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Introduction

Stein Comments

The abstract normal approximation theorem of Section 2 is
elementary in the sense that it uses only the basic properties of
conditional expectation and elements of analysis, including the
solution of a first order linear differential equation. It also direct,
in the sense the expectation of a fairly arbitrary function of the
random variable W in question is approximated directly without
going through characteristic function.
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Stein Comments. Continue

Because of the clumsiness of the technique used on this point ,
it is likely that slightly better results could be obtained by using
the basic identity, Lemma 2.1, to approximate the characteristic
function of W and by standard procedures, to go from this to an
approximation for the distribution of W. However, | believe that,
in the long run, better results will be obtained by direct
methods. Ch. Stein, 1972
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The Notation

Let {Q, 90, Pr} be probability space and let, forany n > 1,
§n C 9 be sub o-algebra of M s.t. Fpn C Fpiq-

Let (Gn)72{ be a sequence of r.v.s with E |Gj| < oo.

Let W), := E{Gn|3n}

For any sequence of r.v’'s Wy with E |W}| < oo define the

following quantities:

D, = W,—-W,, (1)
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The Notation. Continue

Sn(t) = EGn(eD"it_ 1) _1,

en(t) == EGpe'™n
eno(t) :=E ’ E {(Gn(eDn —1) — EGa(e™ — 1))

onl(t) = con(8) + enalf), Gn(T) = sUp [3n()]

)

A. Tikhomirov, Syktyvkar, Russia Stein Metod



Introduction

The main Lemma

Lemma
ForanyOy <1 andforany T >0s. t. gn(T) < v, there exists

an absolute constant C > 0 s.t. the following inequality holds

C n(T)
sup|Pr{iW, < x! —o(x)| < = +
_|_7 Te 2/]6,1 ]eZdudt
where
2
d(x) = rf 7 du.
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The proof of Main Lemma

Let f,(t) := Ee!™n. Hence E |W,| < co and E|Gp| < oo we may
write
f (1) = i E Whel™o = i E Gpel™Vo. )

Continuing, we get

() =i EGpe'™r +i f,(t) EGy(1 — e 1tPr)
+E {E {Gn(l . efitDn) . EGn(l _ e—itDn)

gn}]eitw“.
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The Continuing

» Let 0(-) (with an index or without) denote any function s.t.
() <1,
» By symbol C we shall denote an absolute constant, which

can be changed from row to row.

We may rewrite now the previous equation for ch. f. in the form

f(t) = —t(1 — dp(—1))fa(t) + On(t)en(t).
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Solving this equation with initial condition £,(0) = 1, we get

fa(t) = exp {l: + /Ot uén(u)du}

2

X (1 + /Ote,,(u)s,,(u) exp {u? - /Ou vé,,(v)dv}du).

Furthermore, note that

! oo 2
)/ vin(vav| < T2~ ) forjul < |t < T (3)
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The last relation immediately implies that, for [{| < T,

2 ~
(1) = exp { — 5 (1 + 0 (13n(T))}

t 2 _ (2 _
o0 [ fentwlenp { - E0 =

2

From here it follows that

fot) — e | < Ga(T)2e " /gn D @)
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Applying the famous Esseen’s inequality, we get

C , on(T)
< x}— < =
Sl)J(p\Pr{W,7 <x}—o(x)| < 77 —
1 Te—(l—'y)tz/Z t 5
(1—y)u?/2
+ _7/0 : (/0 EOE du)dt.

(%)
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Corollary

Corollary

Assume that 6,(t) — 0 and ,(t) — 0 as n — oo uniformly in all
bounded interval [0, T]. Then

lim sup|Pr{W, < x} —&(x)| =0. (6)
n—oo
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Applications of Main Lemma. The Sums of Weakly

Dependent R.V.s

Let Xi, X, ... be a stationary sequence of random variables
with E X; = 0 and E X2 = 1. Let 9% denote o-algebra
generated by X;, when j € [a, b]. We denote the strong mixing
coefficient of the sequence (X,-)j?’g1 by the equality

a(my:=  sup  |Pr(AB)— Pr(A)Pr(B)| (7)

Aconk, Beamee
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Theorem

Let the following conditions hold for some § > 0,

Z[a ]2+6 < o0,
E [X:[**° < oo,

n
lim n"'E(> X)) =0%>0.

