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LINDEBERG-method

(more than) 90 years LINDEBERG-method: replacement trick/ swapping trick

renaissance in random matrix theory and for other models
(CHATTERJEE, Ta0, VU,...)

survey article with M. LOWE, 2013
in progress: use of the method for moderate deviations questions...

A. Tobpa, 2012: (X;); independent, E(X;) =0, V(X;) =1

vp geometric random variable with mean 1/p, independent of X;'s

P/ Z)@ = 1(0,1/v2) (p—0)

j=1



LAPLACE-distribution

STEIN-characterization:

E[B?X f"(X) +2b° f'(X) — X f(X)] =0



LAPLACE-distribution, double exponential

> weak limit of the geometric sum of independent but not identically
distributed random variables

» fatter tails than the normal distribution

» the difference between two independent identically distributed exponential
(A)-random variables is L(0, A7)

> consider A = %: exponential (%) =x3= F1/2,1

L(0,2) = G2+ G3 - G3 - G3



U-statistics

examples: homogenous sums, quadratic forms:

Qu(f. X) = Y (i )XX

1<inj<n



U-statistics

examples: homogenous sums, quadratic forms:
Qu(F, X) = > F(L )X X
1<ij<n
HOEFFDING-decomposition:

(— > (X, X)) Z (X)) + L > X X))

<i<j<n i=1 (g) 1<i<j<n

g(x) = E[h(x, X2)] n(x,y) = h(x,y) — &(x) — g(y) + E[h(X1, Xo)]



U-statistics, LAPLACE-distribution

degenerated case: g(x) =0

example: h(x,y) = xy

—>Z)\ G—1

SERFLING, 1980; RUBIN, VITALE, 1980

the LAPLACE-distribution appears as a limit of degenerate U-statistics (!)
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the question

does the LAPLACE-distribution appear as the limit of a sequence of
WIENER-ITO integrals I4(f,) of fixed order q ?

Double WIENER-ITO integrals, g = 2:
(Bt)ter, Brownian motion

/Oo f(t)dB: =: IL(f), f € L*(R,)
0

[e’e] t
h(f) :/ f(t,s) dB:dBs :2/ dBt/ dBs f(t,s), f e Li(R?)
[0,00)2 0 0

fact:

oo

Z)\J G —1) inlaw

(G;); independent N(0,1), convergence in L?(Q2) and a.s.



convergence in law: double integrals
NOURDIN, Pory, 2012:

Let (F,), be a sequence of double WIENER-ITO integrals that converges
in law to F..

> Then there exists \g € R, f € L2(R?) such that

Foo = N(0, Xo) + h(f)

Fn— L(0,b) inlaw < k;(F,) — k;i(L(0, b)) for i =2,4,6
ki(X): i'th cumulant

> their result is much more general...



convergence in law: multiple integrals

a nice observation by Kusuoka, TuDOR, 2013:

within the PEARSON class of probability distributions:

the only possible limits of sequences of multiple integrals (/,(f;)), are the
Gaussian law and the Gamma law

p'(x) a+x
p(X) o ng2 + le + b()

density p:



convergence in law: multiple integrals

a nice observation by Kusuoka, TuDOR, 2013:

within the PEARSON class of probability distributions:

the only possible limits of sequences of multiple integrals (/,(f;)), are the
Gaussian law and the Gamma law

p'(x) a+x
p(X) o ng2 + le + b()

density p:

LAPLACE-approximation for Io(f) ? Error bounds ?



Gaussian analysis

» Hg: closed linear subspace of L?(S2) generated by H,(/y(f))
Hg: q'th HERMITE polynomial

Q) =PH, LAQ>F=EF)+)_l(f)

ge.°

Io(F®9) = Hq(/ f dB;)

0

» more general: X = {X(h)}ney: isonormal Gaussian process over H
E(X(f)X(g)) = (. &)nu. covariance

E(l,(f) Iq(g)) = PXF. &)1 l{p=q isometry property



4 moment theorem

NOURDIN, PECCATI, 2009: let E(I4(F)?) =1
1 2\ 1/2 g—1 1/2
(it < €(( 210w 1) ) < (S B - 31)

Dily(f) := qlg—1(f(-,t))  Malliavin-derivative
Stein: F := I4(f)

1
E(Ff(F)) = IE(f’(F)6<DF7 DF)) integration-by-parts



4 moment theorem

NOURDIN, PECCATI, 2009: let E(I4(F)?) =1
1 2\ 1/2 g—1 1/2
(it < €(( 210w 1) ) < (S B - 31)

Dily(f) := qlg—1(f(-,t))  Malliavin-derivative
Stein: F := I4(f)

E(Ff(F)) = E(f’(F)%(DF, DF)) integration-by-parts

product-formula and isometry property:

1 2 g-1 _
E(qDF|2—1) =Y e )

r=1
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STEIN for LAPLACE

1
Pu(x) =3 sign(x)

PIKE, REN, 2013:  E(f"(X)) = E(f(X) — £(0))
application: geometric sums, see also DOBLER, 2013
Malliavin: f(x) — xf(x):

E[p°Xf"(X) + 2b*f'(X) — Xf(X)] =0  Stein-characterization

this is exactly the characterization in GAUNT, 2014



integration-by-parts

F = I4(f)
|E[6*Ff"(F) + 2b*f'(F) — FF(F)]| < ?

apply
E[H G| =E[H]E[G] + E[(DH,-DL™*G)]

E[Ff(F)] = E[f'(F)r(F)]
= E[f'(F)|E[M(F)] +E[f"(F)I3(F)]

with [(F) := (DF, —DL7F) = %(DF, DF) and T3(F) := (DF,—DL™1I(F))



integration-by-parts
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integration-by-parts

F = Iy(f)
|E[B*Ff"(F) + 26%f'(F) — FF(F)]| < ?

apply
E[H G| =E[H]E[G] + E[(DH,-DL™*G)]

E[FF(F)] = E[f(F)ra(F)]
= E[f'(F)|E[M(F)] + E[f"(F)5(F)]

with [(F) := (DF,—DL='F) = X(DF, DF) and ['3(F) := (DF,—DL~,(F))

Q=

= try to bound E(b*F — '3(F))?



