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New directions in Stein's method



I The middle-class gentleman, Moligre, 1670

MONSIEUR JOURDAIN: By my faith! For more than
forty years | have been speaking prose without knowing
anything about it.
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I \\What is Stein’s method ?

Evaluate

sup/FdP—/FdQ
FeF

3/39 Institut Mines-Telecom The Stein-Dirichlet-Malliavin method



I \\What is Stein’s method ?

Evaluate

sup/FdP—/FdQ
FeF

> Identify P as a solution of the functional problem

/LFd,u:0<:>u:P

» Solve "Stein’'s equation” : 3?F,LH = F for F € F
» Regularity properties of Hg

» Size-biased coupling, exchangeable pair, etc.
E [X H(X)] = E [T1 HE(X + T2)]




B \What is a Dirichlet structure ?

Pg:etL
PiF— [ Fdp

4/39 Institut Mines-Telecom The Stein-Dirichlet-Malliavin method



I Stein representation formula

Kantorovitch-Rubinstein distance between P and Q

P F(w) — PoF(w) = /0 " 2 Pt
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I Stein representation formula

Kantorovitch-Rubinstein distance between P and Q

P F(w) — F(w) = /0 L F(w)dt
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I Stein representation formula

Kantorovitch-Rubinstein distance between P and Q

/FdP— F(w) = /ooo LPF(w)dt
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I Stein representation formula

Kantorovitch-Rubinstein distance between P and Q

/ Fdp — / Flw) dQ(w) = / /0 T LPF(w)dt dQ(w)
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I Stein representation formula

Kantorovitch-Rubinstein distance between P and Q

/ Fdp — / Flw) dQ(w) = / /0 T LPF(w)dt dQ(w)

Points solved

> Identify P as a solution of the functional problem
» Solve "Stein's equation” : Hp = fooo LP;Fdt
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I Gaussian measure on R”

Standard Gaussian measure
» §=R", u=N(0,1d)
» LF(x) =x.VF(x) — AF(x)

» Semi-group (Mehler formula)

P:F(x) = / Fle fu+ v1—e2tv) du(v)
» X = (X1, -+, X,) where X,=Ornstein-Uhlenbeck process on

dXi(t) = —Xi(t)dt + V2 dBy(t)
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I Absolutely continuous measures

» u= standard Gaussian measure on R”

dv(x) = e V™du(x)

» LYF(u) = LFF(x) — VV(x).VF(x)

» Semi-group
PYF(x) = e™V0I/2pp (V/2F ) (x)

» X = (X1, -+, X,) where

dX,(t) = —(Xk(t) + Vi V(X(t)))dt + V2 dBy(t)
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I Poisson distribution on N

» § =N, p=Poisson [}]
LF(n) = X(F(n+1)— F(n))+n(F(n—1)— F(n))
X(t) = nb of occupied servers in M/M /oo
Dist. X(t) = Poisson[f(t, X(0))] where

v

v

v

O(t,n) =e ‘n+(1—e H)A

» Semi-group

0 k
= Y Fgeten et
k=0 ’

v

DF(n) = F(n+ 1) — F(n)
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I Poisson point process

PPP over Y

» § = configuration space over Y
» u=dist. of PPP(A)
» Generator

LEW) = | (FNU{5) = F)) dh)
+ 3 AN - F(w)

yeN

» X : Glauber process
» Dist. X(t)=PPP((1— e *)\) + e *-thinning of the I.C.
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I Realization of a Glauber process

X(s)
Y
08 S s Time
» 51,55, -+ : Poisson process of intensity A(Y) ds

» Lifetimes : Exponential rv of param. 1
» Remark : Nb of particles ~ M/M /oo
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B \\hat's next ?

Stein representation formula

/FdQ—/FdP:/OOO(/LPthQ) dt

[m] = = =
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B Generic scheme

Initial space Target space

G
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B Generic scheme

Initial space Target space

12/39 The Stein-Dirichlet-Malliavin method




B Generic scheme

Initial space Target space

dist.(Q, P) ?
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I |htegration by parts

" Carré du champ” operator

1
[(F; 6) = 5 (L(FG) — G LF — F LG)
For Gaussian measure, I'(F; G) = VF.VG
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I |htegration by parts

"Carré du champ” operator
1
rF;G)= 5 (L(FG) — GLF — FLG)
For Gaussian measure, I'(F; G) = VF.VG

—E.[GLF] =E,[I(F; G)]

Remind that

LF(x) = x.VF(x) — AF(x)
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I |htegration by parts

"Carré du champ” operator
[(F;G) = % (L(FG) — G LF — F LG)

