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A lower degree bound for the Real Nullstellensatz

Given a set of polynomials f1,...,fs € R[X] :=R[Xq,...,X,].
The system f; =0,...,f, =0 has a Real Nullstellensatz refutation (RNR),
if there exist g1,...,8s,h1,...,h: € R[X] with

S t
Z f,-g,- =1+ Z h_/2
i=1 Jj=1
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The system f; =0,...,f, =0 has a Real Nullstellensatz refutation (RNR),
if there exist g1,...,8s,h1,...,h: € R[X] with

S t
Z f,-g,- =1+ Z h_/2
i=1 j=1
Such a RNR certify, that the system
1=0,....=0

has no solution in R".
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A lower degree bound for the Real Nullstellensatz

Given a set of polynomials f1,...,fs € R[X] :=R[Xq,...,X,].
The system f; =0,...,f, =0 has a Real Nullstellensatz refutation (RNR),
if there exist g1,...,8s,h1,...,h: € R[X] with

zs: figi=1+ Zt: hJ?.
i=1 Jj=1
Such a RNR certify, that the system
1i=0,....,f=0
has no solution in R"”. The degree of such a RNR is defined as

max {degfigi,2- degh;}
1<j<t
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A lower degree bound for the Real Nullstellensatz

Consider the system
f=Xi+..+Xa—r=0, i=X?-X;=0,1<i<n (1)

with 0 <r<nand r¢N.

Sebastian Gruler (University of Konstanz) February 05, 2016 4 /17



A lower degree bound for the Real Nullstellensatz

Consider the system
f=Xi+..+Xa—r=0, i=X?-X;=0,1<i<n (1)

with 0 <r<nand r¢N.

Theorem (Grigoriev, 2001)

Let 0 < k be an integer with k < r < n— k. Then the degree of any RNR
of (1) is at least d := min{2k+4,n+1}
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A lower degree bound for the Real Nullstellensatz

Sketch of the proof:
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A lower degree bound for the Real Nullstellensatz

Sketch of the proof:
Assume there is a RNR with degree < d. Then there exist

&,81;---,8n, € R[K]) he ZR[KF with
degg < n—1, degh < min{2k+2,n—1} with

fg+) figi=1+h. (2)
i=1
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A lower degree bound for the Real Nullstellensatz

Sketch of the proof:

Assume there is a RNR with degree < d. Then there exist
g.81:---.8n ER[X], he LR[X] with

degg < n—1, degh <min{2k+2,n—1} with

fg+) figi=1+h. (2)
i=1

As Grigoriev, we construct a linear functional L: R[X] — R, that applied
to the left-hand side of (2) evalates to 0 and with L(1) =1 and L(h) > 0.
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A lower degree bound for the Real Nullstellensatz

We first define L on the ring R[x] := R[x1,...,x,] := R[X]/ (X? — X;)
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A lower degree bound for the Real Nullstellensatz

We first define L on the ring R[x] := R[x1,...,x,] := R[X]/ (X? — Xj)and
then extend it to R[X] by letting L(p) := L(p).
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A lower degree bound for the Real Nullstellensatz

We first define L on the ring R[x] := R[x1,...,x,] := R[X]/ (X? — Xj)and
then extend it to R[X] by letting L(p) := L(p). For such a p € R[], we
define

1
Sym(p) = — ), P(xo)
*oeS,
Fact

For every symmetric multilinear polynomial f € R[x| exists a unique
univariate polynomial f € R[T] with f(x) = f(¥.x;) and degf = degf
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A lower degree bound for the Real Nullstellensatz

So we can define
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A lower degree bound for the Real Nullstellensatz

So we can define

—_~—

L(p) := Sym(p)(r)

L(1) =1 is obvious and it is not hard to show that L(f-g) =0 for all
g € R[x| with degg < n—1.
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L(1) =1 is obvious and it is not hard to show that L(f-g) =0 for all
g € R[x] with degg < n—1. So it remains to show that L(h?) > for all
h € R[x] with degh < min{k+1,[5]}.
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A lower degree bound for the Real Nullstellensatz

So we can define

L(p) := Sym(p)(r)
L(1) =1 is obvious and it is not hard to show that L(f-g) =0 for all
g € R[x] with degg < n—1. So it remains to show that L(h?) > for all
h € R[x] with degh < min{k+1,[5]}. Note that Sym(h?) is a symmetric
sum of squares in R[x].

