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Some History on Weihrauch Reducibility

Klaus Weihrauch introduced the concept of his
reducibility for single-valued functions f :C N — NY and for
sets of such functions (in two unpublished technical reports).

he supervised 6 MSc/PhD theses on this topic,
mostly unpublished (von Stein, Mylatz, B., Hertling, Pauly).
The reducibility was also considered for single-valued functions
f:C X — Y on other topological /represented spaces.

Guido Gherardi and Alberto Marcone noticed that this
reducibility for multi-valued functions can be used to classify
the computational content of [, theorems.

Akitoshi Kawamura (and Stephen Cook) rediscovered a
polynomial-time version of Weihrauch reducibility and used it
for the study of uniform computational time complexity.

Dorais, Dzhafarov, Hirst, Mileti, Shafer rediscovered
Weihrauch reducibility directly for the special case of 13
statements (work extended by Hirschfeldt and Jockusch).
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A is a partial multi-valued f :C X = Y.
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Mathematical Problems and Solutions

A is a partial multi-valued f :C X = Y.

» There are a certain sets of potential inputs X and outputs Y.
» D = dom(f) contains the valid instances of the problem.
» f(x) is the set of solutions of the problem f for instance x.

g CX=3Y f:CX==2Y,if dom(f) C dom(g) and
g(x) C f(x) for all x € dom(f). We write g C f in this situation.

For f :C X =Y, g:CY = Z we define the
gof :CX=Zby

(gof)(x)={zeZ:(yeY)yef(x)and z€ g(y)}
and dom(g o f):={x e X : f(x) C dom(g)}.
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Examples of Mathematical Problems

> The Zero Problem Zx :C C(X) = X, h— h~1{0}.
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Examples of Mathematical Problems

» The Zero Problem Zx :C C(X) = X, h+— h~1{0}.
» The Limit Problem is the mathematical problem

lim :C NN = NN (pg, py,...) — lim p;
1—00

with dom(lim) := {{po, p1,...) : (pi)i is convergent}.

» Martin-Lof Randomness is the mathematical problem
MLR : 2% = 28 with

MLR(x) := {y € 2 : y is Martin-L6f random relative to x}.

» The Cohesiveness Problem is the mathematical problem
COH : (2")N = 2 where COH(R;) contains all infinite
X C N such that for all / € N one of the sets

XQR,'OFXQ(N\R,')

is finite.
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Theorems as Problems

Any theorem T of the [, form
(" xeX)(xeD= Ty cY)P(x,y))
is identified with F :C X = Y with dom(F) := D and
F(x):={y e Y:P(x,y)}
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Theorems as Problems

Any theorem T of the I, form
(" xeX)(xeD= Ty cY)P(x,y))
is identified with F :C X = Y with dom(F) := D and
F(x):={y e Y:P(x,y)}

Examples: is the mathematical
problem

WWKL :C Tr = 2N, T [T]
with dom(WWKL) :={T € Tr: u([T]) > 0}.
The is the mathematical problem

IVT :C C[0,1] = R, f ~ {0}

where dom(IVT) := {f € C[0,1] : f(0) - f(1) < 0}.
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Let f :C X = Y and g :C Z = W be two mathematical problems.
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X K g H f(X)

L
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Let f :C X = Y and g :C Z = W be two mathematical problems.

f‘

X K g H f(X)

L

» fis Weihrauch reducible to g, f <w g, if there are computable
H:CXxW=Y, K:CX = Z such that H(idx,gK) C f.

» fis strongly Weihrauch reducible to g, f <sw g, if there are
computable H:.C W = Y, K:C X = Z such that HgK C f.
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Weihrauch Reducibility

Let f :C X = Y and g :C Z = W be two mathematical problems.

f'
X K g H f(X)
i)

> fis to g, f <w g, if there are computable

H:CXxW=Y, K:CX = Zsuch that H(idx, gK) C f.
> fis to g, f <gw g, if there are

computable H:.C W = Y, K:C X = Z such that HgK C f.
> f =w g and f =gw g are defined as usual.

Theorem (Tavana and Weihrauch 2011)

f <w g <= there is a Turing machine that computes f and uses
g as an oracle exactly once during its infinite computation.
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Realizers and Representations

» A representation of X is a surjective map dx :C NN — X,
» F:CNN 5 NV jisarealizerof F:C X =Y, in symbols
Ftf,if dyF(p) € fox(p) for all p € dom(fdx).

F

NN NN

(5)( (5Y

10/120



Realizers and Representations

» A representation of X is a surjective map dx :C NN — X,
» F:CNN 5 NV jisarealizerof F:C X =Y, in symbols
Ftf,if dyF(p) € fox(p) for all p € dom(fdx).

F

NN NN
(5)( (5Y

X

: Y

» f is continuous, computable, polynomial-time computable or
Borel measurable, if it admits a corresponding realizer F.

10/120



Realizers and Representations

» A representation of X is a surjective map dx :C NN — X,
» F:CNN 5 NV jisarealizerof F:C X =Y, in symbols
Ftf,if dyF(p) € fox(p) for all p € dom(fdx).

F

NN NN
(5)( (5Y

X

: Y

» f is continuous, computable, polynomial-time computable or
Borel measurable, if it admits a corresponding realizer F.

» f<wg <= there are computable H, K :C N — NN such
that H(id, GK) I f whenever G | g.
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Computable Metric Spaces and Cauchy Representations

(X,d, ) is called if
1. d: X x X — R is a metric on X,

2. a: N — X is a sequence with a dense range,

3. do(axa):NxN-— R is computable.
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Computable Metric Spaces and Cauchy Representations

(X,d, ) is called if
1. d: X x X — R is a metric on X,

2. a: N — X is a sequence with a dense range,

3. do(axa):NxN-— R is computable.

dx :C NN = X is called ,if

ox(p) = x : <= (Vk) d(ap(k),x) < 27X
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Realizer Version of Problems

Definition
Let (X,dx) and (Y,dy) be represented spaces and f :C X =% Y a

mathematical problem. Then we define the
fr:C NN = NN of f by 7 :=46," o f o dx.
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Realizer Version of Problems

Definition
Let (X,dx) and (Y,dy) be represented spaces and f :C X =% Y a

mathematical problem. Then we define the
fr:C NN = NN of f by 7 :=46," o f o dx.

Proposition

f =sW fr.

» This means that properties of <y and < w can be studied by
considering only problems of type f :C NN — N,

> Arbitrary represented spaces X, Y are used as types in order
to classify practical problems and theorems, which are most
naturally expressed in such types.
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Cylinders and Strong Weihrauch Reducibility

By id : NN — N we denote the identity of Baire space NV, We
always have f <gwid x f, the inverse is not necessarily true.
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the of f.

Examples: lim, WKL are cylinders, WWKL, COH, MLR are not.
Proposition (B. and Gherardi 2011)
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Cylinders and Strong Weihrauch Reducibility

By id : NN — N we denote the identity of Baire space NV, We
always have f <gwid x f, the inverse is not necessarily true.

f:CX =Y iscalled a if id x f =qw f and id x f is called
the of f.

Examples: lim, WKL are cylinders, WWKL, COH, MLR are not.
Proposition (B. and Gherardi 2011)

f<wg — f<gwid x g.

Corollary (B. and Gherardi 2011)

(VI)f<wg < f<swg) < g is a cylinder.

Remark: The relation between strong and ordinary Weihrauch
reducibility has formal similarities to the relation between one-one
and many-one reducibility.
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Algebraic Operations in the Weihrauch Lattice

Let , g be two mathematical problems. We consider:

» f X g: both problems are available in parallel

» f Llg: both problems are available, but for each instance one
has to choose which one is used

» f1g: given an instance of f and g, only one of the solutions
will be provided

» fxg: f and g can be used consecutively

» g — f: this is the simplest problem h such that f can be
reduced to g x h

» f*: f can be used any given finite number of times in parallel

» f: f can be used countably many times in parallel

» f’: f can be used on the limit of the input
14 /120



Definitions of Algebraic Operations

For f :C X = Y and g :C W = Z we define:

> FXxg CXXxW=3YXZ (x,w)— f(x) x g(w)
f(z)ifze X
glz)ifze W
flg:CXxW=YUZ (x,w)— f(x)Ug(w)
> X YR =R,
» FC XN YN T = X2, f

v

fUg:CXUW= YI_IZ,zr—>{

v

Here
» Y x Z denotes the usual )
» YU Z:= ({0} x Y)U({1} x Z) denotes the :
» X*:={f:N—= X :dom(f) = n for some n € N} denotes the
set of over X, where n = {0,...,n — 1},
» XM= {f: N — X} denotes the set of over X.
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The Algebraic Structure of the Weihrauch Lattice

Proposition (B., Gherardi 2011, Pauly 2010)

Weihrauch reducibility induces a distributive lattice with the
coproduct LI as supremum and I as infinum. Parallelization ™ and
star operation * are closure operators in the Weihrauch lattice.
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The Algebraic Structure of the Weihrauch Lattice

Proposition (B., Gherardi 2011, Pauly 2010)

Weihrauch reducibility induces a distributive lattice with the
coproduct LI as supremum and I as infinum. Parallelization ™ and
star operation * are closure operators in the Weihrauch lattice.

» With LI, x,* one obtains a Kleene algebra (B., Pauly).

» The Weihrauch lattice is neither a Brouwer nor a Heyting
algebra (Higuchi und Pauly 2012).

Open Problem

Does the strong Weihrauch reducibility induce a lattice structure?

» |t is known that M is an infimum for < w and hence one
obtains a lower semi-lattice (B., Gherardi).

» One can show that U fails as supremum for <gw.
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Constants of the Weihrauch Lattice

» 0 := the equivalence class of the nowhere defined problems is
the bottom element of the Weihrauch lattice, and a neutral
element with respect to LI. It acts like a zero with respect to
X and .
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Constants of the Weihrauch Lattice

» 0 := the equivalence class of the is
the bottom element of the Weihrauch lattice, and a neutral
element with respect to LI. It acts like a zero with respect to
X and .

» 1 := the equivalence class of the id:NY - NV is a
neutral element with respect to x and x.

» 0" =w 1.

» oo := the equivalence class of all is

the top element of the Weihrauch lattice and a neutral
element with respect to M.

> oo exists if and only if the does not hold for
Baire space N,

» We usually assume that the Axiom of Choice holds, but we
can always add an artificial element co on top of the
Weihrauch lattice.
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Compositional Product and Implication

The Weihrauch lattice is not complete and infinite suprema and
infima do not always exist. There are some known existent ones.

Theorem (B. and Pauly 2013)

For two mathematical problems f, g the following exist:
» fxg:=max{fhogy: fo<wf and go<w g} and
» g — f:=min{h: f<wgx*h}.

The maximum and minimum is understood with respect to <vyy.
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Compositional Product and Implication

The Weihrauch lattice is not complete and infinite suprema and
infima do not always exist. There are some known existent ones.

Theorem (B. and Pauly 2013)

For two mathematical problems f, g the following exist:
» fxg:=max{fhogy: fo<wf and go<w g} and
» g — f:=min{h: f<wgx*h}.
The maximum and minimum is understood with respect to <vyy.
Proof. (Sketch) For every f :C N = N we consider the
ft:C NN = NN defined by
f'(p,q) == mp o f(q),

where 7 is a standard representation of all continuous functions
F :C NN — NN, For arbitrary f, g we obtain

f * g =w frt Ogrt,

The case of g — f can be treated similarly. 1



Relations Between Algebraic Operations

f pointed : <= 1<y f <= (Ix € dom(f)) x computable.
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Relations Between Algebraic Operations

f <= 1<wf <= (Ix € dom(f)) x computable.

Proposition

For pointed f, g we obtain
fNg<wfUg<wfxg<wfx*g,
where pointedness is needed only for f Llg <w f X g.

Proof. fMg<wflg<wf x gis clear. The last reduction
follows since

fxg=(fxid)o(idx g)<wf=*g.
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Relations Between Algebraic Operations

f <= 1<wf <= (Ix € dom(f)) x computable.