For Gaussian measure, I'(F; G) = VF.VG

—E,[GLF]=E,[l(F;G)]
Remind that

LF(x) = x.VF(x) — AF(x)

=} = = = =
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I Breaking the L
/YFdQ—/YFdP:/O Eq [LP:F] dt

LEW) = | (FNU () = F(W)) dn(y)
+ 37 F(N\{y)) — F(V)

yeN

where

W

Coupling or IBP’ing 7

» Coupling : size biased, exchangeable pair, etc. depends on v
and T

4
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I Breaking the L
/YFdQ—/YFdP:/O Eq [LP:F] dt

LEW) = | (FNU () = F(W)) dn(y)
+ 37 F(N\{y)) — F(V)

yeN

where

W

Coupling or IBP’ing 7

» Coupling : size biased, exchangeable pair, etc. depends on v
and T

> Integration by parts depends only on v

4

14/39 Institut Mines-Telecom The Stein-Dirichlet-Malliavin method &c




I Breaking the L
/YFdQ—/YFdP:/O Eq [LP:F] dt

LEW) = | (FNU () = F(W)) dn(y)
+ 37 F(N\{y)) — F(V)

yeN

where

W

Coupling or IBP’ing 7

» Coupling : size biased, exchangeable pair, etc. depends on v
and T

> Integration by parts depends only on v

4
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I Breaking the L
/YFdQ—/YFdP:/O Eq [LP:F] dt

LEW) = | (FNU () = F(W)) dn(y)
+ 37 RNy — F(V)

yeN

where

W

Coupling or IBP’ing 7

» Coupling : size biased, exchangeable pair, etc. depends on v
and T

> Integration by parts depends only on v

> In the sequel, v=distr. of a general point process

v
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I Papangelou intensity

Theorem (Georgii-Nguyen-Zessin (GNZ) formula)

E, {Z | <. [ wtr ) ety M)en(y)

yeN

E, [Z )] =, [ wtr N0 D )

yeN
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I Papangelou intensity

Theorem (Georgii-Nguyen-Zessin (GNZ) formula)

E, {Z | <. [ wtr ) ety M)en(y)

yeN

E, [z )] =, [ wtr N0 D )

yeN

Informally

c(x, N) ~P(NU{x}|N)
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I Papangelou intensity

Theorem (Georgii-Nguyen-Zessin (GNZ) formula)

E, {Z | <. [ [ty )<ty N)dA(yﬂ

yeN

E, [Z u(y, N)_ E, [/Y u(y, NU{y})c(y, N)d/\(y)]

yeN

Informally
c(x, N) ~P(NU{x}|N)
N A
= N
<™ (y, N) = c*(y, N) d/\,(y)




I Examples

Poisson process : v = mp

c(x, N) =
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I Examples

Poisson process : v = mp

c(x, N)=1

’

Pairwise interactions Gibbs process

If

dv(N) = exp(— 3 6(x, ¥)) dma(N)

x,yeN
Then
c(x, N) =exp(— > _ ¢(x, y))

YeN
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I |htegration by parts

Definition (Difference operator)
For F: My — R,

DF : Y x Ny

(v, N)

— R

—  DyF(N) = F(NU{y}) = F(N\{y})
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I |htegration by parts

Definition (Difference operator)

For F: My — R,

DF: Yx%Ny — R
(s N) = DyF(N) = F(NU{y}) = F(N\{y}).

Theorem (LD-Flint)
For any bounded function F on y,

€, [F) ([ by M) - [ ) ety n)enen)|

—E, [ /Y D, F(N) u(y, N)c(y, N)d/\(y)]

[m] = = =
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B Giobal picture
Stein-Dirichlet-Malliavin structure

» v=dist. of point process of Papangelou intensity ¢

» D = difference operator, D* its adjoint

D*u= /Y u(y, N\y)dN(y) — /Y u(y, N) c(y, N)dA(y)

» Generator

D*DF(N) = /YDyF(N)C(% N) dA(y)

+ Y F(N\{y}) = F(N)

yenN

» X the associated Glauber process

18/39 Institut Mines-Telecom The Stein-Dirichlet-Malliavin method %c



B Giobal picture
Stein-Dirichlet-Malliavin structure

» v=dist. of point process of Papangelou intensity ¢

» D = difference operator, D* its adjoint

D*U=/yU(y, N\y)dN(y)—/Yuo/, N) c(y, N)dA(y)
» Generator

D*DF(N) = /Y D, F(N) T C(Cz(y I7\I,)Vd)/\(z) /Y c(z, N)dA(z) dA(y)

+ ) F(N\{y}) - F(N)

yeN

» X the associated Glauber process

v
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B Dirichlet-Malliavin structure

Pt:e“‘
PiF— [ Fdp
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I Consequences

New problem solved

E[XF(X)] =E [F' (X + T2) T1]

almost equivalent to integration by parts or the existence of D.
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I Consequences

New problem solved
E[XF(X)] = E [F'(X + T2) T4]

almost equivalent to integration by parts or the existence of D.