Theorem (Blekherman, 2015)

f € R[x] is a symmetric sum of squares of polynomials of degree at most d
ifff €sosqg+T(n—T)sosg_1+T(T—1)(n—T)(n—1—T)sosg_o+...+
T-..(T—(d—=1))-(n=T)-...-(n—(d—1) = T), with sos; = Y R[T]?.
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A lower degree bound for the Real Nullstellensatz

So we can define

L(p) := Sym(p)(r)
L(1) =1 is obvious and it is not hard to show that L(f-g) =0 for all
g € R[x] with degg < n—1. So it remains to show that L(h?) > for all
h € R[x] with degh < min{k+1,[5]}. Note that Sym(h?) is a symmetric
sum of squares in R[x].

Theorem (Blekherman, 2015)

f € R[x] is a symmetric sum of squares of polynomials of degree at most d
iff f € sosq+T(n— T)sosq—1+T(T—1)(n—T)(n—1—T)sosqg_2+...+
T-..(T—(d—=1))-(n=T)-...-(n—(d—1) = T), with sos; = Y R[T]?.

Together with k < r < n— k, this theorem applied to Sym(h?), easily

P

shows L(h?) = Sym(h?)(r) > 0.
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Definition

A degree-d pseudo density is a function D : {0,1}"" — R such that
E.D(x) =1 and E,D(x)p(x)? >0 for all p € R[x1,...,xm] with
deg(p) < d.
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Definition

A degree-d pseudo density is a function D : {0,1}"" — R such that
E.D(x) =1 and E,D(x)p(x)? >0 for all p € R[x1,...,xm] with
deg(p) < d.

Theorem (LRS, 2015)

For any m,d > 1 the following holds. Let f:{0,1}" — [0,1] be a
nonngegative function with d := degs((f)—1 and let D: {0,1}"" - R a
degree-d pseudo-density with E,D(x)f(x) < —& for an € € (0,1], then for
every n > 2m, we have

f cen a2 e \*
oMy s (—cen N\ (e N\ e
rKpsd( ")—<dm2||D||oo|ogn> (||D||w> VESG)
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For an odd n define

n
f:le—i-...—i-x,,—i.

We are looking for a degree-| 7| pseudo density D : {0,1}" — R with
E.D(x)f(x)? =0 and small norm.

Sebastian Gruler (University of Konstanz) February 05, 2016

9/17



For an odd n define

n
f::X1+...+x,,—§.

We are looking for a degree-| 7| pseudo density D : {0,1}" — R with
E.D(x)f(x)? =0 and small norm. So, D has to satisfy the following

properties:

Q E.D(x)=1

@ E.D(x)p(x)* >
(x)

Q@ E.D(x)f(x)?

0 f.a. p € R[x] with deg(p) < 3]
0
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For an odd n define

n
f::X1+...+x,,—§.

We are looking for a degree-| 7| pseudo density D : {0,1}" — R with
E,D(x)f(x)? =0 and small norm. So, D has to satisfy the following
properties:

Q E,D(x)=

(2] EXD(X)p(X) >0 fa. peR[x] with deg(p) < [5]

Q@ E,D(x)f(x)>=0
Every Function D : {0,1}" — R, that satisfies this three properties, is
called feasible.
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Every feasible D corresponds to a linear functional Lp : R[x] — R, via
Lp(p) = ExD(x)p(x), with

o L(1)=1
o L(p?)>0fa. pecR[x] with deg(p) < 13
e L(f2)=0
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Every feasible D corresponds to a linear functional Lp : R[x] — R, via
Lp(p) = ExD(x)p(x), with

o L(1)=1

o L(p?)>0fa. peR[x] with deg(p) < | 5]

° L(f2) =0

A small trick shows, that such a L also satiesfies

L(fq) =0 f.a. g € R[x] with deg(q) < ng.
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L((af +bg)?)>0fa. a,pcR
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L((af +bg)?)>0fa. a,pcR

(a b) (igg; fg‘;g) (Z) >0 faabcR
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L((af +bg)?)>0fa. a,pcR

(a b) (igg; fg‘;g) (Z) >0 faabcR

L(f?) L(fq)
(L(fq) L(q2)> =0
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L((af +bqg)?) >0fa. a,peR

(a b) (igg; tg;‘;;) (Z) >0 faabeR

() L(fq)
<L(fq) L(q2)) =0

L(f?)L(¢*) - L(fq)* > 0
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L((af +bg)?) >0fa. a,pcR

(a b) (igg; tg‘%) (Z) >0 faabcR

L(f?)  L(fq)
(L(fcn L(q2)> =0

—L(fg)*>0
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L((af +bg)?) >0fa. a,pcR