n—oo

Jj=1
Then .
1 : . _
nll_)moosup\Pr{B ;X/<x} ®(x)| =0 (8)
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To prove this result we use our Lemma. Let / be uniformly
distributed on the set {1, ..., n} random variable. Put
G=nB;"X;. Then W = E{G[3}. Put W* = B, 37 jom X;.
Then we have the estimation

lem (B)] = | E Ge™'| < CnB; ' E75 [X,[2H[a(m)]75.  (9)

Furthermore,

iDy _ | _ it - C|t|1+6m1+6

Ex2+5
it |_ \/ﬁ ’1| )

1 < e
o] < 5 3B

(10)

where D= B," S X,
Klj~Kl<m
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For e,2(t) we have the following estimation

n:2

1 L itD,: itD..: m6
lenal = Blg= D X(€"™ — 1) —EXj(e"™ — )| < Ctf’ = (11)
n .
j=1
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CLT for Quadratic forms

Let X1, Xz, ... be a sequence of r.vs s.t. E Xy =0, EXZ = 1
and let the sequence be uniformly integrated, i.e.

sup E X2I{| Xx| > M} — 0, as M — 0. (12)
k>1
We consider the quadratic form

n
Q=" a XXk
k=1

where the matrix of coefficients A, = (a](,f))]'{k:1 is supposed

symmetric and diagonal entries of A are equal zero, af(”) =0.
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Let ||A|| denote the operator norm of matrix A and let ||A||2
denote the Hilbert — Schmidt norm of matrix A. We shall

assume that

[ A
lim 0. 13
% TAnll 19
This condition is equivalent to
)\(”)
jm 1 |_0, (14)
n—oo On

where Ag”) is the maximum modulus eigenvalue of A, and
of = E Q5 = 2||All3.
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Theorem
Assume conditions (13) and (12). Then

sup |Pr{c;'Q, < x} — &(x)| — 0 as n — oc. (15)
X
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To apply main Lemma, we denote by T; := {1,...,n}\ {j} and
introduce r.v’s & = Xj > "ycr, @ Xk Note that @ =377 ;. We
put G = n¢;. We introduce W* := Q(), where

QU =37y jer, @ Xk X). Note that

W— W* =2g

First we assume that [X;| < M forall j=1,...,n. We may

estimate now d,(t) and e,(t). For instance

n n
lem] <D () E&E — 12 —itg)| < CtPP Y _El&P
1=1

1=1
n

< CEMPY (D laul?)? < Cltf* M. (16)
I=1 KeT,
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Asymptotic distribution of quadratic forms

Consider the quadratic forms

Q= Z a]kXXk—f-Za” —1)

1<j#k<n j=1

Let V2 =301 &, £7 = Yk & IAl5 = X/t -
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Let jix = E XY Let A = (aj)7,_, with A =0, and let
d = (ai1,...,ann). Let Y and Y be two independent copies of
standard Gaussian vector in R". Let

_1 _
Gi=pp < AOY Y > 4pgpu, 2 <d)Y >+ /g — g <d,Y >
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Characterized equation

Denote by R; the resolvent matrix of Ag.,
R; = (1 — 2itupA))~
Introduce the function

G(t) = p2Tr (RAO) - 1212 < d, RZAO > +it(u*—13) < d,d > .
(17)
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The characteristic function f,(t) = E exp{itQ,} satisfy the
equation
fa(t) = iG(D)f(t) + en(?), (18)

where the function e,(t) convergence to 0 uniformly in all
bounded intervals.
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CLT for Generalized U-statistics

Consider statistics of type Uz = 3 _1</.;<p 9)( X1, Xk). Denote by
of; = E gk j(Xk, Xj) < 00, 0§ =23, 0f;. About the functions
9k./(x,y) we shall assume
> (@) g5(x,¥) = gi(y, x);
> (b) E gii(Xk, X)| X)) = 0;

; -2 , , , A > —_0
> (c) Mlgnmgrp;éknok, E g%, (Xk, X)1{|gki( Xk, X)| > M} = 0;

2
> (d) lim UnzzE‘Zglk(XI;Xk)gj,k(Xf’Xk) =0,

n—oo /;éj

> (e) lim op Zk k_o.

n—oo
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Theorem
Assuming conditions (a) — (e), we have

sup |Pr{o; U, < x} — &(x)| — 0 as n — .
X

Moreover, there exist an absolute positive constant C > 0 s.t.