Proposition

For pointed f, g we obtain
fNg<wfUg<wfxg<wfx*g,
where pointedness is needed only for f Llg <w f X g.

Proof. fMg<wflg<wf x gis clear. The last reduction
follows since

fxg=(fxid)o(idx g)<wf=*g.

Proposition

|D

For pointed f we obtain f* <y f.
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Algebraic Closure Properties

» f is called idempotent if f X f=w f,
for pointed f this holds if and only if f* = f.
» Examples: lim, WKL, WWKL, MLR are idempotent IVT is

not.
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Algebraic Closure Properties

> fis called idempotent if f x f=w f,
for pointed f this holds if and only if f* = f.

» Examples: lim, WKL, WWKL, MLR are idempotent IVT is
not. R

» f is called parallelizable if f =w f.

» Examples: lim, WKL, MLR are parallelizable, WWKL, IVT are
not.

» f is called closed under composition if £ f =y f.

» Examples: WKL, WWKL, MLR are closed under composition,
lim, IVT are not.

lim, WKL, MLR WKL, WWKL, MLR
parallelizable  closed under composition
\ /
idempotent
lim, WKL, WWKL, MLR
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Closure Operators and Reducibilities

RENEILS

There is a vague analogy between versions of Weihrauch
reducibilities induced by closure operators and computability
theoretic reducibilities:

Closure operation Reducibility

f<weg one-one reducibility

f<weg many-one reducibility
f<weg"* weak truth-table reducibility
f<wg Turing reducibility

”

ngWg
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Closure Operators and Reducibilities

RENEILS

There is a vague analogy between versions of Weihrauch
reducibilities induced by closure operators and computability
theoretic reducibilities:

Closure operation Reducibility

f<weg one-one reducibility

f<weg many-one reducibility
f<weg"* weak truth-table reducibility
f<wg Turing reducibility

f<gwg !

Question

Can this analogy be made more precise?
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Embedding of the Medvedev Lattice

Proposition (B. and Gherardi 2011)

ASMB <— calw (g — id|B SWid|A fOFA,BgNN.
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Proposition (B. and Gherardi 2011)

ASMB <— calw (g — id|B Swid|A fOFA,BgNN.

» ca: NV = NN pis Als the

» By id|4 :C NV — NY denotes the A.

» We note that id‘A <w 1<w ca.

» p<1q <= {p} <m{q}, hence also the Turing semi-lattice
embeds into the Weihrauch lattice.
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Embedding of the Medvedev Lattice

Proposition (B. and Gherardi 2011)

ASMB <— calw (g — id|B Swid|A fOFA,BgNN.

ca: NV = NN p— Ais the

By id|4 :C NV — N denotes the A.
We note that id‘A <w 1<w ca.

p<tq <= {p}<m{q}, hence also the Turing semi-lattice
embeds into the Weihrauch lattice.

Proposition (B. and Gherardi 2011)

vV vyYyys.y

_ _ * S
> CApB =W CA X CB zw(CAU CB) =w ca Ll cg,
> CARB =W callcg,

B

> id|A@B =W id|A x id
> id|A®B =w id‘A L id|B.

Here A B=(AxB), A B=0AU1B for A,B C NV, 2 /190



Weihrauch Reducibility and Medvedev Reducibility

Lemma (B., Hendtlass and Kreuzer 2015)

f<wg
— (V computable p € dom(f))(3 computable g € dom(g))

f(p) <m&(q)
for f,g :C NN = NN,
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Weihrauch Reducibility and Medvedev Reducibility

Lemma (B., Hendtlass and Kreuzer 2015)

f<wg
— (V computable p € dom(f))(3 computable g € dom(g))

f(p) <m&(q)
for f,g :C NN = NN,

» Hence, Weihrauch reducibility can be seen as a parameterized
version of Medvedev reducibiltiy.

» Computability theoretic problems such as MLR, where the
input is just an oracle, can and have also been studied in the
Medvedev lattice (for computable inputs).

» As long as the proofs relativize, one obtains corresponding
results in the Weihrauch lattice.

» Other problems such as WKL, WWKL depend on inputs in a
relevant way and can be compared to problems such as MLR
in the Weihrauch lattice.
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Zoo of Reducibilities

uniform non-uniform
resource sensitive closed under composition
Weihrauch complexity refines Reverse mathematics
(computable) — | (over RCA)

f<swg — f<wg — f<gwg

N

f<seg — f<cg — f<,g

Diagram based on: Hirschfeldt and Jockusch, On Notions of Computability
Theoretic Reduction Between M3 Principles, preprint 2015.
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Logical Interpretation

uniform non-uniform
resource sensitive closed under composition
Weihrauch complexity refines Reverse mathematics
(computable) — (over RCAo)

Question

Can the slogan “Weihrauch complexity is a kind of a model of
reverse mathematics with some form of (intuitionistic) linear logic”
be converted into a theorem?
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Co-c.e. Closed Sets in Computable Metric Spaces

» Let (X, d,«) be a computable metric space and A C X closed.

> By By k) = B(a(n), k) we denote the ball with center a(n)

and rational radius k. Here (a, b, c) := 227.
Then the following are equivalent to each other:

> Ais ,

» X\ A=JZ, Bn for a computable sequence (n;); of natural
and numbers,

» A= f1{0} for a computable function f : X — R.
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Representing Closed Subsets by Negative Information

» We define a representation ¢ : NN — A_(X) of the set
A_(X) of all closed subsets of X by

v-(p) == X\ | By(i)-
i=0
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Representing Closed Subsets by Negative Information

» We define a representation ¢ : N — A_(X) of the set
A_(X) of all closed subsets of X by

Y- (p) := X\ | Bui)-
i=0

» The computable points in the represented space A_(X) are
exactly the co-c.e. closed subsets A C X.

» There is also a natural representation of the set C(X) of
continuous functions f : X — R.

P:C(X)— A_(X),f s f1{0} is a computable isomorphism in
the sense that P and P~' are computable.
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Choice

Cx :CA_(X)= X,A Ais called the of a
computable metric space X.
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computable metric space X.

This is the problem that corresponds to the statement:

> Every non-empty closed set A C X has a point x € A.
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Definition
Cx :CA_(X)= X,A Ais called the of a
computable metric space X.

This is the problem that corresponds to the statement:

> Every non-empty closed set A C X has a point x € A.

Corollary

Cx =sw Zx for every computable metric space X.

The choice problem is equivalent to the zero problem of finding a
solution x € X of the equation

f(x)=0
for a continuous function f : X — R. Formally, we consider the

zero problem as Zx :C C(X) = X, f — f~1{0}.
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Mind-Changes and Choice

CO =W 0, Cl =W 1, C2 =W LLPO, CN =sW IimN.
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Let f <y g. If g is computable with n mind changes, then so is f.
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Mind-Changes and Choice

Proposition

CO =W 0, Cl =W 1, C2 =W LLPO, CN =sW IimN.

Proposition (B. and Gherardi 2011)

Let f <y g. If g is computable with n mind changes, then so is f.

Proposition (B., de Brecht and Pauly 2012)

f <w Cy <= f is computable with finitely many mind changes.

Corollary

Ch<w Cn—i—l <w Cy for all n € N.
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Choice on Cantor Space and Weak Konig's Lemma

Theorem (B. and Gherardi 2011)
WKL = 7 Con =7 o
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Choice on Cantor Space and Weak Konig's Lemma

Theorem (B. and Gherardi 2011)

WKL =qw Con =sw Ca.

Proof. The equivalence WKL =gy Con follows since the map
[1:Tr— A_(2Y), T — [T]

which maps a binary tree to the set of its infinite paths is
computable and has a computable right inverse. The equivalence
proof for Con =gw Co exploits the fact that for finding an infinite
path it is sufficient to make countably many binary decisions
(regarding the question which subtree is infinite) and vice versa. [J
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Choice on Cantor Space and Weak Konig's Lemma

Theorem (B. and Gherardi 2011)
WKL = 7 Con =7 o

Proof. The equivalence WKL =gy Con follows since the map
[1:Tr— A_(2Y), T = [T]

which maps a binary tree to the set of its infinite paths is
computable and has a computable right inverse. The equivalence
proof for Con =gw Co exploits the fact that for finding an infinite
path it is sufficient to make countably many binary decisions
(regarding the question which subtree is infinite) and vice versa. [J

Proposition (B., Gherardi and Marcone 2012)

Cz =w Ky <w Cx.

Here Ky denotes on N, where besides the negative
information on the set A C N also an upper bound is provided.
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» The positive choice problem PCx :C A_(X) =2 X, A+ A of
a computable metric space X with a Borel measure 1 is the
restriction of Cx to dom(PCx) :={A C X : u(A) > 0}.

» We use the usual uniform measure on 2" and the Lebesgue
measure on [0, 1].

32/120



Positive Choice
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a computable metric space X with a Borel measure 1 is the
restriction of Cx to dom(PCx) :={A C X : u(A) > 0}.

» We use the usual uniform measure on 2" and the Lebesgue
measure on [0, 1].

Proposition (B., Gherardi and Holzl 2015)
PCon =sw WWKL.
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» The PCx :CA_(X) =2 X,Ar— Aof
a computable metric space X with a Borel measure 1 is the
restriction of Cx to dom(PCx) :={A C X : u(A) > 0}.

» We use the usual uniform measure on 2" and the Lebesgue
measure on [0, 1].

Proposition (B., Gherardi and Holzl 2015)
PCon =sw WWKL.

Proposition (B. and Pauly 2010)
WWKL <w WKL.

» We have idyn £sw WWKL. Hence WWKL is not a cylinder.
> We have Cy <y WWKL. Hence WWKL =y WKL.
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Basic Complexity Classes

CNN

!

lim =.w Cy

!

CR =W CN X C2N

/

WL = S = (o
l IimN =W CN

WWKL =W PC2N /

KN =sW C;

l

LLPO =w Co
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Turing Machines with Advice

input advice

[ xe x| | rer|

Turing Machine
computes f :C X = Y

Vef(x)  [failure!]

correct output

Condition: (Vx € dom(f)) {r € R : r does not fail with x} # ()
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Las Vegas Turing Machines

input advice
[ xe x| | rer|
Las Vegas

Turing Machine
computes f :C X = Y

Vef(x)  [failure!]

correct output

Condition: (Vx € dom(f)) u{r € R : r does not fail with x} > 0
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Calibrating Computability with Choice

Theorem (B., de Brecht and Pauly 2012)

For R C NN and f :C X = Y the following are equivalent:
» f <wCg,

» f is computable on a Turing machine with advice from R.
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Calibrating Computability with Choice

Theorem (B., de Brecht and Pauly 2012)

For R C NN and f :C X = Y the following are equivalent:
» f <wCg,

» f is computable on a Turing machine with advice from R.

Corollary

» f < Cyoy < f is computable,

> < Cn <= f comp. with finitely many mind changes,
» f <w Con <= f is non-deterministically computable,

» f <w PCox <= f is Las Vegas computable,

> f<w 61\\] <= f is limit computable,

> f <w Cyn <= f is effectively Borel measurable.

In the last case f is single-valued on computable Polish spaces. .. .,



Computational Classes

Ca

effective Borel measurability

lim =sW CN

limit computation

WKL =W C2N CN

Non-deterministic computation finite mind change computation

WWKL =g PCon

Las Vegas computation

37 /120



Independent Choice Theorem

Theorem (B., de Brecht and Pauly 2012)

Crx Cs<yw Cgrys forall R, S C NN,
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two consecutive machines with advice r and s, respectively. 0
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Independent Choice Theorem

Theorem (B., de Brecht and Pauly 2012)

Crx Cs<yw Cgrys forall R, S C NN,

Proof. Run a Turing machine that simulates upon advice (r,s)
two consecutive machines with advice r and s, respectively. 0

Proposition

If s: R — S is a computable surjection, then Cs <y Cg.

