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Stochastic Hamiltonian systems

0 Mechanical systems:
subject to random perturbations
whose parameters are not precisely known
stochastic landmarks, dissipation phenomena, particle storage rings

OH ()hz i
dqg = dpad +z odlft
OH dh@ L
dpg = O’qad z o dW,
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Why geometric integration?

0O Preserving the geometric properties of the flow of a
differential equation

0 Symplectic and variational integrators

0 Long-time integration — excellent behavior (provable by
backward error analysis)

0o Applications in astronomy, molecular dynamics, mechanics,
theoretical physics, etc.



Hamiltonian systems

O Phase space 7' () with coordinates (¢".p,)

0 Hamiltonian
H:T°Q) — R
0 Hamiltonian equations
-
op,,
. OH
Pu = 8(]“.




Hamiltonian systems

0 Symplectic form

() = —-dO = dq" A dp,

o Symplecticity of the flow
(FtH)*Q ={}

0 Conservation of energy

HoF"=H




Symplectic integrators

O Numerical scheme
Fy :T7°0Q — T7Q
(Qk+1apk+1) = Fh(Qkapk)

0 Symplectic integrator

T( 0 I) ( 0 I)
(DFp) DFj =
I 0 I 0




Symplectic integrators

o Symplectic Euler scheme

OH
Q1 = Qe + h(a—(qkn,pk%
P

OH
P+t = Pk = ho= Q1 Pi).
q

0 Backward error analysis

H(q.p) = H(q,p) + hH>(q,p) + h*H3(q,p) + ...



Example: Outer Solar System

explicit Euler, A = 10

implicit Euler, 7 = 10

(Hairer, Lubich, Wanner, 2002)




Lagrangian systems

o Configuration space 7'QQ with coord. (¢*, ¢")

O Lagrangian
L:TQ —TR

O Action functional

Sla)= [ D" (0.4 (1))



Lagrangian systems

0 Hamilton’s principle

151a(0)] -da(t) = | Slac(1)] =0
e=0

0 Euler-Lagrange equations

oL _d oL
ogtt dt gr

O Symplectic structure on 71°()



Variational integrators

o Discrete state space @ x@Q with coord. (¢",7")

O Discrete Lagrangian
Ld ‘ QXQ —_ R

0 Discrete action for a discrete path (¢, a1, -, qx)

N-1
S = z La(qr, qr+1)
k=0



Variational integrators

0 Discrete Euler-Lagrange equations

DoLg(qe-1,qr) + D1La(qr, qr+1) =0

Fr,:QxQ—QxQ  Fr (q-1,q%) = (q, q+1)

O Position-momentum formulation

i = —D1Lq(qk, Qr+1) .
FLd T — 170

Pr+1 = DaLa(qr, Q1)




Variational integrators

0 Variational integrators are symplectic
O Discrete Noether’s theorem

0 Example: symplectic Euler scheme

La(¢.9) = hL(q, =)

0 (Marsden & West, 2001)



Stochastic Hamiltonian systems

OH oh
dg= —dt+—od
q o + R o dW (t)
OH oh
dp = ———dt — — o dW (¢
P= 5 9 (1)

O Assumptions:

. Q=RYN,  TrQ=0QxQ*=zRVxRY,  TQ=QxQ=z=RY xRV
- H:T"Q — R, h:T*Q — R

- (2, F.P),  {Ftfeo



Stochastic symplectic flow

0 Pathwise unique stochastic flow

Ft,to . Q X T*Q —> T*Q

0 Mean-square differentiable and almost surely
a diffeomorphism

O Symplectic

FtTtQQT*Q = QT*Q

where Qr«g =SV, dq* A dp’



Stochastic variational principle

0O Function vector space

C([ta,tp]) = {(q,p) QU x [ty ] — T7Q ‘ q, p a.s. cont. Fy-adapted semimmtingales}

o Action functional B:Qx C([t,.t,]) — R

Bla(-).p()] = p(ts)a(ty) - ft:b [p odq—H(q(t).p(t))dt—h(q(t).p(t)) o dW(i)]




Stochastic variational principle

0 Noise In the action functional (for Lagrangian systems)

Bismut 1982
Bou-Rabee & Owhadi 2009

a Zero noise limit
Leok & Zhang 2011



Stochastic variational principle

Theorem 1 (Stochastic Variational Principle in Phase Space). Suppose
that H(q.p) and h(q,p) are C? functions of their arquments with globally Lipschitz
derivatives. If the curve (q(t),p(t)) in 1" Q satisfies the stochastic Hamiltonian

system for t € [ty ty], where ty, > t, >0, then the pair (q()p()) is a critical point
of the stochastic action functional, that is,

0Bla(-).p(-)] = % ] Bla(-) + €0q(-).p(-) +€sp(-)| =0

=0

almost surely for all variations (0q(-),0p(-)) € C([tqa.tp]) such that almost surely
0q(ty) =0 and op(ty) = 0.