(a b) (igg; tg‘%) (Z) >0 faabcR

Y

(L) @)

L(fq) L(q%)

L(fq) =0
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L((af +bq)?) >0fa. a,peR

(a b) <QEZ§ t((;‘g))) (Z) >0 faabeR

Y

<L(f2) L) o

L(fq) L(q®)

L(fq) =0

Remark: Grigorievs linear functional even satisfies

L(fq) =0 f.a. g € R[x] with deg(q) <n—1.
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We call a pseudo density symmetric, if

D(x) = D(y) f.a. x,y € {0,1}" with |x]| =y|.
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We call a pseudo density symmetric, if
D(x) = D(y) f.a. x,y € {0,1}" with |x]| =y|.

Observations:

@ For every feasible function, there exists a feasible symmetric function
with smaller norm.
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We call a pseudo density symmetric, if
D(x) = D(y) f.a. x,y € {0,1}" with |x]| =y|.

Observations:
@ For every feasible function, there exists a feasible symmetric function
with smaller norm. So it is sufficient to look only for symmetric

pseudo densities and we consider a pseudo density D as a function
D:{0,....,n} = R.
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We call a pseudo density symmetric, if
D(x) = D(y) f.a. x,y € {0,1}" with |x]| =y|.

Observations:

@ For every feasible function, there exists a feasible symmetric function
with smaller norm. So it is sufficient to look only for symmetric
pseudo densities and we consider a pseudo density D as a function
D:{0,....,n} = R.

o If D is a feasible function, than D: {0,...,n} =R, D(i):= D(n—i) is
also feasible.
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We call a pseudo density symmetric, if
D(x) = D(y) f.a. x,y € {0,1}" with |x]| =y|.

Observations:

@ For every feasible function, there exists a feasible symmetric function
with smaller norm. So it is sufficient to look only for symmetric
pseudo densities and we consider a pseudo density D as a function
D:{0,....,n} = R.

o If D is a feasible function, than D: {0,...,n} =R, D(i):= D(n—i) is
also feasible.

@ If D is a feasible function, than D

= D) is also a feasible
function with smaller norm and D(/)

1
2 (D
=D(n—i)fa. 0<i<n.
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We are looking for linear functions L : R[x]*" — R with

Q L[(1)=1
@ L(p?) >0 fa. peR[x] with deg(p) < | 2]
Q L(f?)=0

Q L(p(x1,---,%n)) = L(p(1 —x1,...,1—x,))
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We are looking for linear functions
L:R[T]/(T-(T—=1)-...-(T —n)) — R with
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We are looking for linear functions
L:R[T]/(T-(T—=1)-...-(T —n)) — R with

o L(1)=1
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We are looking for linear functions
L:R[T]/(T-(T—=1)-...-(T —n)) — R with
QO L(1)=1
@ L(q)>0
L2] i—1 ) _
fa. qge 'gosostgj,,- [I(T—=5)(n—j—T)
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We are looking for linear functions
L:R[T]/(T-(T—=1)-...-(T —n)) — R with
QO L(1)=1
@ L(q)>0
L2] i—1 ) _
fa. qge 'gosostgj,,- [I(T—=5)(n—j—T)

0 L(T-3)*)=0

Sebastian Gruler (University of Konstanz) February 05, 2016

13 /17



We are looking for linear functions
L:R[T]/(T-(T—=1)-...-(T —n)) — R with

Q0 L(})=
Q@ L(g)>0
fa. ge gsosL (iHl(T—j)(n—j— T))
@ L(T-5)%)=
o L(p(T))ZL(p(n— 7))

Sebastian Gruler (University of Konstanz) February 05, 2016

13 /17



We are looking for linear functions
L:R[T)/(T-(T—=1)-...-(T —n)) = R with

0 L(1)=1
@ L(q)=0
15 i—1
fa. ge songJ_,<_H(T—j)(n—j—T)>
i=0 Jj=0
@ L(T-2?)=0

Proposition
There is a unique linear functional
L:R[T]/(T-(T—=1)-...-(T —n)) — R with the above properties. In

n

detail, it is the linear functional L(T*) = (i)k.
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Observation:
From L(p(T))= L(p(n—T)) we immediately get L(T) = 7.
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Observation:
From L(p(T))= L(p(n—T)) we immediately get L(T)= 5. This,

together with L((T — 5)?) =0, Ieads to L(T?) = (g) From an earlier
observation, we get L((T 22Tk =0 for aII k<[3],
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Observation:
From L(p(T))= L(p(n—T)) we immediately get L(T)= 5. This,

together with L((T —3)?) = 0 leads to L(T?) = (’2’)2 From an earlier

observation, we get L((T —4)?- T%) =0 for all k <[], what easily shows
L(Tk) = (2)" for all k< [2]+1.
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Observation:
From L(p(T))= L(p(n—T)) we immediately get L(T)= 5. This,

together with L((T — 5)?) =0, Ieads to L(T?) = (2) . From an earlier
observation, we get L((T — g) T¥)=0 for all k < [2], what easily shows
<