Corollary

Cr is closed under composition for R € {N,2" N x 2 NN1,

Corollary (Gherardi and Marcone 2009, B. and Gherardi 2011)

WKL is closed under composition.
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Independent Choice Theorem

Theorem (B., Gherardi and Holzl 2015)

PCgr % PCs <w PCgrys for R,S C NN with o—finite Borel measures
and their product measure.
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Proof. (Sketch) The proof proceeds along the lines of the case for
closed choice plus an additional invocation of Fubini's Theorem. [
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Independent Choice Theorem

Theorem (B., Gherardi and Holzl 2015)

PCg % PCs <y PCgrxs for R,S C NN with o—finite Borel measures
and their product measure.

Proof. (Sketch) The proof proceeds along the lines of the case for
closed choice plus an additional invocation of Fubini's Theorem. [

Corollary

PCg is closed under composition for R € {N, 2N N x 2" NV}

Corollary

WWAKL is closed under composition.

Corollary

Las Veegas computable functions are closed under composition.
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Choice for Computable Polish Spaces

Theorem (B., de Brecht and Pauly 2012)

Let X be a computable Polish space. Then
» Cx <sw Cyv,
> Cx <qw Con if X is computably compact,
> Con <gw Cx if X is perfect,
> Cx <qw Cyxon if X is a computable K,—space,

> Cx =sw Cyv with respect to some oracle, if X is not K.
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Choice for Computable Polish Spaces

Theorem (B., de Brecht and Pauly 2012)

Let X be a computable Polish space. Then
» Cx <sw Cyv,
> Cx <qw Con if X is computably compact,
> Con <gw Cx if X is perfect,
> Cx <qw Cyxon if X is a computable K,—space,

> Cx =qw Cyn with respect to some oracle, if X is not K.

Corollary

For all n > 1:

> C[O7l]n =sW C2N
> CRn =sW CN><2N =sW CN X C2N =W CN * C2N

> Ccpo,11 =sw Co, =sw Cryy
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Choice for Computable Polish Spaces

Cyv =sw Ce, =sw Cepo,yg perfect non locally compact
CNX2N =sw Crn =sw Cv x Cy perfect locally compact
Con =sw Cpp 10 =sw C[O 1N perfect compact

CN =.w Cz=sw Co countable discrete

finite
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Choice Elimination for Choice on Cantor Space

The following result is reminiscent of certain conservation results.

Theorem (B., de Brecht and Pauly 2012)

f<wCn*xg=f<wg
for single-valued f :C X — Y on computable metric spaces X, Y.
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for single-valued f :C X — Y on computable metric spaces X, Y.
Proof. (Idea.) A non-deterministic computation that yields a
unique result cannot really exploit the advice r € 2"V, The compact

set of successful advices can be systematically searched in order to
find a successful advice. O
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Choice Elimination for Choice on Cantor Space

The following result is reminiscent of certain conservation results.

Theorem (B., de Brecht and Pauly 2012)

f<wCn*xg=f<wg
for single-valued f :C X — Y on computable metric spaces X, Y.

Proof. (Idea.) A non-deterministic computation that yields a

unique result cannot really exploit the advice r € 2"V, The compact
set of successful advices can be systematically searched in order to
find a successful advice. O

Corollary

f <w Con = f computable (for f as above).

Corollary
CN ﬁw C2N .

limy =sw Cy is single-valued and non-computable.

42 /120



Choice Elimination for Choice on Natural Numbers

» fis called a fractal if there is a F :C NN = NN with F =y f
and F|y=w f for every open U C N with U N dom(F) # 0.

» f is called a total fractal if there is a total F as above.

» strong (total) fractals are defined analogously with =qy.
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Category Theorem to the sets A,, of inputs to F for which Cy
yields the number n as a possible result. Then NN = Uiio A, and
one of the sets A, is somewhere dense. The fractality condition
yields the desired reduction. O
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» fis called a if there is a F :C NV = NV with F=w
and F|y=w f for every open U C N with U N dom(F) # 0.

> fis called a if there is a total F as above.

> are defined analogously with =4 .

Theorem (Le Roux and Pauly 2015)

f <wCy*g = f <w g for total fractals f.

Proof. (Idea.) Replace f by a total fractal an apply the Baire
Category Theorem to the sets A,, of inputs to F for which Cy
yields the number n as a possible result. Then NN = Uiio A, and

one of the sets A, is somewhere dense. The fractality condition
yields the desired reduction. O

Corollary (B. and Gherardi 2011)
IVT £w Cy and hence IVT |y Cy.

It is clear that also PCon ZLw Cy.
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Basic Complexity Classes

CNN

!

lim =.w Cy

!

CR =W CN X C2N

/

WL = S = (o
l IimN =W CN

WWKL =W PC2N /

KN =sW C;

l

LLPO =w Co
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Join Irreducibility

For g, :C X == Y we define
LI ogn :C N x X =2Y,(nx)— gn(x).

Definition

f is called , if one of the following equivalent
conditions hold:

» F=wllilog = (3n) f =w &n,
> fSW leio 8n — (Eln) fSW &n-

Equivalence follows since the Weihrauch lattice is distributive.
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Join Irreducibility

For g, :C X == Y we define
LI ogn :C N x X =2Y,(nx)— gn(x).

f is called , if one of the following equivalent
conditions hold:

» F=wllilog = (3n) f =w &n,
> fSW leio 8n — (Eln) fSW &n-

Equivalence follows since the Weihrauch lattice is distributive.

Proposition (B., de Brecht and Pauly 2012)

Every fractal f is join irreducible.

Corollary

Cy U CQN <w Cn X C2N.

Cn X Con =w Cr is a fractal. i o0



Minima versus Maxima and Boundedness versus Induction

We consider:
» min: NY¥ — N, p — min{p(n) : n € N},
» max :C NN = N, p — max{p(n) : n € N}.
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Finding a minimum is simpler because the first element in the

sequence is already an upper bound on the result and hence the
search space is finite.
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Minima versus Maxima and Boundedness versus Induction

We consider:
» min: NN = N, p+s min{p(n) : n € N},
» max :C NN = N, p s max{p(n) : n € N}.

Finding a minimum is simpler because the first element in the
sequence is already an upper bound on the result and hence the
search space is finite.

Proposition

— - _ *
max =sw Cy and min =qw Ky =qw C5.
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Minima versus Maxima and Boundedness versus Induction

We consider:
» min: NN = N, p+s min{p(n) : n € N},
» max :C NN = N, p s max{p(n) : n € N}.
Finding a minimum is simpler because the first element in the

sequence is already an upper bound on the result and hence the
search space is finite.

Proposition

max =gw Cy and min =qw Ky =sw C5.
This suggests the following correspondence:

» BX? (= boundedness for ¥? formulas) corresponds to Ky,

» 129 (= induction for ¥ formulas) corresponds to Cy.
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Basic Complexity Classes and Reverse Mathematics

Cyv ATRg
l
lim =sW CN ACAO
l
Cr =sw Cn % Con WKLg + 129
/
WKL =W C2N =sW C2 WKLO
!
WWKL =sw PCon WWKLg
limy =sw Ciy 1z9
Ky =sw C5 B9
|

Cy RCAq
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The Classification of Theorems

@© 2012 K.H. Hofmann
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Choice on Natural Numbers

Theorem (B. and Gherardi 2012)
The following problems and theorems are Weihrauch equivalent:

The choice problem Cy on natural numbers.
The Baire Category Theorem BCTj.

The Banach Inverse Mapping Theorem IMT.
The Open Mapping Theorem.

The Closed Graph Theorem.

The Uniform Boundedness Theorem.

vV V.V vV VY

All for infinite dimensional computable normed spaces (in case of BCT;
even for all perfect computable metric spaces).
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Choice on Natural Numbers

Theorem (B. and Gherardi 2012)
The following problems and theorems are Weihrauch equivalent:

The choice problem Cy on natural numbers.
The Baire Category Theorem BCTj.

The Banach Inverse Mapping Theorem IMT.
The Open Mapping Theorem.

The Closed Graph Theorem.

The Uniform Boundedness Theorem.

vV V.V vV VY

All for infinite dimensional computable normed spaces (in case of BCT;
even for all perfect computable metric spaces).

All members of the equivalence class share the following features:

All members map computable inputs to (some) computable outputs.
All members are not uniformly computable.

All members are computable with finitely many mind changes.

All members have parallelizations that are equivalent to the limit
map and they are closed under composition.

vvyyvyy
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The Baire Category Theorem

Theorem (Baire Category Theorem)

Every complete metric space X cannot be written as a countable
union X = [ JZ, A; of nowhere dense closed sets A; C X.
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Theorem (Baire Category Theorem)

Every complete metric space X cannot be written as a countable
union X = [ JZ, A; of nowhere dense closed sets A; C X.

For perfect computable complete metric space X we define:
» BCTo:C A-(X)N = X, (A)ien — X\ U, Ai with
dom(BCTo) = {(Ai)ien : A7 = 0}.
» BCT; :C .Af(X)N = N, (Ai)iEN — {FI eN: Af, 75 @} with
dOHl(BCTl) = {(Ai)iEN X = U,Oio A,}
The strong Weihrauch equivalence class does not depend on the
underlying space, but on the logical form.
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The Baire Category Theorem

Theorem (Baire Category Theorem)

Every complete metric space X cannot be written as a countable
union X = | J, A; of nowhere dense closed sets A; C X.

For perfect computable complete metric space X we define:
» BCTo:C A-(X)N = X, (A)ien — X\ U, Ai with
dom(BCTo) = {(Ai)ien : A7 = 0}.
» BCT; :C Af(X)N = N, (Ai)iEN — {FI eN: Af, 75 @} with
dOHl(BCTl) = {(Ai)iEN X = U,Oio A,}
The strong Weihrauch equivalence class does not depend on the
underlying space, but on the logical form.

Theorem (B. and Gherardi 2011)
BCT]_ =W CN and BCTO =W id.
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The Baire Category Theorem

Proof idea for BCT; =w Cy.
“BCT71 <w Cy" Given (A,'), the set

{(k,n) : 0 # Bx C An}

is co-c.e. in all parameters. Hence one can find a number (k, n) in
this set using Cy. In this case n € BCT(A)).
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The Baire Category Theorem

Proof idea for BCT; =w Cy.
“BCT71 <w Cy" Given (A,'), the set

{(k,n) : 0 # Bx C An}

is co-c.e. in all parameters. Hence one can find a number (k, n) in

this set using Cy. In this case n € BCT(A)).

“Cny <w BCT1" Given a sequence (n;);cry that enumerates a set of
natural numbers, we compute the sequence (A;) of closed subsets

A; € X with
A 0 if(3i)n=n;
"1 X otherwise

This sequence is computable in (n;) and each n € BCTy(n;) has
the property that n does not appear in (n;). O
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Banach's Inverse Mapping Theorem

Theorem (Banach'’s Inverse Mapping Theorem)

Every bijective bounded linear operator T : X — Y on Banach
spaces X, Y has a bounded inverse T~ : Y — X.
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Banach's Inverse Mapping Theorem

Theorem (Banach'’s Inverse Mapping Theorem)

Every bijective bounded linear operator T : X — Y on Banach
spaces X, Y has a bounded inverse T~!: Y — X.
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Theorem (Banach'’s Inverse Mapping Theorem)

Every bijective bounded linear operator T : X — Y on Banach
spaces X, Y has a bounded inverse T~!: Y — X.

For computable Banach spaces X, Y we define
» IMT :C C(X,Y) = C(Y,X), T — T~ with
dom(IMT) = {T : T linear}.
The strong Weihrauch equivalence depends on the underlying
spaces.

Theorem (B. and Gherardi 2011)

IMT =4w Cy for infinite dimensional computable Banach spaces.

Corollary (B. 2009)

Every bijective computable linear operator T : X — Y on
computable Banach spaces X, Y has a computable inverse T 1.
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Choice on Cantor Space

The following problems and theorems are Weihrauch equivalent:

The choice problem Cox on Cantor space 2.

Weak Kénig's Lemma WKL.

The Heine-Borel Theorem HB;.