Kn
sup| Prio; " Us < x} — ()| < C(07° > Elgi(X, Xi)
X

jk=1

kn kn )
o Z E g (X, X)|* + o7 > E‘ng/ X, X1)9i(Xj, Xi)
J k=1 J k=1 =1

+o—n4ZE (ZE{g/k X, Xi) }X}) )

A. Tikhomirov, Syktyvkar, Russia Stein Metod



Introduction

Maximal sum

It is well-known that the limit distribution of the maximal sum of

independent random variables is

G(x) = \/E /0 ’ e " 2qul{x > 0}, (19)

i.e. the distribution of module of standard Gaussian r.v. Note
that ¢(x) = (1 — G(—x) + G(x))/2 and f(t) = Re g(t), where
f(t), g(t) are characteristic functions of ®(x) and G(x)
respectively. That mean we may proof CLT for the

symmetrization of maximal sum using our Lemma.
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CLT for Hilbert-valued r.v.s

Let X1, X2, ... be a sequence of random elements of the Hilbert
space H with zero mean, EX; = O, and covariation operators
A; = cov(Xj). Suppose the sequence {Xj : j = 1...} satisfies
the uniformly strong mixing condition with coefficient ¢(m). Let

Sn

n
sn:;x-, B, = cov(Sp), Zn:\/m. (20)
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The well-known equations for the characteristic function
f(t) = Eexp{it]|¢ + al|*}):

F(t) =i (TrB(I - 2itB)—1)f(t)+ < a,(1-2B)2a> f(t).
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The main result is the following theorem:

Theorem

Let E||X;||® < L < oo and constants K, 3 > 0 exist such that
o(m) < Kexp{—pgm}, for allm> 1. Let also the following
conditions hold:

A+ +A

lim "= Aandp(m) < 1. (21)

n—oo

Then there exists a constant ¢ depending on the first
eigenvalues of the operator A such that

sup| Pr{||Zy+al| < r}—Pr{||Ya+all < r}| < cLn™"/2 log{n(1+]|al)},
r

where Yy, is a Gaussian r. v. with covariance operator equal to
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Semi Circular Law for Random Matrices

Let p(x) denote the density of semi-circular law,
p(x) = -4 — x2I_, 51(x), and let f(t) be the characteristic
function of semicircular law, f(t) = [*7_e™p(x)dx.

Lemma

The characteristic function of semi-circular law is the unit
solution of the equation

t
ﬁo:Aﬁmm—mw,am:m (22)
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Recall that the moments {«} of semi-circular law satisfies the

relation
gyq = Z gy (23)

We have representation

v=0 p=0

i i jutv v+
= a0y |

o (n+v+1)
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Changing the order of summing, we get

o jsgstt B
/ f t— U ZmZal,as_y.
s=0 v=0

Continuing this equality and applying relation (23), we obtain

st = (it)®
/ f t— U E mas+2 = —] E (S?O[S+1 = —f/(t)
s=0 s=1
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Lemma
Let for the characteristic functions f,(t) the following
representation holds

t
) = = || (s)hlt — s)s -+ en(t), (24
0
where ep(t) — 0 as n — oo uniformly for all bounded intervals.
Then
nI|_>moo fa(t) = f(1), (25)

where f(t) is characteristic functions of semi-circular law.
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We represent f,(t) in the form

fn(t)y =1+ /Ot €g fa(u)fa(s — u)duds + /Ote,,(s)ds. (26)

If we put now gn(t) = g(t) then we get

t S t
%m=éz§mm%w—mféa@w. (27)

Let g,(t) = SUPscio,f [9n(S) and En(t) = SUPscpo 1 en(S) Itis
straightforward to check that , for any k > 1

k
gu(0) < 211G, + e, (0. 28)

The last inequality implies the claim.
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How we may used the last Lemma?

> LetW = \f(X/k), x—1 be n x nHermitian matrix with

independent entries (up to symmetry).
» Let U(t) = eV, Then f(t) = 1TrU(1).
» We have E f(t) = L ETrWU(t) = ﬁﬁ > ket E Xk Ui (2).

» [t is well-known

oy
aﬁéji) i1+ 8) ™ (Up = Ukglt) + Upie Ug(D), - (29)

where fx g(t) := [5 f(s)g(t — s)ds.
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Using the last relations, we get

n

Efﬁ(t):_/otE(,Jz S (Uj($) Ul t-$)ds ) et /Ef,, (1

J,k=1
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For the Marchenko — Pastur Law we may used representation

for characteristic function of symmetrizing law

t t
F(t) = —y/o f(s)f(t — s)ds — (1 —y)/0 f(s)ds.  (31)

A. Tikhomirov, Syktyvkar, Russia Stein Metod



Introduction

Thank you for your attention!
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