L(TK) = () forall k < |4]+

Proof:
We show L(Tk) = (g)k for all 1 < k < n by induction on k.
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Observation:
From L(p(T))= L(p(n—T)) we immediately get L(T)= 5. This,

together with L((T — 5)?) =0, Ieads to L(T?) = (2) . From an earlier
observation, we get L((T —4)?- T%) =0 for all k <[], what easily shows
<

L(TK) = () for all k ngj

Proof-:

We show L(T*) = (2)" for all 1 < k < n by induction on k. The base
clause is already done.
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Observation:

From L(p(T))= L(p(n—T)) we immediately get L(T)= 5. This,

together with L((T — 5)?) =0, Ieads to L(T?) = (2) . From an earlier

observation, we get L((T —4)?- T%) =0 for all k <[], what easily shows
<

L(TK) = () for all k ngj

Proof:

We show L(T*) = (2)" for all 1 < k < n by induction on k. The base
clause is already done. For the induction step we distinguish the cases k
odd and k even.
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Case 1: k odd
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Case 1: k odd
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Case 1: k odd

L(TF) = L((n—T)")
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Case 1: k odd

L(T¥)=L((n—T)")
k
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Case 1: k odd
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Case 1: k odd

=5 (o () () ()
2L(T"):2<g>k
=)
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Case 2: k even (k> 4)
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Case 2: k even (k> 4)
L ((aTk/2—1 —|—ka/2)2) >0 fa.abeR
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Case 2: k even (k> 4)
L((aTH2 14 bTH2)%) 20 fa abeR

(a b) (ig;:_ig Lg;?) (Z) >0 faabeR

L(TF2) L(Tk1
(L(T“) L(T¥) ) =0
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Case 2: k even (k> 4)
L((aTH2 14 bTH2)*) 20 fa abeR

R )0
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Case 2: k even (k> 4)
L ((aTk/2_1 +ka/2)2) >0 fa.abeR

@ 9T ) ()20 e
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Case 2: k even (k > 4)
L((aT2 14 bTH2)*) 20 fa abeR

k-2 k-1
(a b) <tg;k1; Ll(_Z—Tk))> <Z> >0 faabeR
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L <T~ (n—T)-(aTk224 ka/2—1)2> >0 fa abeR
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L<T-(n—T)-(aTk/2*2+ka/2 1 2) 0 fa. abeR
L
L

or— 1) (3) =1

Y
o

nL(T*3)—L(TF2) nL(TF2-L(TKY)
<nL(T“) — LT nl(TF1) = (T )
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L <T- (n—T)-(aTk2=2 4 ka/H)z) >0 fa. abeR
L
L

(nT - T?)(TH))) () o

L(nT = T2)(T+))
o o) (T - T2)(12)) ) (b

L((nT = T2)(T*3))

)2

)kfl_L

(
(

NS
NS

)

) - (3)"

<n~ kij n-(
. N

k—1
i)

NS NS
NIS NI
—~~

NS

Sebastian Gruler (University of Konstanz) February 05, 2016 17 /17



L <T~ (n—T)-(aTk224 ka/2—1)2) >0 fa abeR

L((nT = T2)(T4) L(nT =TT+ ) (a
@ 0 (ir— a3y wor— a2 () 20

oy k-1
)(k2_)1 1 Tk)> =0

SN—
T
_
S
—
NS
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L <T~ (n—T)-(aTk224 ka/2—1)2) >0 fa abeR

G b (L((nT—T?)(Tk-‘*)) L((nT—T2>(Tk—3)>) (3)=c

L((nT = T2)(T*7%)) L((nT = T?)(T*2))) \b

<8:_j n- (Z)(kg_)lk—lL(Tk)> -
)

n(g)zkfa_ (g)kizL(T")— (g 2k—2 =0
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I Pscudo-densities with minimal norm
L <T~ (n—T)-(aTk224 ka/2—1)2) >0 fa abeR

L((nT = T2)(T4) L(nT =TT+ ) (a
@ 0 (ir— a3y wor— a2 () 20

(3) (5" .
n(3)" =(5) U= (3)
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