The Separation Problem for ¥ sets. (Gherardi and Marcone 2009)
The Hahn-Banach Theorem HBT. (Gherardi and Marcone 2009)

The Brouwer-Fixed Point Theorem BFT, for dimension n > 2.
(B., Le Roux, J.S. Miller and Pauly 2012)

YV VvV vV VY
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The following problems and theorems are Weihrauch equivalent:

The choice problem Cox on Cantor space 2.

Weak Kénig's Lemma WKL.

The Heine-Borel Theorem HB;.

The Separation Problem for ¥ sets. (Gherardi and Marcone 2009)
The Hahn-Banach Theorem HBT. (Gherardi and Marcone 2009)

The Brouwer-Fixed Point Theorem BFT, for dimension n > 2.
(B., Le Roux, J.S. Miller and Pauly 2012)

YV VvV vV VY

All members of the equivalence class share the following features:

All members map computable inputs to (some) low outputs.
All members are neither uniformly nor non-uniformly computable.

All members are non-deterministically computable.

vV v. v Yy

All members are closed under composition and parallelization.
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The Heine-Borel Theorem

Theorem (Heine-Borel)

Every countable open cover (U;); of the unit interval [0, 1] has a
finite subcover.
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Theorem (Heine-Borel)

Every countable open cover (U;); of the unit interval [0, 1] has a
finite subcover.

Two different logical formalizations:
» HBy :C O([0, 1] N, (Uj)i— {neN:[0,1] C U, Ui},
dom(HBy) := {(U)); : [O 1] C Uz, Ui}
» HB; :C O([0,1])" = [0, 1], (Ui)i — [0,1] \ U2, U

=
(
)N

dom(HBy) := {(U)); : (Vn) [0,1] Z UiL, Ui}
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The Heine-Borel Theorem

Theorem (Heine-Borel)

Every countable open cover (U;); of the unit interval [0, 1] has a
finite subcover.

Two different logical formalizations:
» HBo :C O([0, 1) = N, (U;); — {n e N:[0,1] C UL, Ui},
dom(HBy) := {(U)); : [O 1] C U2, Uit
> HB1:C O([0,1])" = [0,1], (Up)i = [0, 1] \ U, U
dom(HBy) := {(U)); : (Vn) [0,1] Z UiL, Ui}
The set O(X) of open subsets of X is represented as A_(X),
using complements.
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The Heine-Borel Theorem

Theorem (Heine-Borel)

Every countable open cover (U;); of the unit interval [0, 1] has a
finite subcover.

Two different logical formalizations:
> HBo :C O([0,1])" = N, (U;)i = {n € N:[0,1] € U, Ui},
dom(HByg) := {(U)); : [O 1] C U2, Uit
> HBy :C O([0, 1) = [0, 1], (Uy); = [0, 1] \ U= U
dom(HB1) := {(U));i : (¥n) [0,1] Z Ui, Ui}-
The set O(X) of open subsets of X is represented as A_(X),
using complements.

Proposition

HBo =w id is computable HB1 =w WKL =w Con.
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The Brouwer Fixed Point Theorem

Theorem (Brouwer Fixed Point Theorem)

Every continuous map f : [0,1]" — [0,1]" has a fixed point
x €1[0,1]", ie., f(x) = x.
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The Brouwer Fixed Point Theorem

Theorem (Brouwer Fixed Point Theorem)
Every continuous map f : [0,1]" — [0,1]" has a fixed point
x €1[0,1]", ie., f(x) = x.
» BFT,:C([0,1]",[0,1]") = [0,1]", f — {x : f(x) = x}.
> CCx :CA_(X) = X,A— Ais the
restriction of closed choice Cx to connected sets.
Theorem (B., Le Roux and Pauly 2012)
BFT,=w CC[O,l]” for all n € N.
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Connected Choice versus Closed Choice

Proposition (B., Le Roux and Pauly 2012)

The map
A= (Ax[0,1] x {0})U(A x Ax[0,1]) U ([0,1] x A x {1})

is computable and maps any non-empty closed A C [0,1] to a
connected non-empty closed A C [0, 1]3.
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Connected Choice versus Closed Choice

Proposition (B., Le Roux and Pauly 2012)
The map

A= (Ax[0,1] x {0})U(A x Ax[0,1]) U ([0,1] x A x {1})

is computable and maps any non-empty closed A C [0,1] to a
connected non-empty closed A C [0, 1]3.

Theorem (B., Le Roux, J.S. Miller and Pauly 2012)

CClo,1» =sw Cpo,11 =sw Con for all n > 2.

The proof for n > 3 follows from the Proposition, but the case
n = 2 needs a more involved and completely different construction
due to J.S. Miller.
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The Brouwer Fixed Point Theorem

Corollary (B., Le Roux, J.S. Miller, Pauly 2012)
BFT,=sw Con for all n > 2.
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The Brouwer Fixed Point Theorem

Corollary (B., Le Roux, J.S. Miller, Pauly 2012)
BFT,=sw Con for all n > 2.

Corollary (Baigger 1985, Orevkov 1963)

There exists a computable function f : [0,1]" — [0, 1]" that has no
computable fixed point x € [0,1]" for every n > 2.

However, there is always a low fixed point.
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The Brouwer Fixed Point Theorem

Corollary (B., Le Roux, J.S. Miller, Pauly 2012)

BFT,=sw Con for all n > 2.

Corollary (Baigger 1985, Orevkov 1963)

There exists a computable function f : [0,1]" — [0, 1]" that has no
computable fixed point x € [0, 1]" for every n > 2.

However, there is always a low fixed point.

Corollary

There exists a non-empty connected co-c.e. closed subset
A C [0, 1]" without computable point for every n > 2.
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The Intermediate Value Theorem

Theorem (B. and Gherardi 2011)
IVT =sW CC[O,I]'
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The Intermediate Value Theorem

Theorem (B. and Gherardi 2011)
IVT =sW CC[O,I]'

Corollary

VT =, WKL.

Corollary (Pour-El and Richards 1989)

There are computable f, : [0,1] — R with f,(0) - f,(1) < 0 and
without computable x, € [0,1] such that f,(x,) = 0 for all n € N.
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The Intermediate Value Theorem

Theorem (B. and Gherardi 2011)
IVT =sW CC[Q]_].

Corollary
VT =, WKL.

Corollary (Pour-El and Richards 1989)

There are computable f, : [0,1] — R with f,(0) - f,(1) < 0 and
without computable x, € [0,1] such that f,(x,) = 0 for all n € N.

Corollary (B. and Gherardi 2011)
IVT |w BCT;.

“The Baire Category Theorem proves that the Baire Category

Theorem does not compute the Intermediate Value Theorem.”
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Choice on Euclidean Space

Frostman's Lemma is a result from geometric measure theory that
guarantees the existence of certain measures that are supported on a
given closed set.

Theorem (Fouché and Pauly 2015)
The following problems and theorems are Weihrauch equivalent:

» The choice problem Cgr on Euclidean space R.

» Frostman’s Lemma.
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given closed set.

Theorem (Fouché and Pauly 2015)
The following problems and theorems are Weihrauch equivalent:

» The choice problem Cgr on Euclidean space R.

» Frostman’s Lemma.

All members of the equivalence class share the following features:

> All members map computable inputs to (some) low outputs.

» All members are neither uniformly nor non-uniformly computable.

» All members are non-deterministically computable with finite mind
changes.

> All members are closed under composition and not parallelizable.
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Choice on Euclidean Space

Frostman's Lemma is a result from geometric measure theory that
guarantees the existence of certain measures that are supported on a
given closed set.

Theorem (Fouché and Pauly 2015)
The following problems and theorems are Weihrauch equivalent:

» The choice problem Cgr on Euclidean space R.

» Frostman’s Lemma.

All members of the equivalence class share the following features:

> All members map computable inputs to (some) low outputs.
» All members are neither uniformly nor non-uniformly computable.

» All members are non-deterministically computable with finite mind
changes.

> All members are closed under composition and not parallelizable.

Suggest other natural theorems equivalent to Cg!
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» Unique Choice UCx :C A_(X) =% X is the restriction of
closed choice Cx to

dom(UCx) :={AC X :|Al =1}
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Unique Choice

> UCx :C A_(X) =2 X is the restriction of
closed choice Cx to

dom(UCx) :={AC X :|Al =1}

Proposition (B., Gherardi and Marcone 2012)
UCN =sW CN-
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> UCx :C A_(X) =2 X is the restriction of
closed choice Cx to

dom(UCx) :={AC X :|A| =1}.

Proposition (B., Gherardi and Marcone 2012)
UCN =sW CN-

Corollary (B., de Brecht and Pauly 2012)
UC2N =W id and UC]R =W CN-

Follows with the help of elimination of Cyx for single-valued
functions.
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All or Unique Choice and Robust Division

» All-or-Unique Choice AUCx :C A_(X) =2 X, A A'is the
restriction of closed choice Cx to

dom(AUCx) ={AC X :A=Xor |A =1}.
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All or Unique Choice and Robust Division

» All-or-Unique Choice AUCx :C A_(X) =2 X, A A'is the
restriction of closed choice Cx to
dom(AUCx) ={AC X :A=Xor |A =1}.
> AUCN =W CN.
» Robust Division is the mathematical problem

{max)(:(’y)} If .y # 0

RDIV:[O,l]X[O,l]:i[Ovl]a(X’Y)H{ [0, 1] ify=0
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All or Unique Choice and Robust Division

» All-or-Unique Choice AUCx :C A_(X) = X, A+ Ais the
restriction of closed choice Cx to

dom(AUCx) ={AC X :A=Xor |A =1}.

> AUCN =W CN-
» Robust Division is the mathematical problem

{maxyt fy#0
RDIV : [0,1]x[0,1] = [0, 1 max(x.y)
0.1x[0.1 = [0.1] () { (pE) T
» Robust division RDIV can be used to solve linear equations in
compact domains: ax = b.
» Likewise RDIV* can be used to solve linear equations in
compact domain of arbitrary finite dimension.
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All or Unique Choice and Robust Division

> AUCx :C A_(X) = X,A Als the
restriction of closed choice Cx to
dom(AUCx) ={AC X :A=Xor |A =1}.
> AUCN =W CN-
is the mathematical problem

{max?x,y)} ify #0

RDIV : [0, 1]x[0, 1] = [0, 1], (x, y) H{ 0.1] fy—0

» Robust division RDIV can be used to solve linear equations in
compact domains: ax = b.

» Likewise RDIV* can be used to solve linear equations in
compact domain of arbitrary finite dimension.

Proposition

RDIV =g AUCpg 4;-
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Nash Equilibria

> A bi-matrix game is a pair A, B € R™*" of m x n—-matrices.
» A vector s = (s1,...,5,) € R™ with s; >0 forall i =1,....m
and > s; = Lis called a mixed strategy.
» By 5™ we denote the set of mixed strategies of dimension m.
» A Nash equilibrium is a pair (x,y) € §" x S such that
(Vw € S") xTAy > wT Ay and (Vz € S™) xTBy > xTBz.
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» A vector s = (s1,...,5,) € R™ with s; >0 forall i =1,....m
and 377, 5; = Lis called a :
» By 5™ we denote the set of mixed strategies of dimension m.
» A is a pair (x,y) € S” x S such that
(Vw € S") xTAy > wT Ay and (Vz € S™) xTBy > xTBz.

Theorem (Nash 1951)

Every bi-matrix game admits a Nash equilibrium.

» NASH, ;, : RT*7 x R™*" = R" x R™, where
(A, B) — {(x,y) : (x,y) is a Nash equilibrium for (A, B)}.
» NASH :=| | NASH,, m.

n,meN
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Nash Equilibria

> A is a pair A, B € R™*" of m x n—matrices.
» A vector s = (s1,...,5,) € R™ with s; >0 forall i =1,....m
and 377, 5; = Lis called a :
» By 5™ we denote the set of mixed strategies of dimension m.
» A is a pair (x,y) € S” x S such that
(Vw € S") xTAy > wT Ay and (Vz € S™) xTBy > xTBz.

Theorem (Nash 1951)

Every bi-matrix game admits a Nash equilibrium.

