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Higher-Order Recursion Scheme
(HORS)

¢ Grammar for generating an infinite tree

Order-1 HORS

S o Ac

Ax—>a x (A (b x))
S:0, Ato—> o0




Higher-Order Recursion Scheme
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Higher-Order Recursion Scheme
(HORS)

¢ Grammar for generating an infinite tree

Order-1 HORS

S o Ac

Ax—>a x (A(( x)
Sio0, Ato—> o0

HORS N

Call-by-name simply-typed A-calculus
+

recursion, tree constructors .




HORS Model Checking

Given
G.
A:

\_

does A accept Tree(65)?

~

HORS
alternating parity tree automaton (APT)
(a formula of modal p-calculus or MSO),

J

e.g

- Does every finite path end with “c"?

- Does “a"” occur below "b"?

-

p(x)
k-EXPTIME-complete [Ong, LICS06] k_/ 2
(for order-k HORS) 2
2

J
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Higher-Order Modal Fixpoint Logic
(HFL) [Viswanathan&Viswanathan 04]

¢ Higher-order extension of the modal p-calculus

¢ ::= frue
P1 AP
¢1V O
[a]e ¢ must hold after a
<a>@ ¢ may hold after a
X propositional variable
uX. o least fixpoint

vX.Q greatest fixpoint



Higher-Order Modal Fixpoint Logic
(HFL) [Viswanathan&Viswanathan 04]

¢ Higher-order extension of the modal p-calculus

¢ ::= frue
P1 AP
¢1V O
[a]e ¢ must hold after a
<a>@ ¢ may hold after a
X predicate variable
uX*. o least fixpoint
vX€.@ greatest fixpoint
AXX. @ (higher-order) predicate
P15 application

K iz @ | koK,



Selected Typing Rules for HFL

I |true: ® ‘ I Fo: ®

I +[a]p: ®

FTFo:® Tly:e

CFoAy: @
v L, Xix; Foix,
I' AX.o:
LXik FXk | FIX.0ik >k
FFeix; >k, T Fyix [, X:x Foeix

CFo yik, I FpX.9:x




Semantics
[0];: the set of states that satisfy ¢

L mo © si.1€l0ly (S, initial state of L)
[frue]; = States
lorvk= [l N W (g7 poreres h

[ [edo )= {s | VI.(S| [c 5,0 = (e [i] = [K,]
[<a> @ )= {s | 3t.(s | f: monotonic)

XE=100 ’
[uX<.p)r = Ifp(Axelx].[@lrx=x; )
[vX<.@)r = gfp (Axe[k].[@lrx-x )

(Note: Axe[k].[@lix-x is monotonic)

[AX<.@)r = Axe[k].[Qlix-x
[¢ vi= [o): [v]:




Example

(uFe-*- AX.AY. (XAY) v F (<a>X) (<b>Y)) A B
= (AAB) v
(uFe->*->® AX.AY. (XAY) v
F(<a>X)(<b>Y)) (<a>A)(<b>B)
= (AAB) v (<a>AA<b>B) v (<a><a>AA<b><b>B) v ...

For some n, <a>" A and <b>" B hold
bn
o

N



HFL Model Checking
4 )

Given

L: (finite-state) labeled transition system
¢: HFL formula,

does L satisfy @?

J

e.g. L |= ¢ for:
L: ¢: (UF.AX.AY. (XAY)
9 v F (<a>X) (<b>Y))
b ¢ (<c>true) (<d>true)



HORS vs HFL model checking

Model | Spec. complexity Applications
Automated
HORS k;iﬁiETAQE verification of
model HORS APT (for order-k functional
checkin programs
J HORS) [K 09][K+11].
HFL K-EXPTIME Assume'-gua\;sn(;r:e
model LTS HFL complete P:sgzgg lgc?u[ivalenc]e
checking (for order-k HFL) checking [Lange+ 14]

APT: alternating parity tree automaton
LTS: finite-state labeled transition system