Hence
We need a Dirichlet-Malliavin structure on both initial and target
spaces.
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I B TS deployement
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I Statistical analysis

Tests [Gomez et al ]
Locations of all BTS ~ Poisson point process

[m] = = =
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I Statistical analysis

Tests [Gomez et al.]
Locations of all BTS ~ Poisson point process

» Which model for one frequency band ?

[m] = = =
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I Statistical analysis

Tests [Gomez et al.]
Locations of all BTS ~ Poisson point process

» Which model for one frequency band ?

» Explain/quantify why the superposition is Poisson

[m] = = =
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I Statistical analysis

Tests [Gomez et al.]
Locations of all BTS ~ Poisson point process

» Which model for one frequency band ?
» Explain/quantify why the superposition is Poisson

Related works

> Deng, Zhou, Haenggi.THE GINIBRE POINT PROCESS AS A
MODEL FOR WIRELESS NETWORKS WITH REPULSION

» Li, Baccelli, Dhillon, Andrews. STATISTICAL MODELING AND
PROBABILISTIC ANALYSIS OF CELLULAR NETWORKS WITH DPP
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I Ginibre process

Random matrices

Nc(O,l) Nc(O,l)

N = lim Eigenvalues of
size —o00

Nc(b,l) Nc(b,l)
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I Ginibre process

Random matrices

Nc(O,l) Nc(O,l)

N = lim Eigenvalues of
size —o00

Nc(b,l) Nc(b,l)

Definition (Correlation functions)

p(n)(XL' .. ,Xn) = det(K(Xi,Xj), 1 S I’.j S n)

where

1 _ 1
K(x,y) = —ep(x7 = S (2 +1yP)), xy €€
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I Repulsion

Figure: ¢(x,w) where |w| =9 (I. Flint©)
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B Randomization

> Apply a S-thinning
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B Randomization

(A, 5)-Ginibre

> Apply a S-thinning

» Apply a dilation of \\//3

Poisson as a (A, 0)-Ginibre
(A, B) — Ginibre 520, Poisson(m 1\ dy)

25/39 Institut Mines-Telecom
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I Results [Gomez et al.]

Table: Numerical values of 8 and A per technology and operator

Orange SFR Bouygues Free
081 0.76 0.65 NA
GSM 900 b
Al 239 265 2.63 NA
0.84 0.85 0.71 NA
GSM 1800 b
Al 3.00 239 3.59 NA
g1 1.00 0.93 0.67 NA
LTE 800
A| 067 1.65 1.87 NA
g1 093 0.67 0.63 0.89
LTE 2600
Al 280 276 2.46 1.05
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B Framework

Initial space Target space

(mg, ®/K:1Vi)
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B Framework

Initial space Target space
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I Our situation

nitial space

» v;j= PP of intensity measure A; and PI c{\

» P= Poisson(A) with A = Z,Kzl Ni

] =) = £ DA
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I Our situation

Initial space

» v;j= PP of intensity measure A; and PI c{\
> T(Nl’ T 7NN) = Ulel Ni

Target space
» P= Poisson(A) with A = Z,Kzl Ni

DA

[m] = - =
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I Our situation

Initial space
» v;j= PP of intensity measure A; and PI c{\

> T(Nl"" 7NN) = Ulel N;

» P= Poisson(A) with A = Z,Kzl A

> n:T*®,K:11/,-hasPl

K
My, VN = My, Vi)
i=1

29/39 Institut Mines-Telecom
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I Lipschitz functionals

Distance between configurations

¢(N, M) = distty(N, M) = number of different points
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I Lipschitz functionals

Distance between configurations

c(N, M) = distty(N, M) = number of different points

Definition
F : My = Ris TV-Lip; if

[F(N) = F(M)] < distrv(N, M)

Example : N +— N(A)
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I Lipschitz functionals

Distance between configurations

c(N, M) = distty(N, M) = number of different points
F : My — Ris TV-Lip; if
IF(N) — F(M)| < distry(N, M)

