Limit Theorems for Poisson U-Statistics

Singapore, May 21, 2015

Matthias Reitzner

5
UNIVERSITAT o OSNABRUCK



Poisson hyperplane process in R?




Poisson hyperplane process in R?

n(By={Hen: HNB # 0}



Poisson hyperplane process in R?

d
Y:H{-DlHi s H; 677}




Poisson hyperplane process in R?

d
Y:H{-DlHi s H; 677}

EY ...integral geometry

VY =7

Y ~7



Poisson hyperplane process in R?

d
Y:H{-DlHi s H; 677}

EY ...integral geometry

VY =7

Y ~7

Y -EY

ik”” SN 3 \/w NN(Oa 1)

for t — o0?



Poisson hyperplane process in R?

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ;
Y:H{-DlHi : H,' 677}

EY ...integral geometry

VY =7
Y ~7?
Y - EY
~ N(0,1
777777777777777777777777777777777777777777777 VvVVY (0.1)
for t — o0?



Poisson hyperplane process in R?

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, ;
Y:H{-DlHi : H,' 677}

EY ...integral geometry

VY =7

Y ~7

Y -EY

~ N(0,1)

for t — 00
Heinrich, Schmidt, Schmidt




Poisson plane process in R?




Poisson plane process in R?

=1 = {ﬂil Ei, Ei 677}7 X(B) = ZLeﬁ VJ'(LﬂB)



Poisson Point Process
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Poisson point process of intensity t (according to Lebesgue measure)
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Definition: Poisson U-statistic
n Poisson point process, f € L1(Q):

Fn)=> fla,-.., %)

Slyvniak-Mecke formula



Poisson U-statistic

Malliavin calculus for functions F(n) of Poisson point processes:

Wiener-It6 chaos expansion
If F e L?(P) then




Wiener-Ito Chaos Expansion

The kernel f;:
e D,F(n)=F(nu{y})— F(n) ... Difference operator D,
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The kernel f;:
e D,F(n)=F(nu{y})— F(n) ... Difference operator D,
h = f(y1) = ED, F(n)
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Wiener-Ito Chaos Expansion

The Wiener-Ito integral of fi(y1,...,y):

H(F) = / fd(n — )

Qi\diag
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Wiener-Ito Chaos Expansion

The Wiener-Ito integral of fi(y1,...,y):

H(F) = / fd(n — )

Qi\diag

[sometry:
2
E[h(f,) ()] = nll|f|?
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Poisson U-statistic

Fn)=> fla,..., %)

l
Qk—i

h(F) = / (- )

Qi\diag

k
..,y,-) = () / f(_y]_,‘..,_y,',X]_,...,Xk,,') d,u(X]_,...,Xk,,')
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Poisson U-statistic

Wiener-1t6 chaos expansion

F € L?(P) has a finite Wiener-Itd chaos expansion

F(n) = Z li(f)

i=0

with kernels f; € L* N L?(Q), iff F is a sum of U-statistics.

v

Reitzner, Schulte
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Poisson U-statistic

Example:
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Poisson U-statistic

Example:
F= > f(x,x)el}(P)
%

with £ € L1 12N [2(Q) and with F ¢ [2(P).

fF=10¢ <xxH10E < x )
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Poisson U-statistic

Example (continued):

F = k(f) e A(P)

is a sum of U-statistics

f=10¢ <x )13 <x )
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Poisson U-statistic

Example (continued):
F = k(f) e A(P)

= / f(Xl,XQ XmdX2—2Z/ X1,X2 dX2—|—ZfX1,X2
T x1€EN

is a sum of U-statistics which are not in L?(P).

f=10¢ <x )13 <x )
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Poisson U-statistic

Stein’s methode and CLT'’s for Poisson functionals:

Central limit theorem

For F € L?(P) we have

1 1 2
dw(F,N) < 7§?VFKVF—ULR—DA—FhmM]

= / E[(D,F)?| DL F[]u(d).

with N ~ A/(0, 1).

v

Peccati, Solé, Taqqu, and Utzet
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Poisson U-statistic

Central limit theorem

F an absolutely convergent U-statistic of order k. Then

F—EF Ma(f)
d N <2kt =2t
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Poisson U-statistic

Central limit theorem

F an absolutely convergent U-statistic of order k. Then

dW<F—EW>N>S2KMmU)

vVF VF

with N ~ N(0,1).
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Poisson U-statistic

Central limit theorem
F an absolutely convergent U-statistic of order k. Then

F - EF Ma(f)
d N <2k
W(W_F’ >— VF

with N ~ N(0,1).