» NASH, ;, : RT*7 x R™*" = R" x R™, where
(A, B) — {(x,y) : (x,y) is a Nash equilibrium for (A, B)}.
» NASH :=| | NASH,, m.

n,meN
Theorem (Pauly 2010)
NASH =y RDIV* =y AUCH, .
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A Las Vegas Algorithm for Robust Division

Robust division RDIV is Las Vegas computable.

1.

Given x,y € [0,1] and a random advice r € [0, 1], we aim to
compute the fraction z = W

: V) :
We guess that r is a correct solution, i.e., r = z if y > 0, and
we produce approximations of r (rational intervals (a, b) > r).
Simultaneously, we try to find out whether y > 0, which we
will eventually recognize, if this is correct.
If we find that y > 0, then we can compute the true result
max)(‘xy) and produce approximations of it.
If at some stage we find that the best approximation (a, b) of
r that was already produced as output is incompatible with z,

i.e., if z ¢ (a,b), then we indicate a failure.

ZzZ =
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A Las Vegas Algorithm for Robust Division

Robust division RDIV is Las Vegas computable.

1. Given x,y € [0,1] and a random advice r € [0, 1], we aim to

compute the fraction z = W
: V) :

2. We guess that r is a correct solution, i.e., r =z if y > 0, and
we produce approximations of r (rational intervals (a, b) > r).

3. Simultaneously, we try to find out whether y > 0, which we
will eventually recognize, if this is correct.

4. If we find that y > 0, then we can compute the true result

max)(‘xy) and produce approximations of it.

5. If at some stage we find that the best approximation (a, b) of
r that was already produced as output is incompatible with z,

i.e., if z ¢ (a,b), then we indicate a failure.

Corollary

NASH = RDIV* <y WWKL.

ZzZ =
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A Probabilistic Algorithm for Zero Finding

1. A continuous function f : [0,1] — R with f(0) - f(1) < 0'is
given as input.

2. Guess a binary sequence or, equivalently, a bit b € {0,1} and
a point x € [0, 1].

3. Interpret the guess b = 1 such that the zero set £~ 1{0}
contains no open intervals and use the trisection method to
compute a zero z € [0, 1] with f(z) = 0 in this case
(disregarding x).

4. Interpret the guess b = 0 such that the zero set {0} does
contain an open interval and check whether f(x) = 0 in this
case. Stop after finite time if this test fails and output x
otherwise.
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A Probabilistic Algorithm for Zero Finding

1. A continuous function f : [0,1] — R with f(0) - f(1) < 0'is
given as input.

2. Guess a binary sequence or, equivalently, a bit b € {0,1} and
a point x € [0, 1].

3. Interpret the guess b = 1 such that the zero set £~ 1{0}
contains no open intervals and use the trisection method to
compute a zero z € [0, 1] with f(z) = 0 in this case
(disregarding x).

4. Interpret the guess b = 0 such that the zero set {0} does
contain an open interval and check whether f(x) = 0 in this
case. Stop after finite time if this test fails and output x
otherwise.

Warning: This is not a Las Vegas algorithm! But it yields:

IVT <w WWKL'.
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There is no Las Vegas Algorithm for Zero Finding

IVT Zw WWKL.
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There is no Las Vegas Algorithm for Zero Finding

Theorem
IVT Lyw WWKL.

Proof. (Idea) The proof is based on a finite extension
construction: under the assumption that there is an algorithm for
the reduction, one can create an instance (a function ) by finite
extension that forces the reduction to translate this function into a
tree that has measure zero. U
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There is no Las Vegas Algorithm for Zero Finding

Theorem
IVT Lyw WWKL.

Proof. (Idea) The proof is based on a finite extension
construction: under the assumption that there is an algorithm for
the reduction, one can create an instance (a function ) by finite
extension that forces the reduction to translate this function into a
tree that has measure zero. U

Corollary
IVT |ww WWKL.

The inverse result WWKL £y IVT is easy to see: IVT maps
computable inputs to computable outputs, WWKL does not.

65 /120



|ldempotency of Restricted Choice Principles

Proposition (B., Gherardi and Holzl 2015)
C2 X AUC[OJ] ﬁw CC[OJ].
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|ldempotency of Restricted Choice Principles

Proposition (B., Gherardi and Holzl 2015)
C2 X AUC[OJ] ﬁw CC[OJ].

Corollary (B., Le Roux and Pauly 2012)
CClo,y =w IVT is not idempotent.
Also AUC|g 1] is not idempotent. Since C; x AUCg 1) <w AUCr0,1]3

Corollary
AUCro,l] Zw CCpo 13-

Corollary
NASH |w IVT.

Follows since IVT £ Cy but NASH &y Cy.
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Nash Equilibria and the Intermediate Value Theorem

lim =sW CN

l

CR =sW CN X CQN

PN

WKL =sW C2N BCTl =sW CN

o |
WWKL =g PCyri

~ !
~

IVT = CCloiy  NASH=qw AUC},

L = !
Ky =sw C§ RDIV =.w AUC[O,I]
\ /
LLPO =sw Co
|

ACCy
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All or Co-Unique Choice and Diagonal Non-Computability

» All-or-Co-Unique Choice ACCx :C A_(X) = X,A— Alis the
restriction of closed choice Cx to

dom(ACCx) :={AC X:A=Xor |[X\A =1}
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> ACCx :C A _(X) = X,Ar Als the
restriction of closed choice Cx to
dom(ACCx) :={AC X:A=Xor |[X\A =1}
» ACCx =qw id for perfect computable metric spaces.
» ACC, = Cy and ACC,, =sw LLPO,, for n > 2.
Proposition (Weihrauch 1992)

ACC, 11 <wACC, for all n > 2.

> for X C N:
DNCx : N¥ = XN p s {g € XN : (Vn) ©h(n) # q(n)}.

Theorem (Higuchi, Kihara 2014 and B., Hendtlass, Kreuzer 2015)

DNC,, =.w ACC,, for all n > 2 and DNCy =g ACCh.
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All or Co-Unique Choice and Diagonal Non-Computability

> ACCx :C A _(X) = X,Ar Als the
restriction of closed choice Cx to
dom(ACCx) :={AC X:A=Xor |[X\A =1}
» ACCx =qw id for perfect computable metric spaces.
» ACC, = Cy and ACC,, =sw LLPO,, for n > 2.
Proposition (Weihrauch 1992)

ACC, 11 <wACC, for all n > 2.

> for X C N:
DNCx : N¥ = XN p s {g € XN : (Vn) ©h(n) # q(n)}.

Theorem (Higuchi, Kihara 2014 and B., Hendtlass, Kreuzer 2015)

DNC,, =.w ACC,, for all n > 2 and DNCy =g ACCh.

Corollary (Jockusch 1989)

DNCN <w DNC,H_l <w DNCn for all n > 2.
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PA, Diagonal Non-Computability and WKL

» PA:D=D,a~ {b:b > a} is the problem of Peano
arithmetic.

69 /120



PA, Diagonal Non-Computability and WKL

» PA:D=D,a~ {b:b > a} is the problem of

Corollary

PA <w DNC,, for all n > 2.

69 /120



PA, Diagonal Non-Computability and WKL

» PA:D=D,a~ {b:b > a} is the problem of

Corollary

PA <w DNC,, for all n > 2.

» WKL, :C Tr, = n'¥, T+ [T] denotes Weak Kdnig's Lemma
for big n—ary trees.

» Atree T C n* ={0,1,...,n— 1}" is called big, if it satisfies
the following condition: if w is a node of T which is on an
infinite path, then all but at most one successor nodes are on
an infinite path of T too.

69 /120



PA, Diagonal Non-Computability and WKL

» PA:D=D,a~ {b:b > a} is the problem of

Corollary

PA <w DNC,, for all n > 2.

» WKL, :C Tr, = n'¥, T+ [T] denotes Weak Kdnig's Lemma
for big n—ary trees.

» Atree T C n* ={0,1,...,n— 1}" is called big, if it satisfies
the following condition: if w is a node of T which is on an
infinite path, then all but at most one successor nodes are on
an infinite path of T too.

Theorem (B., Hendtlass and Kreuzer 2015)
WKL, =sw DNC,, for all n > 2.
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PA, Diagonal Non-Computability and WKL
Iimzswa\y
l ﬁ

DNCs =.w WKL = ACCy Cn
DNC3 =sw WKL3 =sw ACC3 ACCy =w LLPO

DNCps1 =sw WKL 1 =sw ACCpyy  ACC3=qw LLPO3

! — l

PA DNCx =sw A/CC\N ACCpy1 :sW LLPOpy1

| \

NON ACCy
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Dense Realization and All or Co-Unique Choice

» f:C X = Y is called densely realized, if f*(p) is dense in
dom(dy) for every p € dom(fdx).
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» f:C X = Y is called densely realized, if f*(p) is dense in
dom(dy) for every p € dom(fdx).

f is densely realized if Y is densely represented, i.e., (5;1()/) is
dense in dom(dy) for every y € Y.

The set D of Turing degrees with its standard representation
5p : NN = D, pi [p] is densely realized.

In particular, every [, statement that claims the existence of
a Turing degree translates into a densely realized problem.
PA:D ="D,ars {b:b > a} is densely realized.

NON:D =2 D,a~ {b:bZra} is densely realized.

v

v

v

v

v
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Dense Realization and All or Co-Unique Choice

» f:C X = Y is called , if f*(p) is dense in
dom(dy) for every p € dom(fdx).
> f is densely realized if Y is cie, 0y (y) is

dense in dom(dy) for every y € Y.

> The set D of Turing degrees with its standard representation
5p : NN = D, pi [p] is densely realized.

» In particular, every I, statement that claims the existence of
a Turing degree translates into a densely realized problem.

» PA:D = D,a~ {b:b> a} is densely realized.

» NON:D == D,a~ {b:bZra} is densely realized.

Proposition (B., Hendtlass and Kreuzer 2015)

If f is densely realized, then ACCy L f.
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Dense Realization and All or Co-Unique Choice

» f:C X = Y is called , if f*(p) is dense in
dom(dy) for every p € dom(fdx).
> f is densely realized if Y is cie, 0y (y) is

dense in dom(dy) for every y € Y.

The set D of Turing degrees with its standard representation
5p : NN = D, pi [p] is densely realized.

In particular, every [, statement that claims the existence of
a Turing degree translates into a densely realized problem.

» PA: D =D,ar {b:b> a} is densely realized.

» NON:D == D,a~ {b:bZra} is densely realized.

v

v

Proposition (B., Hendtlass and Kreuzer 2015)

If f is densely realized, then ACCy L f.

» ACCy is the weakest choice principles studied so far.
» All typical theorems from analysis are above ACCy.
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Basic Complexity Classes and Reverse Mathematics

Cyv ATRg
l
lim =sW CN ACAO
l
Cr =sw Cn % Con WKLg + 129
/
WKL =W C2N =sW C2 WKLO
!
WWKL =sw PCon WWKLg
limy =sw Ciy 1z9
Ky =sw C5 B9
|

Cy RCAq
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Limits and LPO

> limy :C XN — X, (xn)n = lim, o0 X, denotes the limit
operation of a Hausdorff space X.

» lim :C NN = N, (pg, p1, p2, ...) = lims o0 P denotes the limit
operation of Baire space N with encoded input.

74 /120



Limits and LPO

> limy :C XN — X, (xn)n = lim, o0 X, denotes the
of a Hausdorff space X.

» lim :C NY = N, (pg, p1, p2, ...) = lim, o0 P denotes the
of Baire space NV with encoded input.

Proposition (B. 2005)

lim=qw limx for all perfect computable metric spaces X.

74 /120



Limits and LPO

> limy :C XN — X, (xn)n = lim, o0 X, denotes the
of a Hausdorff space X.

» lim :C NY = N, (pg, p1, p2, ...) = lim, o0 P denotes the
of Baire space NV with encoded input.

Proposition (B. 2005)

lim=qw limx for all perfect computable metric spaces X.

1 if (Vn) p(n) =0

. NN
> LPO:N _>N’p'_>{ 0 otherwise

denotes the

74 /120



Limits and LPO

> limy :C XN — X, (xn)n = lim, o0 X, denotes the
of a Hausdorff space X.