Hierarchical Equation Systems
(HES)

toHFL(X =, ¢ ) = aX.0
toHFL(H: X =, ¢) =
toHFL([oX.p / X]H)
Example:
HFL: vX.uY.(<a>X v <b>Y)
(there exists a path (b*a)~)
HES: X=,VY: Y=, <a>X v <b>Y
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From HORS to HFL model checking
¢ Input:
- HORS 6
- APT A (with largest priority p)
¢ Output:
-LTS L,
- HFL formula g |,

such that G |=A iff L, |= @g,
Intuition:
- L, simulates the transitions of A

- Qg describes "L, has transitions corresponding
to an accepting run of A over Tree(6)”



) Construction of L,
5(q0.a)= (1.90) A (2.90)  8(qy,0)= false
5(q0.b)= 8(q1.0)= (1,9)  8(qo.c)= 8(q;,c)= true
0(q0)=0  Q(gy)-1

(1.90) A(2.90)

| and




Construction of L,

A
6(q0.0)= (1.90) A (2.90)  9(qy.0)= false

8(qOrb): 8(Qllb): (qul) 6(quC): 8(qll<
0(q0)=0  Q(qy)-1

(@) X ane

1 and

The states of L,
consist of:

- states of A and
- subformulas of

\__ 3(q.0)

~

J

(1.90) M&ﬁ



Construction of L,

A
6(q0.0)= (1.90) A (2.90)  9(qy.0)= false

5(qo.b)= 6(q1.b)= (1,91)  8(qo.c)= 8(qs.€)= true

0(q0)=0  Q(gy)-1

(1.90) A(2.90)

| and

~

A ftransition
label is

an input symbol
annotated with a
priority; or ...




Construction of L,
A:
5(q0.a)= (1.90) A (2.90)  8(qy,0)= false
5(qo.b)= 8(q1.0)= (1,9)  8(qo.c)= 8(q;,c)= true

0(q0)=0  Q(qy)-1 (A transition )
label is ...; or
L and a constructor of
A’ 5 transition
(1.90) ~(2.90) /\formulas (i, and,
or, t1) )

| and
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From trees to HFL formulas

¢r: "the current state has transitions

corresponding to an accepting run for T"
N J
Pac(oec)-=
<ay> “can visit 1st and 2" children with states
satisfying ¢. and ¢, . respectively”

\

= <qo>(
<1>¢p. /* case (1,q) */ nd
v<2>¢,,. /* case (2,q)*/ a

Q %/1 A2
an?>('q0) (2.90)

v<tt>true /* case true */
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From trees to HFL formulas

¢t: the current state has transitions
corresponding to an accepting run for T

\_

\

J

Pac(oec)-=
<ay> “can visit 1st and 2" children with states
satisfying ¢. and ¢, . respectively”

- <ao>(Vx.
<1>¢p. /* case (1,q) */ nd
v<2>¢,,. /* case (2,q)*/ a

Q %/1 A2
an?>('q0) (2.90)

v<tt>true /* case true */ @
v(<and>true /*case fAng */ .\
A [and]X)

0 0
t
v <or>X) /*case fvg */ C“ Co Chalse >



From trees to HFL formulas

\

¢r: "the current state has transitions

i corresponding to an accepting run for T" )

Pacbe)~ <("‘O>(H2 ?c Pp c)

Wher‘e Hz - }“'y1° kyZ.Vx.

<1>y1 /* case (l,q) */ @
v<2>Y, /* case (2,q) */ /.\and
v<tt>true /* case true */ %> (1.90) A2.90)

v(<and>true /*case fag */ 9o and >
A [and]X) b

v <or>X) /*case fvg */
7 INC e & Calse>




From trees to HFL formulas

\

¢r: "the current state has transitions

i corresponding to an accepting run for T" )

Pacbe)~ <("‘O>(H2 ?c Pp c)
= <ag>(H; (<co>Hyp) (<bg>H; (<co>Hp)))
Where Hz = 7"\/1- XYZ.VX.

<1>\/1 /* case (l,q) */ @
v<2>Y, /* case (2,q) */ /.\and
v<tt>true /* case true */ %> (1.90) A2.90)

v(<and>true /*case fag */ 9o and >
A [and]X) b

v <or>X) /*case fvg */
7 INC e & Calse>




From trees to HFL formulas

\

¢r: "the current state has transitions

i corresponding to an accepting run for T" )

Pactbe)~ <("‘O>(H2 ?c Pp c)
= <ag>(H, (<co>Hp) (<bo>H; (<co>Hp)))
Wher‘e Hz = 7"\/1- XYZ.VX.