F is absolutely convergent if

Fn)=> If(xa,....x)| € L*(P).
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Poisson U-statistic

Central limit theorem

F € L?(IP) nice U-statistic of order k. Then

F —EF
dy | ———, N ] < cmax f,-*'f,-, f,-*’f-, £
w (S ) < cmaxlf o 114 511 117}

with N ~ A(0, 1).

o’

Lachieze-Rey, Peccati
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4th moment theorem

Central limit theorem

F € L?(PP) a U-statistic of order k with f > 0. Then

o () s fe ()

with N ~ N(0,1).

v

Lachieze-Rey, Peccati

19/30



4th moment theorem

Central limit theorem

F € L?(PP) a U-statistic of order k with f > 0. Then

o () s fe ()

with N ~ N(0,1).

v

Lachieze-Rey, Peccati

...and much more: Bourguin, Lachieze-Rey, Last, Peccati, Penrose,
Schulte, Thale, ...
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Poisson U-statistic

Poisson point process with intensity measure p = tug, t > 1.

F = > f is a geometric U-statistic if

f(x1,...,xx) is independent of t.
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Poisson U-statistic

Poisson point process with intensity measure p = tug, t > 1.

F = > f is a geometric U-statistic if

f(x1,...,xx) is independent of t.

Central limit theorem
F € L?(PP) a geometric U-statistic of order k with ||f| > 0. Then

VF ~ ||f1||2 ~ crt?k1

F—EF !
d N ) < Gt
v (S v) <G

with N ~ N/(0,1).
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with VY ~ cy(B)t24-1
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Random geometric graph

geometric graph (V,€) = (n,{(x,y) € % : [Ix — yll < 6:})
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Poisson U-statistic

Poisson point process with intensity measure p = tug, t > 1.
F =>_f is a local U-statistic if

f(Xla"ka):O IfHXI_XJHZét

for some i,j € {1,... k}
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Poisson U-statistic

Poisson point process with intensity measure p = tug, t > 1.
F =>_f is a local U-statistic if

FOa,ox) =0 [xi = x| > 6

for some i,j € {1,... k}

Central limit theorem
F € L?(P) a local U-statistic of order k with ||f,]| > 0. Then

VF =~ ||f]]? ~ ¢t?*7!, and

F —EF )
dw | ——,N ) < Gt
o (EE W) <

with N ~ A/(0, 1).
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BN < et

with VY = ¢(B)t
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Concentration

... for first order U-statistics with f >0 ...

P(F — EF > u) < e TH=t(#)
with g(v) = (1 + u)In(1 + uv) — u, u > 0.

Houdre and Privault, Ane and Ledoux
Reynaud-Bouret, Breton, et al.
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Poisson hyperplane process in R?

—————————————————————————————————————————

L= Xg_1(nN B)

= S Ag_1(H N B)

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

P(L—EL > u) < ¢ Ti=e ()

with
glwy)=1+u)In(l+u) —u, u>0.
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Concentration

... for higher order U-statistics with f > 07

dr(n,A) = max min/u d(n\¢)

lullz;p<1 C€A

(Talagrand’s convex distance)

P(AYP (dr(n, A) > s) < e .

Reitzner
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Concentration

... for local U-statistics with f >0

dr(n, Am) = F(i?/)%ﬁ : \}Eﬂ(F(X:n) < BVxen).
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Concentration

... for local U-statistics with f >0

dr(n, Am) = F(i?/)%ﬁ : \}Eﬂ(F(X:n) < BVxen).

u

_1 4
P(|F — MF| > u) < 4p(@)e 11" ()"

for u > U(f, ).

... Lachieze-Rey, Reitzner, Schulte, Thale
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Random geometric graph

F a nice local U-statistic with f > 0. Then for all r > 0,

(@F )Y 2R R/ (2K))2

P(F>EF+r)<e

2
P(F <EF —r) < e #vr
I R
P(F > MF + r) < 2e #eg(ronirp 1%
2

P(F < MF — r) < 2¢ %P

... Bachmann, Peccati, Reitzner
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Thank you!
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