» lim :C NY = N, (pg, p1, p2, ...) = lim, o0 P denotes the
of Baire space NV with encoded input.

Proposition (B. 2005)

lim=qw limx for all perfect computable metric spaces X.

1 if (Vn) p(n) =0

. NN
> LPO:N _>N’p'_>{ 0 otherwise

denotes the
Proposition (B. and Gherardi 2011)
LPO =sW CN =sW lim.
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Parallelized Choice on Natural Numbers

The following problems and theorems are Weihrauch equivalent:

>

| 2

>

The parallelization 6;; of the choice problem on natural numbers.
The limit problem lim :C NN — NN (po, p1, pa, ...) = lim, o0 Pp.

The differentiability problem d :C C[0,1] — C[0,1], f — '
(von Stein 1989).

The Monotone Convergence Theorem MCT.

The Fréchet-Riesz Theorem for Hilbert spaces.
(follows from B. and Yoshikawa 2006)

The Radon-Nikodym Theorem. (Hoyrup, Rojas, Weihrauch 2012)
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Parallelized Choice on Natural Numbers

The following problems and theorems are Weihrauch equivalent:

> The parallelization 6;; of the choice problem on natural numbers.
> The limit problem lim :C NN — NN (py, p1, p2, ...) = lim,_so0 pn.
> The differentiability problem d :C C[0,1] — C[0, 1], f > £

(von Stein 1989).
» The Monotone Convergence Theorem MCT.

» The Fréchet-Riesz Theorem for Hilbert spaces.
(follows from B. and Yoshikawa 2006)

> The Radon-Nikodym Theorem. (Hoyrup, Rojas, Weihrauch 2012)

All members of the equivalence class share the following features:

» All members map computable inputs to (some) lim. comp. outputs.
» All members are neither uniformly nor non-uniformly computable,
but limit computable.
» All members are closed under parallelization, but not under
composition. 75 /120



A Dichotomy for Linear Operators

Theorem (B. 1999)

Let X,Y be computable Banach spaces and T :C X — Y a
densely defined linear operator with a c.e. closed graph. Then:

» T <wid <= T computable <= T bounded.
> lim<w T <= T unbounded.
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A Dichotomy for Linear Operators

Theorem (B. 1999)

Let X,Y be computable Banach spaces and T :C X — Y a
densely defined linear operator with a c.e. closed graph. Then:

» T <wid <= T computable <= T bounded.
> lim<w T <= T unbounded.

Corollary (von Stein 1992)
d =w lim, where d :C C[0, 1] — C[0, 1], f — f’

Corollary (First Main Theorem of Pour-El and Richards 1989)

An unbounded T :C X — Y as above admits a computable
x € dom(T) such that T(x) is not computable.

Corollary (Myhill 1971)

There exists a computable and continuously differentiable
f:[0,1] — R such that f' is not computable.
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» For every representation ¢ :C NV — X we define the jump
§:CNN = X by & :=6olim.
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Jumps

» For every representation ¢ :C N — X we define the
§:CNN = X by & :=6olim.
» X’ = (X,0d") denotes the corresponding represented space.
» For f :C X = Y we define its by
fCX =Y, x— f(x).
» For instance id' =4y lim, id” =.w limolim, etc.

Proposition (B., Gherardi and Marcone 2011)

f<swg = f! Sng/ and f <gw f'.
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» For every representation ¢ :C N — X we define the
§:CNN = X by & :=6olim.
» X’ = (X,0d") denotes the corresponding represented space.
» For f :C X = Y we define its by
fCX =Y, x— f(x).
» For instance id' =4y lim, id” =.w limolim, etc.

Proposition (B., Gherardi and Marcone 2011)

f<wg = f'<swg' and f <qw f'.

» f <w f’ does not hold in general: f =. f’ for a constant f.
» f <w g is compatible with: ' =y g/, f' <w g’ and g’ <w f’.

Proposition (B., Gherardi and Marcone 2011)

> f'=w ' xlim=w f*lim, if f is a cylinder.
» f is a cylinder — f' is a cylinder.
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Jumps and the Algebraic Structure

Proposition (B., Gherardi and Marcone 2011)

v

fug)<swf ug
SSW fl*

v
-
*
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Jumps and the Algebraic Structure

Proposition (B., Gherardi and Marcone 2011)

v
=
Il

wn

=
g

v

fug)<swf ug
> f*, SSW f/*

Proposition (B., Gherardi and Marcone 2011)

» f strongly idempotent —> ' strongly idempotent,
» f idempotent cylinder —> f' idempotent cylinder,

» f' is a strong fractal and hence join irreducible for every f.
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Jumps and the Algebraic Structure

Proposition (B., Gherardi and Marcone 2011)

> (fog) =fog
» (Fxg)=wf xg
> ?/Eswﬁ

v

fug)<swf ug
> f*, SSW f/*

Proposition (B., Gherardi and Marcone 2011)

» f strongly idempotent —> ' strongly idempotent,
» f idempotent cylinder —> f' idempotent cylinder,

» f' is a strong fractal and hence join irreducible for every f.

In particular, not every f with lim <y f is a jump. 78 /120



The Weihrauch Lattice refines the Borel Hierarchy

» 0 = fand F("D) = (FNY for all n € N.
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» 0 = fand F("D) = (FNY for all n € N.

Theorem (B. 2005)

f <wid" = f is effectively 30 . —measurable for all n € N.

reducibility ‘ hierarchy

many-one arithmetical

Weihrauch

effective Borel
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The Weihrauch Lattice refines the Borel Hierarchy

Theorem (B. 2005)

f <wid" = f is effectively 30, —measurable for all n € N.

CNN

22 lim”’
23 lim’
Zg lim
=9 id
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The Cluster Point Problem

» Clx :C XN = X, (xy)n — {x: xis a cluster point of (x,),} is
called the cluster point problem of a topological space X.
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called the of a topological space X.

Theorem (B., Gherardi and Marcone 2011)

CLx =gw Cy for every computable metric space X.

Proof. (Idea) This can be proved by showing that the jump of _
is equivalent to the cluster point representation of A_(X). One
direction follows since

XN = A_(X), (%n)n — {x : x is a cluster point of (x,)n}

is limit computable. The other direction is more involved. ]
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The Cluster Point Problem

» Clx :C XN = X, (xy)n — {x: xis a cluster point of (x,),} is
called the cluster point problem of a topological space X.

Theorem (B., Gherardi and Marcone 2011)

CLx =gw Cy for every computable metric space X.

Proof. (Idea) This can be proved by showing that the jump of _
is equivalent to the cluster point representation of A_(X). One
direction follows since

XN = A_(X), (%n)n — {x : x is a cluster point of (x,)n}

is limit computable. The other direction is more involved. O

Example

» C, =, CL is the infinite pigeonhole principle,
> (:’2N =sw CLo,n is the Bolzano-WeierstraB Theorem of 20

» Cip =sw Cy is a fixed point of the jump. .



The Jump of Choice on Cantor Space

» BWTx :C XN = X, (x,), — {x: x is a cluster point of (x,),} is
CLx rest. to dom(BWTx) := {(xa)n : {xn : n € N} is compact}.
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The Jump of Choice on Cantor Space

» BWTx :C XN = X, (x,), — {x: x is a cluster point of (x,),} is
CLx rest. to dom(BWTx) := {(x4)n : {xs : n € N} is compact}.

The following problems and theorems are strongly Weihrauch equivalent:

The jump Cly of choice on Cantor space 2".
The jump of Weak Kénig's Lemma WKL'.
Kénig's Lemma KL. (B. and Rakotoniaina 2015)

The Bolzano-WeierstraB Theorem BWTg on R.
(B., Gherardi, Marcone 2011)

vV V. Vv Y
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The Jump of Choice on Cantor Space

» BWTx :C XN = X, (x,), — {x: x is a cluster point of (x,),} is
CLx rest. to dom(BWTx) := {(x4)n : {xs : n € N} is compact}.

The following problems and theorems are strongly Weihrauch equivalent:

The jump Cly of choice on Cantor space 2".
The jump of Weak Kénig's Lemma WKL'.
Kénig's Lemma KL. (B. and Rakotoniaina 2015)

The Bolzano-WeierstraB Theorem BWTg on R.
(B., Gherardi, Marcone 2011)

vV V. Vv Y

All members of the equivalence class share the following features:
> All members map computable inputs to (some) outputs that are low
relative to the halting problem.

» All members are neither uniformly nor non-uniformly limit
computable.

> All members are closed parallelization, but not under composition. Do



The Bolzano-WeierstraBB Theorem

Proposition (B., Gherardi, Marcone 2011)

» WKL’ =,ww BWT x for perfect computable metric spaces X.
» Ky =sw BWTy.
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K <aw € <aw KT for all n e N.
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» WKL’ =,ww BWT x for perfect computable metric spaces X.
» Ky =sw BWTy.

Proposition (B. and Rakotoniaina 2015)
K <aw € <aw KT for all n e N.
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The Bolzano-WeierstraBB Theorem

Proposition (B., Gherardi, Marcone 2011)

» WKL’ =,ww BWT x for perfect computable metric spaces X.
» Ky =sw BWTy.

Proposition (B. and Rakotoniaina 2015)
K <aw € <aw KT for all n e N.

Proof. (Idea) This follows from
Ky <sw Cn =sw limy <qw BWTy =aw K. O

> BZO IZO — BZO IZO corresponds to
» Ky <ow Cn <sw Kiy <sw Cy <sw -

83 /120



The Bolzano-WeierstraBB Theorem

Proposition (B., Gherardi, Marcone 2011)

» WKL’ =,ww BWT x for perfect computable metric spaces X.
» Ky =sw BWTy.

Proposition (B. and Rakotoniaina 2015)

K <aw € <aw KT for all n e N.

Proof. (Idea) This follows from
Ky <sw Cn =sw limy <qw BWTy =aw K. O

> BZ&J — IZ? — BZg +— IZg... corresponds to
> KN SSW CN SSW Kf\] SSW Cf\] SSW

Corollary (B., Gherardi and Holzl 2015)

an) is £ ,—measurable but not X0 | —measurable for all n € N.
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Higher Complexity Classes

ATR, Cyn
+
__________ o el
=9 lim’’
l
o
T T & =9
WKL =sw c;;V 1 LPO”
KK — 1 BxY
LLPO" =gy CY
=) lim”
l
Ca
I &, 19
WKL’ Zo Clyy T
Kl 1 B
LLPO’ =4 C}
=9 lim
Cr —_
1 Cy bxy
WKL =gw Cyy 1 i Lzo
Ky B
T PO G
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The Cluster Point Problem in the Role of Induction

» We recall that DNC,;1 <w DNC,, for all n > 2.

» R. Friedberg proved that non-uniformly the corresponding
Turing degrees coincide.

» Dorais, Hirst and Shafer (2015) refined this construction and
analyzed it in reverse mathematics.
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The Cluster Point Problem in the Role of Induction

» We recall that DNC,;1 <w DNC,, for all n > 2.

» R. Friedberg proved that non-uniformly the corresponding
Turing degrees coincide.

» Dorais, Hirst and Shafer (2015) refined this construction and
analyzed it in reverse mathematics.

Proposition (B., Hendtlass, Kreuzer 2015)

DNC, <w DNC,, * Cf\; for all n > 2.

» The proof is a uniform version of the construction of Dorais,
Hirst and Shafer (2015).

Question

How can (DNC,, .1 — DNC,,) be characterized?

The result above only implies (DNC, 11 — DNC,) <y Cj.
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Cardinality Based Separation Techniques

> We define the cardinality #f as the supremum of all
cardinalities | M| of sets M C dom(f) such that the sets f(x)
with x € M are pairwise disjoint.
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> We define the #f as the supremum of all
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Cardinality Based Separation Techniques

> We define the #f as the supremum of all
cardinalities | M| of sets M C dom(f) such that the sets f(x)
with x € M are pairwise disjoint.

Proposition (B., Gherardi and Holzl 2015)
f<swg = #f < #g.