<1>\/1 /* case (l,q) */ @
v<2>Y, /* case (2,q) */ /.\and
v<tt>true /* case true */ %> (1.90) A2.90)

v(<and>true /*case fag */ 9o and >
A [and]X) b

v <or>X) /*case fvg */
7 INC e & Calse>




From trees to HFL formulas

¢r: "the current state has transitions

. corresponding to an accepting run for T" )

\

Pat1 .. Tk = <8o>(Hy O11 . Ony)
(co-inductively defined)

"d
Gg

%/1 A2
an?>('q0) (2.90)

do
do
TT <~ Co @




From HORS to HFL

F o>t
= F =, t#
where:
F#=F x# = x
(F112)7 = (1 ) (+)7
(Ax.t)Y* = Ax.(T)*
a# = Axy... AX.<ag>(H, X1 ... X,)



Example

A:
HORS G 5(%:0): (llqO) N (thO)
S >Fc 5(qq,a)= false
F X —>a X (F (b X)) S(QO/b): 8(C’lib): (llql)
5(qo.c)= 6(qq,c)= true

4

L4
P60 nd
=v F (<CO>HO) a

0 %/1 A2
% an?>('q0) (2.90)

Fx =,
<ag>(H; x (F(<bg>(H; x))) | -
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Challenge

¢ How to translate the parity condition of APT:
“for every path of a run-tree, the largest priority
visited infinitely often is even”

to a proper nesting of least/greatest
fixpoint formulas?

e.g. A: 8(q,0)=8(qy,0)=(1,9.)  8(q..b)=3(qy.b)=(1.q,)

Q(qa)=0, Q(qb): 1
G:S—>abF) F->as$s

= 5=, <ag>(H; (<bg>(H; F))):
F=, <a;>(H; S)




Ideas

¢ Duplicate each non-terminal for each priority

S—>a(bbF) F->a$s

!

=p, <qy >(l—"l 51):

1
1
0]
0

% <Q >(Hl 51):

The largest priority seen since the
previous unfolding of a non-terminal

-]

/

An appropriate copy is chosen,
depending on the largest
priority seen
since the last unfolding

\

= <ag>(H; (<bg>(H, FO)):

=, <ag>(H; (<by>(H, FO):



Ideas

¢ Duplicate each non-terminal for each priority

¢ Duplicate also each argument, so that a
function can choose an appropriate copy

S>FG Fx->b((XxS) 6y-—>ay
We cannot locally decide the priority annotation
for G. only F knows when G is unfolded.

!

51 =4 FO 6° 6!
F1 x0 x! =, <by>(H; (x° S° S1))
v <b;>(H; (x! St S1))



General construction of ¢ ,

G: F1 X1 oo X1 ™ 1'1, cees Fn Xi «oo Xyn ™ Tn

O 0 - #Oo °
FiP X9 o0 xP o X0 o XqP = PO L
0 0 #0.
FrP %9 o0 X9P ol X400 o XigP o) Th7 s
0 4.0 0 - #0. .
Fl X17 oo XP oo Xeno - e e XinP = o(0) | E iR
0 4.0 0 - #0
Fn X1 ... le cee Xgno .- anP = a(0) 1'"
where a(i) = v if i is even and p otherwise



General construction of ¢ ,

G:Fy %Xy ... %4 2%, .... F, Xy ... Xy 2 T,

¥

0 0 - #0.
FiP %0 o0 XiP i %00 ol XiqP =y 11700
0 4.0 0 - #0

Fr? % o0 %P ool %0 ool XP =00y T

(@)* = AXq 0. AXq ..o AXp 0o AX -

<GO>(Hk X10 - ino)\/ e V <Clp>(Hk xl,P

(x)#i = xi
(F)#i = Fi
(S T)#i - (s)#i (-r)#max(O,i) (T)#max(p,i)



Correctness of Translation

¢ Theorem:
G |= A
if and only if
LA |= (PG,p

Follows from the type-based characterizations of
HORS and HFL model checking:

G|:A = —AG = I-L (pG,P = LA I: (PG,P
[K&Ong 09] (new) A (new)




Correctness of Translation

¢ Theorem:
G |= A
if and only if
Ly |= Pe.p

IL,| is polynomial in |A|
log | is polynomial in |6], p
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From HFL to HORS model checking

¢ Input:

- LTS L

- HFL formula ¢
¢ Output:

- HORS 6, .

