

µc = Ĵ − λ
2
Φ̂µc ≡ Ĵ − λ

2

∑
v∈Zd

Φµc(v), ⟨φoφx⟩µc ∼|x|↑∞

d
2Γ(

d−2
2 )/πd/2

Ĵ V +O(λ2)
|x|2−d.

� �
Three key steps for the proof

1 The Griffiths-Simon construction of the φ4 model from the Ising model.

2 The random-current representation for the Ising model.

3 The lace expansion for the Ising model.

Future problems on the lace expansion

1 Relax the condition on the “derivative” of J ∗n(x) for the power-law decaying case.

2 Application to other models, such as the FK random-cluster model, quantum Ising
ferromagnets, self-avoiding walk on random conductances, etc.
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