If f :C X = N is a strong fractal and range(g) compact, then
f<wg=f<sw§g.

Corollary (B., Gherardi and Marcone 2012)

> BWT, <w BWT, 11 <wBWTy <w BWTg for all n € N,
> lim, <w limyy1 <y limy <w limg for all n € N.
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Cohesiveness and the Bolzano-WeierstralB Theorem

» WBWTx :C XN = X/, (xp)n + BWT is called the Weak
Bolzano WeierstraB Theorem of X.
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» WBWTx :C XN = X/, (xp)n + BWT is called the Weak
Bolzano WeierstraB Theorem of X.

» COH : (2M)N = 2% where COH(R;) contains all infinite
X C N such that for all / € N one of the sets X N R; or
X N (N\ R;) is finite is called the Cohesiveness Problem.
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Cohesiveness and the Bolzano-WeierstraB Theorem

» WBWTx :C XN = X’ (x,), — BWTx is called the
of X.
» COH : (2M)N = 2% where COH(R;) contains all infinite
X C N such that for all / € N one of the sets X N R; or
X N (N\ R;) is finite is called the

Theorem (Kreuzer 2011)
COH=w WBWTg.

Theorem (B., Hendtlass and Kreuzer 2015)

WBWT x =w(lim — BWTx) for all computable metric spaces X.
Recall: (lim — BWTx) = min{h: BWTx <y lim xh}.

Corollary

COH = (lim — KL) =y (lim — WKL).
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Cohesiveness

Theorem (B., Hendtlass and Kreuzer 2015)
WKL’ =w lim «COH.

The proof uses a uniform double limit technique.

Proposition (B., Hendtlass and Kreuzer 2015)
COH =y WBWT>.

Corollary

» COH and WBWTx for | X| > 2 are densely realized!

Corollary
ACCy £w COH.
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On the Combinatorial “Core” of Problems

Problem | Characterization Core

lim lim =.w LPO LPO

WKL WKL = Ca Co =.w LLPO

KL KL =sw Ch L= IPP

COH COH =.w WBWT, | WBWT,

DNC, | DNC,=awACC, | ACC,=aw LLPO,
NASH | NASH = AUCH ;) | AUCjo.1 =w RDIV
Ky Kn =w C; Co=sw LLPO
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Ramsey's Theorem
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Ramsey's Theorem

Theorem (Ramsey 1930)

Every coloring c : [N]" — k admits an infinite homogeneous set
M C N.
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Ramsey's Theorem

Theorem (Ramsey 1930)

Every coloring c : [N]" — k admits an infinite homogeneous set
M C N.

» Here [M]" denotes the set of n—element subsets of M C N.
» We identify k with {0,1,...,k — 1} for all k € N.

» Aset M C N is called for the coloring c, if
there is some i € k such that ¢(A) = i for all A € [M]".

» By C, « we denote the set of colorings c : [N]” — k.

» By RT; :Cri = 2N we denote the corresponding
multi-valued function, where RT(c) contains exactly all
infinite homogeneous sets M C N for c.

» We also consider the case k = N, which corresponds to an
unspecified but finite number of colors.

91 /120



Lower Bounds on Ramsey

Proposition (B. and Rakotoniaina 2015)

" <wRTY for all n > 1.
Proof.(Idea.) We note that CS”) =y BWT, o limll, . Let
p € dom(BWTj o0 Iim[2'§1]) and g := Iimlz'&fl](p). Then

q(io) = lim lim ... lim p{ip—1,..., o)
11—>00 Ip—» 00 In—1—>00

for all ip € N. We compute the coloring ¢ : [N]” — 2 with
C{io <h<..< I',,,l} = p<l'n,1, In—2, .y i1, i0>.

For M € RT5 we obtain c¢(M) € BWT2(q). O
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Lower Bounds on Ramsey

Proposition (B. and Rakotoniaina 2015)

" <wRTY for all n > 1.

Proof.(Idea.) We note that CS”) =y BWT, o limll, . Let
p € dom(BWTj o0 Iim[2'§1]) and g := Iimlz'&fl](p). Then

q(io) = lim lim ... lim p{ip—1,..., o)
11—>00 Ip—» 00 In—1—>00

for all ip € N. We compute the coloring ¢ : [N]” — 2 with
C{io <h<..< I',,,l} = p<l'n,1, In—2, .y i1, i0>.

For M € RT5 we obtain c¢(M) € BWT2(q). O

Corollary
WKL < RT? forall n>1, k > 2.
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Products and Parallellization of Ramsey

Theorem (B. and Rakotoniaina 2015)

RTH x RTJH <qw RT{H] forall n, k > 1.

Proof. (ldea.) Given a coloring ¢; : [N]” — N with finite range
and a coloring ¢, : [N]"*! — k we construct a coloring
¢t [N]"™! = k + 1 as follows:

ct(A) = { c2(A) if Ais homogeneous for c;

k otherwise

for all A € [N]"*. Then RT;™(c*) € RT%(c1) NRT}™(c2) and
hence the desired reduction follows. O
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Products and Parallellization of Ramsey

Theorem (B. and Rakotoniaina 2015)

RTH x RTJH <qw RT{H] forall n, k > 1.

Proof. (ldea.) Given a coloring ¢; : [N]” — N with finite range
and a coloring ¢, : [N]"*! — k we construct a coloring
¢t [N]"™! = k + 1 as follows:
c(A) = a(A) ifAis homogeneous for 1
k otherwise

for all A € [N]"*. Then RT;™(c*) € RT%(c1) NRT}™(c2) and
hence the desired reduction follows. O

Corollary
(RT})* <w RT3 forall n, k > 1.
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Parallelization of Ramsey

Theorem (B. and Rakotoniaina 2015)

RT] <ew RTZ2 for all n, k > 1.

Proof. (Idea.) Given a sequence (¢;); of colorings ¢; : [N]” — k,
we compute a sequence (dp)m of colorings dp, € Cp xm that
capture the products (RT7)™ and a sequence (d,}), of colorings
dt  [N]"* — 2 by

) = {

for all A € [N]"1. Now, in a final step we compute a coloring
c : [N]"*2 — 2 with

0 if Ais homogeneous for d,,
1 otherwise

c({m} UA) = d}(A)

for all A € [N]"*! and m < min(A). Given an infinite

homogeneous set M € RT52(c) we determine a sequence (M;);

as follows: for each fixed i € N we first search for a number m >/

in M and then we let M; := {X eEM:x> m} (os /120



Lower Bounds and Stability

Corollary

For all n > 2 we obtain:

> limy =w SRTL

> lim <w SRT3

WKL’ <w RT3 (Hirschfeldt and Jockusch 2015)
WKL <y SRTS+2

v

v

A coloring ¢ : [N]” — k is called stable, if lim;_, c(AU{i})
exists for all A € [N]"~1.

SRTY}, is the restriction of RT}, to stable colorings.

v

v
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Upper Bounds

Theorem (Cholak, Jockusch, Slaman 2009)

RT}; <w SRT} =« COH for all n, k > 1.
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Proof. (Idea.) In fact, we even proved SRT] "' =\ (CRT}). O

Corollary
RTIT <w RT] « WKL’ for all n, k > 1.

Proof. (Idea.) We use WKL’ =y lim «COH. O
Corollary

RT) =wWKL" foralln>1, k > 2.

|
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Upper Bounds

Theorem (Cholak, Jockusch, Slaman 2009)
RT}; <w SRT} =« COH for all n, k > 1.

Theorem
SRT{™ <w RT{ +lim for all n, k > 1.

Proof. (Idea.) In fact, we even proved SRT} " =y (CRT})".

0

Corollary
RTIT <w RT] « WKL’ for all n, k > 1.

Proof. (Idea.) We use WKL’ =y lim «COH.
Corollary

RT) =wWKL" foralln>1, k > 2.

Corollary

|

RT} is effectively £° ,—, but not X2, ,—-measurable for n, k > 2.
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Ramsey's Theorem and Cohesiveness
b3

HN /4
lim
+

11
WKL ———— SrT2« COH
(RT2) x lim U
=3 2 ~ o2
: SRT2 x COH RT2
' 4
\ 2
\ SRT2UCOH —, g2 ¢~ - (cRTYY
\‘\ / 0
\ BWT, (RT3)' = D3
\ |
33 lim’ \

i |
WKL =.w KL
]

== o
Co=wBWT, __ RT; =D;
¢ -

3

- "
lim "'\) Cy =w limy Loy Cr
COH
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The Squashing Theorem

Definition

f:C NN = NV js called if there is a computable
T :C NN — NN such that for all p, g € dom(f), r € N, k € N:
((Vn > k)(p(n) = q(n)) and r € f(q)) = T{(r, k) € f(p).
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The Squashing Theorem

Definition

f:C NN = NV js called if there is a computable
T :C NN — NN such that for all p, g € dom(f), r € N, k € N:
((vn = k)(p(n) = q(n)) and r € f(q)) = T(r, k) € f(p).

> f finitely tolerant = f fractal.
> lim, BWT,,BWTy, BWTun, RT}, RTf are finitely tolerant.

Theorem (Dorais, Dzhafarov, Hirst, Mileti and Shafer 2016)

Let f,g :C NN = NV and let f be finitely tolerant and total. Then

Note. BWTy is not total.

Corollary

Under the same assumptions on f it holds that
f idempotent = f parallelizable.
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Color Separation

Theorem (Dorais, Dzhafarov, Hirst, Mileti and Shafer 2016)

RT} <sw RT}, forall n,k > 1.
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Color Separation

Theorem (Dorais, Dzhafarov, Hirst, Mileti and Shafer 2016)

RT} <sw RT}, forall n,k > 1.

Theorem (B. & Rakotoniaina, Hirschfeldt & Jockusch, Patey 2015)

RT} <wRT}, forall n,k > 1.

Proof.

» RTS x RT} ! <w RT}1] by the Product Theorem.

> RT§ x RT7H <y RT/! implies RTS <y RT?™! by the
Squashing Theorem which/lsads to a contradiction:
lim("=Y) <y WKL(" = RTj <y RT?*!

» RTS x RT{ ™ £y RTIT for all n, k > 1 follows.

> RTZ+1 <w RTZE for all n, k > 1 follows. O
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Ramsey’s Theorem in the Weihrauch Lattice

WKL(“)EWK,'C/(Z“\) — RT
B N> — RT4
! 4 ™ RT3 = RT3 @

}:g lim®

RT4 — RT} — RT3 c®
2

WKL =gw C) —» RTL S

! :

RT“ = RT3 — g7} -3 ¢

1
T
=) lim=qw Cy —_ Ct! : : :
1
J’ NA 1 I :
A + !

WKL=swC2 & Ky=wC5 >
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Boundedness, Induction and Choice

RT2 — RT2

— RT3

~
SRTK \f: SRT2
‘\_} 1

RTh — SRTY
2

v EN
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Boundedness, Induction and Choice

RT2 — RT2

— RT3

. v
RTy — sRTL
PN

v , S

c’ " ~ !

NNKN\)C/ / >
NT Ky —s ¢

N — Ky

Corollary (Jump of compact choice)

L =w RT}, Ky £w SRT3, Ki <w SRT3 * SRT3 and
K" <w SRTE for n > 2.
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Boundedness, Induction and Choice

RT2 — RT2

— RT3

Corollary (Jump of compact choice)

L =w RT}, Ky £w SRT3, Ki <w SRT3 * SRT3 and
K" <w SRTE for n > 2.

» Case n =2 can be seen as a uniform version of the fact that
SRTZ2_ proves BY over RCAg (Cholak, Jockusch, Slaman).
» RTL_ is equivalent to BX3 over RCAq (Hirst)

» SRT3 proves RTL _ over RCAq (Cholak, Jockusch, Slaman)

in contrast to the statement above!
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| owness

L =J'olim
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The Uniform Low Basis Theorem

» J: NN — NN p— p’ denotes the Turing jump.
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The Uniform Low Basis Theorem

J: NN - NY p— p’ denotes the Turing jump.

