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Estimation of µ with Xk ∼ (1 − pk)N(µ,1) + pkN(µ,σ2
k)

Independent observations of N(µ,1)

X1,X2, . . . ,Xk , . . .

are contaminated according to the inflated variance model, i.e.

Xk ∼ (1 − pk)N(µ,1) + pkN(µ,σ2k)

with pk ∈ [0,1] and σk ∈ [1,∞[. Under which conditions is the
sample mean

µ̃n =
1

n

n

∑
k=1

Xk

(weakly) consistent for µ and asymptotically normal?
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Estimation of µ with Xk ∼ (1 − pk)N(µ,1) + pkN(µ,σ2
k)

Proposition

E[µ̃n] = µ

and

Var[µ̃n] = (sn
n
)
2

where

s2n =
n

∑
k=1

[(1 − pk) + pkσ
2
k].
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Estimation of µ with Xk ∼ (1 − pk)N(µ,1) + pkN(µ,σ2
k)

Theorem

Suppose that

lim
n→∞

1

n2

n

∑
k=1

pkσ
2
k = 0.

Then
µ̃n

P→ µ.
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Estimation of µ with Xk ∼ (1 − pk)N(µ,1) + pkN(µ,σ2
k)

Theorem

Suppose that

lim
n→∞

1

n

n
max
k=1

σ2k = 0.

Then
n

sn
(µ̃n − µ)

w→ N(0,1).
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Estimation of µ with Xk ∼ (1 − pk)N(µ,1) + pkN(µ,σ2
k)

Theorem

Suppose that

σn ↑ ∞ and lim inf
n→∞

σn
n

> 0

and

lim
n→∞

1

n

n

∑
k=1

pkσ
2
k = L.

Then
µ̃n

P→ µ

and
n

sn
(µ̃n − µ)

w→ N(0,1) ⇔ L = 0.

What happens if L ≠ 0?
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Central Limit Theorem

A Feller standard triangular array (FSTA) of rv’s

ξ1,1
ξ2,1 ξ2,2
ξ3,1 ξ3,2 ξ3,3

⋮

has the following properties:

(a) ∀n ∶ ξn,1, . . . , ξn,n are independent,

(b) ∀n, k ∶ E [ξn,k] = 0,

(c) ∀n ∶ ∑n
k=1 σ

2
n,k = 1 with σ2n,k = E [ξ2n,k] ,

(d) maxnk=1 σ
2
n,k → 0. (Feller negligible)
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Central Limit Theorem

Theorem (CLT)

For an FSTA {ξn,k} TFAE:

(a) ∑n
k=1 ξn,k

w→ N(0,1).

(b) ∀ε > 0 ∶ ∑n
k=1E [ξ2n,k ; ∣ξn,k ∣ ≥ ε] → 0. (Lindeberg’s condition)
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Approximate Central Limit Theorem

Let ξ ∼ N(0,1) and K be the Kolmogorov distance. That is,

K(η, ζ) = sup
x∈R

∣P[η ≤ x] − P[ζ ≤ x]∣ .

Then

lim sup
n→∞

K (ξ,
n

∑
k=1

ξn,k) = 0⇔
n

∑
k=1

ξn,k
w→ ξ,

lim sup
n→∞

K (ξ,
n

∑
k=1

ξn,k) = sup
h∈H

lim sup
n→∞

∣E [h (ξ) − h(
n

∑
k=1

ξn,k)]∣ ,

H = {R h→ [0,1] ∣ h strictly ↓, C∞, lim
x→−∞h(x) = 1, lim

x→∞h(x) = 0}.
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Approximate Central Limit Theorem

The classical method (e.g. Fourier analysis, Gaussian transforms)
performs an analysis of h which leads to

∣E [h (ξ) − h(
n

∑
k=1

ξn,k)]∣

≤ 1

6
∥h′′′∥∞ (E [∣ξ∣3] n

max
k=1

σn,k + ε) + ∥h′′∥∞
n

∑
k=1

E [ξ2n,k ; ∣ξn,k ∣ ≥ ε]

which, after taking the lim sup, recalling Feller’s negligibility
condition and letting ε ↓ 0, reduces to

lim sup
n→∞

∣E [h (ξ) − h(
n

∑
k=1

ξn,k)]∣

≤ ∥h′′∥∞ (sup
ε>0

lim sup
n→∞

n

∑
k=1

E [ξ2n,k ; ∣ξn,k ∣ ≥ ε]) .
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Approximate Central Limit Theorem

We call

Lin ({ξn,k}) = sup
ε>0

lim sup
n→∞

n

∑
k=1

E [ξ2n,k ; ∣ξn,k ∣ ≥ ε]

the Lindeberg index. It has the following properties:

(a) Lin ({ξn,k}) = 0⇔ {ξn,k} satisfies Lindeberg’s condition,

(b) 0 ≤ Lin ({ξn,k}) ≤ 1.
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Approximate Central Limit Theorem

The classical method has thus produced the inequality

lim sup
n→∞

∣E [h (ξ) − h(
n

∑
k=1

ξn,k)]∣ ≤ ∥h′′∥∞ Lin ({ξn,k}) (1)

which holds for every test function h. This proves that Lindeberg’s
condition is sufficient for normal convergence.
However, since ∥h′′∥∞ blows up if we let h run through H, (1) is
useless to derive an upper bound for the number
lim supn→∞K (ξ,∑n

k=1 ξn,k).
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Approximate Central Limit Theorem

The Stein-Chen method starts with the observation

∣E [h (ξ) − h(
n

∑
k=1

ξn,k)]∣

= ∣E [(
n

∑
k=1

ξn,k) fh (
n

∑
k=1

ξn,k) − f ′h (
n

∑
k=1

ξn,k)]∣

where
fh(x) = ex

2/2∫
x

−∞
(h(t) −E[h(ξ)]) e−t

2/2dt,

Ben Berckmoes Approximating the CLT using Stein’s method



Approximate Central Limit Theorem

and then performs an analysis of fh which leads to

∣E [h (ξ) − h(
n

∑
k=1

ξn,k)]∣

≤ 1

2
∥f ′′h ∥∞ ε + ( sup

x1,x2∈R
∣f ′h(x1) − f ′h(x2)∣)

n

∑
k=1

E [∣ξn,k ∣
2

; ∣ξn,k ∣ ≥ ε]

+( sup
x1,x2∈R

∣f ′′h (x1) − f ′′h (x2)∣)
n

max
k=1

σn,k
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Approximate Central Limit Theorem

which, after taking the lim sup, recalling Feller’s negligibility
condition and letting ε ↓ 0, reduces to

lim sup
n→∞

∣E [h (ξ) − h(
n

∑
k=1

ξn,k)]∣

≤ ( sup
x1,x2∈R

∣f ′h(x1) − f ′h(x2)∣)Lin ({ξn,k}) .

Now sup
x1,x2∈R

∣f ′h(x1) − f ′h(x2)∣ does not blow up if we let h run

through H as it is always bounded by 1.
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Approximate Central Limit Theorem

Therefore we get

Theorem (Approximate CLT)

For an FSTA {ξn,k}

lim sup
n→∞

K (N(0,1),
n

∑
k=1

ξn,k) ≤ Lin ({ξn,k}) .
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Estimation of µ with Xk ∼ (1 − pk)N(µ,1) + pkN(µ,σ2
k)

Theorem

Suppose that

σn ↑ ∞ and lim inf
n→∞

σn
n

> 0

and

lim
n→∞

1

n

n

∑
k=1

pkσ
2
k = L.

Then
µ̃n

P→ µ

and
n

sn
(µ̃n − µ)

w→ N(0,1) ⇔ L = 0.

What happens if L ≠ 0?
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Estimation of µ with Xk ∼ (1 − pk)N(µ,1) + pkN(µ,σ2
k)

Proposition

{ 1

sn
(Xk − µ)} is an FSTA

and
n

∑
k=1

1

sn
(Xk − µ) =

n

sn
(µ̃n − µ)

and

Lin({ 1

sn
(Xk − µ)}) =

L

1 + L
.
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Estimation of µ with Xk ∼ (1 − pk)N(µ,1) + pkN(µ,σ2
k)

Theorem

Suppose that

σn ↑ ∞ and lim inf
n→∞

σn
n

> 0

and

lim
n→∞

1

n

n

∑
k=1

pkσ
2
k = L.

Then
µ̃n

P→ µ

and

lim sup
n→∞

K (N(0,1), n
sn

(µ̃n − µ)) ≤
L

1 + L
.
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Estimation of µ with Xk ∼ (1 − pk)N(µ,1) + pkN(µ,σ2
k)

Figure: Lin = 0.02

-3 -2 -1 0 1 2 3

-3
-2

-1
0

1
2

3

Normal Q-Q Plot

Theoretical Quantiles

S
am

pl
e 

Q
ua

nt
ile

s

Ben Berckmoes Approximating the CLT using Stein’s method



Estimation of µ with Xk ∼ (1 − pk)N(µ,1) + pkN(µ,σ2
k)

Figure: Lin = 0.18
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Estimation of µ with Xk ∼ (1 − pk)N(µ,1) + pkN(µ,σ2
k)

Figure: Lin = 0.44
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Estimation of µ with Xk ∼ (1 − pk)N(µ,1) + pkN(µ,σ2
k)

Figure: Lin = 0.82
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