Example : N — N(A)

dkr(P, Q) :=

Definition (Kantorovitch-Rubinstein distance)

sup
€TV-Lip,

(Ep[F] — Eq[F]),

30/39 Institut Mines-Telecom
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I Sccond step

E, [Z PLF(N\{y}) - PtF(N)]

yeN

yeN

- _E, [Z Dy P.F(N) c(y, N)d/\(y)]

K

=-YE, [/Y D, P:F (UK N;) My, ;) d/\(y)]

i=1
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I Putting all together

Partial conclusion

E, [/oo LPtF(N)dt]

0

[e'e) K
= Egy, l/ / Dy PiF(UELN;) ‘1 =Y Ny, W)
o Jy Pt

dA(y) dt]

V.
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I Putting all together

Partial conclusion

E, [/oo LPtF(N)dt]

0

) K
.., [ I [, rtam \1 Sy, /v,-)' dA(y) dt]
S i=1

V.
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I Putting all together

o0
E, [/ LPtF(N)dt]
0
dA(y) dt]

0 K
= Egy, l/ / e 'PeD, F(UF ;) ‘1 =Y My, V)
C i=1

K
dkr(v, mr) < E [ /Y ‘1 =Y My, W) d/\(y)]
i=1
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I Repulsive point processes

Definition (Repulsivity)

M C N = c(x,N) < c(x, M)
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I Repulsive point processes

Definition (Repulsivity)
M C N = c(x,N) < c(x, M)
Weak repulsivity

c(x, N) < c(x,0)

=] =) = =
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N Convergence of weak repulsive processes

Ifvki, i=1,---,K are w-repulsive

dkr <T*(®,K:1VK i) Poisson(/\)>

D) — 1|dAy)

K
+2) (1 vk,i({0})?
i=1
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I Proof

If N w-repulsive

c(y,0) = pM(y) = c(y,0) P(N =)

[m] = - =
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I Proof

If N w-repulsive
c(y,0) > pM(y) > cly,0) P(N = 0)
> w-repulsive = ¢(y, N) < ¢(y,0)
> GNZ = E[c(y, N)] = pM(y)
» On the other hand

E [c(y, N)] = E [c(y, 0)1n—g] + E [c(y, N)1jnj>1]
> c(y,0)P(N =0)

o = = = v
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I Superposition

Theorem (LD-A. Vasseur)

K K
dkr (@(AKJ, Bk.;)-Ginibre, Poisson(r ! Z )\K,id}/)>

i=1 i=1

< = sup ki
1

Xl o
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I Superposition

Theorem (LD-A. Vasseur)

K K
dkr (@(AK,;, Bk.i)-Ginibre, Poisson(r ™" Z /\Kyidy))

i=1 i=1

C
< — su 3
=K ipﬂK,l

dKR<(>\,B) — Ginibre, Poisson(w_l)\)> <cB
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I Conclusion

Target space

» Dirichlet Malliavin structure for the target measure
Initial space
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I Conclusion

Target space

» Dirichlet Malliavin structure for the target measure
Initial space

» Gradient and its adjoint for the initial measure
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I Conclusion

Target space

» Dirichlet Malliavin structure for the target measure
> |DP.F| < (t)P;|DF| with ¢ € L1(RT)

Initial space
» Gradient and its adjoint for the initial measure

o = = = ae
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I Conclusion

Target space

> Dirichlet Malliavin structure for the target measure
Characterization of the target measure

» |DP.F| < 9(t)P:|DF| with ¢ € L}(RY)

Initial space
» Gradient and its adjoint for the initial measure

=] =) = = ae
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I Conclusion

Target space
» Dirichlet Malliavin structure for the target measure
Characterization of the target measure

» |DP.F| < 9 (t)P:|DF| with ¢ € L1(R")
I

» Gradient and its adjoint for the initial measure
Exchangeable pairs, bias coupling, etc

o = = = ae
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I Conclusion

Target space
» Dirichlet Malliavin structure for the target measure
Characterization of the target measure

» |DP.F| < (t)P;|DF| with ¢ € L}(R")

Properties of the solution of the Stein equation, gradient
bounds

Initial space
» Gradient and its adjoint for the initial measure
Exchangeable pairs, bias coupling, etc

[m] = - =
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I Conclusion

One could put them first of all as you said them:
"Beautiful marchioness, your lovely eyes make me die of
love.” Or else: " Of love to die make me, beautiful
marchioness, your beautiful eyes.” Or else: " Your lovely
eyes, of love make me, beautiful marchioness, die.” Or
else: "Die, your lovely eyes, beautiful marchioness, of
love make me.” Or else: "Me make your lovely eyes die,
beautiful marchioness, of love.”
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