J=gwlim and J7' :C NN — NV is computable.
L:=J1olim is the low map.

geNVislow: <= ¢ <70’ <= (Ip comp.)L(p) = q.
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The Uniform Low Basis Theorem

» J: NN 5 NN p i p/ denotes the

» J=gylimand J71:C NNV — NN js computable

» L:=Jolimis the

> geNVislow: <= ¢ <1l < <= (3p comp.)L(p) = q.

Definition (B., de Brecht and Pauly 2011)

fis <—  <gw L.
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The Uniform Low Basis Theorem

J: NN — NY p — p’ denotes the .

J=gwlim and J7' :C NN — NV is computable.
L:=J1olimis the .

geNVis <= ¢ <10 < (3p comp.)L(p) =q.

Definition (B., de Brecht and Pauly 2011)

fis <—  <gw L.

vV vyYyysy

> L is not a cylinder, hence <gw cannot be replaced by <.
» L is also not idempotent.

Theorem (B., de Brecht and Pauly 2011)

Cr <gw L, that is Cg is low.

This is a uniform version of the Low Basis Theorem.

Corollary

WKL =gw Con and BCT; =qw Cy are low.
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The Low Basis Theorem

» LBT:C Tr= 2V, T {p € [T]: p' <1 T’} denotes the Low
Basis Theorem with dom(LBT) as the set of all infinite binary
trees.
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The Low Basis Theorem

» LBT:C Tr= 2V, T {p € [T]: p' <r T’} denotes the
with dom(LBT) as the set of all infinite binary
trees.

Theorem (B., Hendtlass and Kreuzer 2015)
WKL <w LBT <w L and LBT ‘W Cr.

Proof. (ldea) It is clear that WKL <y LBT <w L and LBT £w Cgr
follows from the Hyperimmune Free Basis Theorem. Cgr £w LBT
follows from the following proposition. O

Proposition
LPO «Lw LBT.

The proof exploits the fact that LBT restricted to computable
inputs is parallelizable.
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Lowness in the Weihrauch Lattice

Cy
!
J=sw lim=sw Cy
! \
L:=J""olim COH
!
LBT Cr=w Cy X C2N
WKL =gw Con BCT; =w Cn
~ RN
Kn=sw G5 LPO
l
LLPO =.w Co

|
ACCy
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A Characterization and Application of Lowness

> fxg g i=sup{foogo:fo<swf and go <sw g}
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A Characterization and Application of Lowness

fxs g :=sup{foogo:fo<swf and g <swg}
lim x5 g always exists as a maximum (and is realized by Jo g").

v

v

v

L, := J 1o J T olimolim characterizes lows similarly as L
characterizes lowness.

v

f |OW2 R szW |_2.
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A Characterization and Application of Lowness

> fxg g:=sup{foogo: fo<swf and go <sw g}
> lim x4 g always exists as a maximum (and is realized by Jo g").

» Ly :=JtoJ tolimolim characterizes low, similarly as L
characterizes lowness.

> f |OW2 < szW L2.

Theorem (B., Gherardi, Marcone 2012)

> flow <— f<swL <= limx*gf <y lim.
> flows —= f<gwly < lim %, f <wlim'.
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A Characterization and Application of Lowness

> fxg g:=sup{foogo: fo<swf and go <sw g}
> lim x4 g always exists as a maximum (and is realized by Jo g").

» Ly :=JtoJ tolimolim characterizes low, similarly as L
characterizes lowness.

> f |OW2 < szW L2.

Theorem (B., Gherardi, Marcone 2012)

> flow <— f<swL <= limx*gf <y lim.
> flows —= f<gwly < lim %, f <wlim'.

Theorem (B., Hendtlass and Kreuzer 2015)
COH and WBWTg are lows but not low.

The proof uses WKL’ =y lim *COH and the fact that WKL is low.
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Genericity
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» pc NVis I-generic : <= pis a point of continuity of J.
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Genericity

» pc NVis : <= pis a point of continuity of J.

» limy ;= J tolimoJ¥ = Lo J is the limit operator with
respect to the (also called TN-topology).

» p e NVis called . <= there is

a computable sequence (p,), such that lim,—. J(p,) = J(p).

Proposition (B., de Brecht and Pauly 2011)

» p € NN 1—generic and limit computable = p limit
computable in the jump.

» f € NV diagonally non-computable and p € NV limit
computable in the jump = f £ p.
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» pc NVis : <= pis a point of continuity of J.

» limy ;= J tolimoJ¥ = Lo J is the limit operator with
respect to the (also called TN-topology).

» p e NVis called . <= there is

a computable sequence (p,), such that lim,—. J(p,) = J(p).

Proposition (B., de Brecht and Pauly 2011)

» p € NN 1—generic and limit computable = p limit
computable in the jump.

» f € NV diagonally non-computable and p € NV limit
computable in the jump = f £ p.

Theorem (B., de Brecht and Pauly 2011)

DNCy Lw limy and Cy =gw limy <wy limjy <w L.

Surprisingly, limj =gw L with respect to some oracle.
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» 1-GEN : 28 = 2V p s {q : g is 1-generic in p}.
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Genericity

» 1-GEN : 28 = 2V p s {q : g is 1-generic in p}.

Proposition (B., Hendtlass and Kreuzer 2015)

f <w limy if f has a limit computable realizer with only 1-generic
points in its range.
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» 1-GEN : 28 = 2V p s {q : g is 1-generic in p}.

Proposition (B., Hendtlass and Kreuzer 2015)

f <w limy if f has a limit computable realizer with only 1-generic
points in its range.

Theorem (B., Hendtlass and Kreuzer 2015)
BCTo <w 1-WGEN <y 1-GEN <y BCT{ =cw MG <y lim.

» 1-WGEN denotes the problem of weakly 1-generics (defined
similarly as above).

» M9G denotes the so called MJ—genericity problem studied in
reverse mathematics (interpreted in the straightforward sense).

» BCTy is densely realized and parallelizable.
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» 1-GEN : 28 = 2V p s {q : g is 1-generic in p}.

Proposition (B., Hendtlass and Kreuzer 2015)

f <w limy if f has a limit computable realizer with only 1-generic
points in its range.

Theorem (B., Hendtlass and Kreuzer 2015)

BCTo <w 1-WGEN <y 1-GEN <y BCT{ =cw MG <y lim.

» 1-WGEN denotes the problem of weakly 1-generics (defined
similarly as above).

» M9G denotes the so called MJ—genericity problem studied in
reverse mathematics (interpreted in the straightforward sense).

» BCTy is densely realized and parallelizable.

Corollary

ACCy £w BCT).
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Genericity in the Weihrauch Lattice
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Randomness
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Martin-Lof Randomness

» MLR : 2N = 2N the problem of Martin-Lof randomness is
defined by
MLR(p) := {q € 2"V : g is Martin-L6f random relative to p}.
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Characterization of Martin-Lof Randomness

Theorem (B. and Pauly 2013)
MLR =y (Cyy — WWKL).
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MLR =y (Cyy — WWKL).

Proof. (Sketch.) (Cy — WWKL) <yw MLR: It suffices to prove
WWKL <w Cy * MLR. By Kucera's Lemma, every Martin-Lof
random real p is a path in every infinite binary tree T of positive
measure up to some finite prefix. Using Cy we can cut away longer
and longer prefixes of p until we find a path in T.
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Characterization of Martin-Lof Randomness

Theorem (B. and Pauly 2013)
MLR =y (Cyy — WWKL).

Proof. (Sketch.) (Cy — WWKL) <yw MLR: It suffices to prove
WWKL <w Cy * MLR. By Kucera's Lemma, every Martin-Lof
random real p is a path in every infinite binary tree T of positive
measure up to some finite prefix. Using Cy we can cut away longer
and longer prefixes of p until we find a path in T.

MLR <w(Cx — WWKL): Given some h with WWKL <y Cy * h
we need to prove that MLR <y h. Given some universal

Martin-Lof test (U;);, the complement Ag := 2"\ Up is a closed
set of positive measure and given the corresponding tree T with
A = [T] the function h will deliver some sequence g that can be
converted into a Martin-Lof random real by a finite mind change
computation. This computation can be converted into a regular

computation that yields a Martin-Lof random real. O
113 /120



Quantitative Versions of WWKL

Definition (Dorais, Dzhafarov, Hirst, Mileti and Shafer 2016)

By e-WWHKL :C Tr = 2 we denote the restriction of WKL to
dom(e-WWKL) := {T : u([T]) > &} for e € R.
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Proof. (Idea) “=" Assume ¢ < §. Then there are positive
integers a, b with ¢ < 7 < J. We consider
» C, which is Cy, restricted to sets A C {0, ..., b — 1} with
|A| > a.
Then C, p, <y e-WWKL and C, , £w 0-WWKL. Hence
e-WWKL £Lyw §-WWKL 0

Proposition (B., Hendtlass and Kreuzer 2015)

e-WWHKL is not parallelizable for = € [0,1).
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Quantitative Versions of WWKL

S .
> (1—%)-WWKL :C TN = 2V (T;); = || (1—2"7)-WWKL(T;)
i=0
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Quantitative Versions of WWKL

> (1—%)-WWKL :C TN = 2N (T;); = [ (1—27)-WWKL(T;)
i=0

Theorem (B., Hendtlass and Kreuzer 2015)
(1 — %)-WWHKL is parallelizable.

Proposition (B., Hendtlass and Kreuzer 2015)
ACCy <w(1 — *)-WWKL.

Corollary

DNCy <w (1 — *)-WWKL.

Proposition (B., Hendtlass and Kreuzer 2015)
DNCy |w MLR.
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Martin-Lof Randomness

Theorem (B., Gherardi and Holzl 2015)
MLR <w(1 — *)-WWAKL.

Proof. (Sketch) We use a universal Martin-Lof test, which is a
computable sequence (U;); of c.e. open sets U; C 2" such that
w(Ui) < 27" and (72, U; is exactly the set of all sequences which
are not Martin-Lof random. Hence, A; .= 2N\ U; is a co-c.e.
closed set with p(A;) > 1 — 27" and each A; only contains
Martin-Lof random sequences. Hence, we can compute a
corresponding sequence (T;); of infinite binary trees with

[Ti] = Ai. Upon input of this sequence (1 — *)-WWAKL yields a
Martin-Lof random sequence. The entire argument can be
relativized, i.e., it also works in presence of some oracle p € N,
This yields the reduction MLR <y (1 — *)-WWHKL. In order to see
that the reduction is strict, one has to take into account that MLR
is densely realized. O
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From MLR to WWAKL in the Weihrauch Lattice

lim =W (/:\N
4
DNC2 =sW WKL
WWKL

\ CN / l
DNC3 =w WKL3 3 L WWKL

ACCy =4w LLPO 2

DNCps1=sw WKLyt1 ACCs = LLPO3 =1 \WWKL

ACC,,_H =sW LLPO,H_l

(//_l// (1 — %)-WWKL
DNCy 1

ACCy MLR =y (Cy — WWKL)

— e
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NON
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Uniform Theorem of Kurtz

Theorem of Kurtz. Every 2-random computes a 1—generic.
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Proof. (Idea) We apply the “fireworks technique” of Rumyantsev
and Shen to get a uniform reduction. O
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Proof. (Idea) There exists a co-c.e. comeager set A C 2" such
that no point of A is low for . WWHKL™ has a realizer that maps
computable inputs to outputs that are low for Q for n > 1. O

Corollary
BCTy £w 1-GEN.
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Summary on Weihrauch Complexity

» Weihrauch complexity is a and
computable version of reverse mathematics.

> It measures the amount of resources needed to compute
certain realizers of theorems.

» Positive and negative results are directly constructed without
any need for further models.

» Results have immediate interpretations in computable analysis.

» Many results from reverse mathematics are fully uniform with
only one usage of the resource.

» Sometimes proofs can be transferred, sometimes completely
new methods have to be developed.

» The Weihrauch lattice can be seen as a refinement of the
Borel hierarchy for functions and hence methods of descriptive
set theory and topology can be applied directly.

» Many complexity classes have direct computational
interpretations.
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