Variance-Gamma distributions

remark: r3(F) = 2E[l3(F)]

LAPLACE-distribution is a member of the three-parameter family of
Variance-Gamma distributions:

GAUNT, 2014

|E[0?(F + rO)f"(F) + (o?r + 20(F + r0))f'(F) — Ff(F)]| < ?

0V +ovVVU
with U ~ N(0,1), V ~T(r/2,1/2), r > 0,0 >0and § € R

conditioning on V' the random variable is N(0,o2V)



examples

» symmetrized Gamma distribution
» product of two normal distributed random variables, correlated

» difference of two correlated Gamma distributions



results

remark: AZMOODEH, PECCATI, POLY, 2014, finite linear combination of
centered y2-distributions

Theorem
Let Y be Variance-Gamma distributed, F = I,(f)

dw(F,Y) < GE|o?(F + rf) + 20T5(F) — T3(F)| + G|ro® + 2r6* — E(T2(F))|

Theorem
Y symmetrized Gamma-distributed, 2r( |x|’ le=AIXl " and q is even:
1 2 =1 L 2
E(pF - r3(F)) - qu—f -3 colrig - r)((f®,f)®q_,f)HH®q
r=1

s @0 3 colr.3a/2— k= ((FEAEw )]

H @2k
k=0,k#q/2 re Gy




compare with free probability

compare with DEvAa, NOURDIN, 2012:
WIGNER-integrals

the tetilla law (symmetrized Marchenko-Pastur law) is the free
LAPLACE-distribution

all ¢q(+,-) are 1 (!): there is a 6 moment theorem for every I;(f)



results for double integrals

Theorem

Let Y be a symmetrized Gamma-distributed r.v. with r, A\ > 0 and suppose
that E[F2] = 2r/)\2. Then, as n — oo, following assertions are equivalent:

(a) F, = h(f,) converges in distribution to Y,

(b) E[F*] — E[Y*] and E[FE] — E[Y?Y],

(©) [14((f@1f)®1fa) — Refallusz — 0 and [[((f:®1£)®2£)]* — 0.




results for double integrals

Theorem

Let Y be a Variance-Gamma distributed random variable and suppose that
E[F?2] = r(o? 4 20%). Then, as n — oo, following assertions are equivalent:

(a) F, = h(f,) converges in distribution to Y,
(b) E[Fi] — E[Y/] for all j = 3,4,5,6,

(C) ||4((fn®1fn)®lfn) - 29 (fné)lfn) — 0'2fn||7.[®2 — 0 and

||((fn®1fn)®2fn)”'}-[®2 — %r002 + r3.




results for double integrals

Let F, = h(f,) and Y be a symmetrized Gamma-distributed r.v.

Theorem

Assume that E[F2] — 2. Then there are constants C; = Cy(\, r) > 0 and
G =G((Ar)>0 such that

1 1 1 1 1/2
dw(Fr Y) < G(g5gholFn) = o ralF)ra(Fa) + ozka(Fa)? + 2ra(Fa)?)
+c2‘p — ra(Fy).

the third moment of F,, converges to zero automatically (!)




homogeneous sums

Ho(X,q) = Y hu(iv,..yig) Xy - Xi,,  (X;); independent

Theorem
Suppose that E[H,(G, q)?] = r(c? + 26?), let Y be a Variance-Gamma

distributed random variable Then, as n — oo, the following assertions are
equivalent:

(a) H,(X, q) converges in distribution to Y, for every independent (X;);.

(b) H,(G, q) converges in distribution to Y.

If g = 2 then (a) and (b) are equivalent to E[H,(G,2)] — E[Y/] for j = 3,4,5,6.

see NOURDIN, PEccATI, REINERT, 2010



multivariate extensions

Fo:=(Fn1,...,Fnqg) and put Y :=(Yq,..., Yg).

An()) = B[ 07 (Faj + 1j6)) = 20;T2(Fa ) = Ts(Faj)| + [107 + 2067 — E[T2(Fo)l|,
and for j # i define

Bn(i,j) := E|(DFs;, —DL™'F, )|

Theorem

There are constants C; > 0 and G, > 0 only depending on d and the parameters
rj, 0; and oj, j =1,...,d, such that

dist(Fp, Y) <cle +CQZB (i, ).

1 ij=1
i= i#j

see BOURGUIN, PEccATI, 2012
e



new research group

The Research Training Group (RTG), funded by DFG,

High-dimensional Phenomena in Probability - Fluctuations and
Discontinuity

offers excellent national and international graduates in the mathematical sciences
the opportunity to conduct internationally visible doctoral research in probability

theory. The goal of the RTG is to bring together the joint expertise on aspects of
high dimension in probability.

11 Ph.D.-positions and 2 postdoc positions; Ruhr University of Bochum,
TU-Dortmund and University Essen/Duisburg



Thank you for your attention!



	
	
	
	
	
	
	
	
	