- APT A,

such that L |=¢ iff 6, |= A_ for sufficiently large c
Intuition:
- 6, . generates tree representation of the formula

obtained from ¢ by unfolding fixedpoint operators
sufficiently many times

- A_ accepts trees representing valid formulas



HFL-to-HORS Translation:

Overview
FX=,0
‘ Remove fixpoint operators by finite unfoldings
F©) X=[FCc-V/Flo ;....F1) X=[FO/F] ¢.F©® X=true

Convert it to HORS, which generates the tree
representation of the formula

Parameterize F by a number, and implement
numbers (up to ?’/‘2" ) as functions (cf. [Jones01])
)
2

Fm X— if (Zero? m) true ([F (m-1) /Flo’)




Correctness of Translation

¢ Theorem:
L =9
if and only if
ch.ILI I': AL

16, | is polynomial in |¢| and |L|
|A, | is polynomial in |L|
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Goal

¢ Design a type system |- such that:
LlI=o
if and only if
L@
(cf. K-Ong type system for HORS model checking
[K&Ong, LICS09])

Applications:
- correctness proof of HORS-to-HFL translation

- practical model checkers for HFL
(cf. practical HORS model checkers based on
intfersection types)



Types

T 1= S type of propositions that
hold at state s
(iie.s|=¢0 ©|- ¢: s)
c—>1t  type of functions from c tor
Cc = TiA...AT, Iintersection types

A: S—>s—>s for every s
vi (s>Tos)A(T>s—>s) for every s



Typing Rules

I Ftrue: s ‘ I Fop:s s—,8
rF <a>Q: s
F'le:is Tly:s
I 1 S '
- ony - |-<ﬂ:s
for every s' such that s —_ s’
Fax:T I'X:’C ‘ r I-[a](P:S

CFQ:iTA... AT = T
I' Fy:r; for each i L, X:Ty, .0 XiT, QT

TlFoy:r I FAX.Q: TyA... ATy > T




Typing Fixpoint Formulas

Dot X=,0
rEFX:z

/Definiﬁon:

I"L X1Za1 @1 7 -l XpZon Py

if there is a possibly infinite derivation for
B~ Xy'Sini

such that, for each infinite derivation path,

a; = v for the least j such that

\XJ is unfolded infinitely often.




Example

X: So |-X: So
X: s, I'[b]x S1
D AX.[BIX:so—> 81 @ | <a>(F A):s,
S FF: sg—> s D A:s,
S FF A:s,
@ F <a>(F A):sg
D A:s,
LT S 'HES
A
b F=, AX.[b]X




Correctness of Type System

¢ Theorem:
L =9
if and only if

|'L(P

¢ Corollary:

L |= ¢ can be decided in time polynomial in the
size of ¢, if the following parameters are fixed:

- L
- the largest size of types in ¢
- alternation depth of ¢



Outline

¢ Reviews of HORS model checking and HFL
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¢ Related work and Conclusion



Related Work

¢ HORS model checking
- decidability [Knapik+02][Ong06]...
- type-based characterization [K09][K&Ong09]
- algorithms [K09][K11][Ramsay+14]...
- applications [K09][K+11][Ong+11]...

¢ HFL model checking
- decidability [Viswanathan? 04]
- complexity [Axelsson+ 07]
- applications [Viswanathan? 04][Lange+ 12]



Related Work

¢ Type-based characterization of HORS model
checking [K 09][K&Ong 09]

inspired:
- translation from HORS to HFL model checking
- type-based characterization

¢ Encoding of big numbers as functions
[Jones 01][Tsukada&K 14]

¢ Reduction from HORS model checking to

nested least/greatest fixedpoint computation
[Salvati&Walukiewicz, CSL15]



Conclusion

¢ Revealed close relationships between
HORS/HFL model checking through:

- order-preserving mutual reductions

- type-based characterization of HFL
model checking similar to that of HORS
model checking

¢ Future work: mutual transfer of
results (e.g. practical model checking
algorithms)
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