Stochastic variational principle

0 Sketch of proof

o [ () o dba(r) = p(t)at) - plta)datta) [ 5a(t) o dp(r)

+ aB[aC).p()] = [ da(n)] odn(t) + Fo(a(t).p()) di+ S (a(0).p(1)) o W (1)

- f op(t)| o dq(t) - %(q(t),p(t)) dt - %ﬁ(q(t),p(t)) o dW(t)



Stochastic variational principle

O Converse theorem

proved incase h = h(q) for Lagrangian systems
(Bou-Rabee & Owhadi, 2009)

may not be true in general
(Lazaro-Cami & Ortega, 2008)



Stochastic type-I11 generating function

0 Generating function

S(Gasp) = B[G(-:qas pv)- (s Gar pb) |

where (g, p) is the exact solution such that

q(ta; Qa, Pb) = Qa, D(tb; GasDb) = Db



Stochastic type-I11 generating function

Theorem 2. The function S(qa.py) is a type-11 stochastic generating function

for the stochastic mapping Fi, 4., that is, Fy, 1, (qa.Da) — (qp.pp) is implicitly
given by the equations

0 = D2S(qas 1) Pa =D15S(qa-pp)-

where the derwatives are understood in the mean-square sense.



Stochastic type-I11 generating function

0 Sketch of proof

gi b)) =p(ta) + t:b 8;;? _odp+ %—I:(q(t) p(t))dt + g—Z(q(t) p(t)) odW (t)

2O g S o). 00 e~ G ate). ) o W (1) | - )




Stochastic Noether’s theorem

Theorem 3 (Stochastic Noether’s theorem). Suppose that the Hamailtonians

H:T"Q — R and h : T*Q — R are nvariant with respect to the cotangent lift
. * » .

action 1€ GxT*Q — T*Q of the Lie group G, that s,

Hod! 9=1H. hod) 9 =h,

for all g € G. Then the cotangent lift momentum map J:T70Q) — g* associated
. * . . .
with ®179 | in coordinates given by
Je(q.p) = p-$q(q),

s almost surely preserved along the solutions of the stochastic Hamaltonian sys-
tem.



Stochastic Galerkin Variational Integrator

0 Generating function

S(qa. = ext Blq(-),p(
(Ga, ) L q(),p()]

q(ta)=qa, p(ty)=pp

O Step 1 — extremize over a subspace
O Step 2 — approximate integrals with quadrature rules



Stochastic Galerkin Variational Integrator

O Discrete set of times

th=k-At, k=01,....K, At=T/K

o Discrete curve {(qw,pr)}ti-o.. Kk

-----
J J

(Qk+1}pk+1) ~ Ftk+1?tk (Qk}pk)



Stochastic Galerkin Variational Integrator

O Approximation space

Co([tr,tre1]) = {(q,p) e C([tg,trs1]) |q is a polynomial of degree 5}

0 Lagrange polynomialsfor 0=dy<dy<...<d, =1

1 S .
At Z q"1,5(7)

' 11=0

ga(te + TAE ¢") = > ¢, o (7), Ga(tr + TAL; ¢") =
=0

0 Quadrature rules

(i e)iy, (Bie),, 0<e<...<c. <1




Stochastic Galerkin Variational Integrator

O Discrete stochastic Hamiltonian

Hg(qr.pre1) = ext 0 {pk+1q8 - At ) qug[PiC}d(tk + ¢ At) = H(qa(ty + ciAt), H)]
i

+ AW ZT: Bih(qa(te + ciAL), P’t)}
i=1

where P; = p(tx + c;At)

o Discrete flow

Qi1 = DoHy (i, Prest1)- pi = D1H (s Dis1)




Stochastic Galerkin Variational Integrator

0 System defining the integrator

—Dp = Z «; —Pizo’s((‘,i) — At%—H(tk + CZAt)ZOS(CZ):I - AW Z 63?(@2 + Cz'At)ZQ‘_S(Ci_)
1=1 ) q i=1 q '

0= Z «; —P@jﬁbns(ci) — At@(l’;k + CiAt)Z%S(C?;):I - AW Z 63%(@; + C.i.At)l’u‘_S(C-i)
=1 - ' dq ' = 0q |

PE+1 = Z 8% —Pizs,s(c-i) - At%(tk + CIAt)lbb(Cl):I - AW Z Bz@(tk + CiAt)ls.s(Ci)
=1 - dq | = Oq |

OH AW Oh
Ofiql'd(tk + CZAt) = O:Za—p(tk + C@At) + )@Eﬂa—p(t}l + CzAt)

qr+1 =9q°

Where H(t;‘b + (:.iAt) = H(Qd(tk + (:.@At),p(ifk + C:.Z'At))



Discrete flow

O Symplecticity

(thﬂ,tk ) *QT*Q = QT*Q

O Proof:

N . . N - .
0=ddH" (g pr+1) = ) ddjuy AN dpjey = ) dai ndpp, = (F 1) Qg = Qreg
i=1 =1



Discrete stochastic Noether’s theorem

0 Action of a Lie group
O:Gx(Q— Q

0 Equivariance of the interpolating polynomial

T qa(t:¢").da(t:0")) = (ga(t: @y (a")). da(t: @y ("))




Discrete stochastic Noether’s theorem

Theorem 4 (Discrete stochastic Noether’s theorem). Suppose that the

Hamiltonians H : TCQ — R and h : T"Q — R are invariant with respect to
» 3 » * » »

the cotangent lift action PR xT*Q —T*Q of the Lie group G, that is,

Hod} 9 =1, hodl 9 =h,

for all g € G, and suppose the interpolating polynomial qq(t: q") is equivariant with

- - . . 1{— .
respect to G Then the cotangent lift momentum map J associated with ®1 9 is
almost surely preserved, i.e., a.s.

J(kaﬂspkﬂ) = J(lepk)-




Example: Stochastic midpoint method

0 Polynomials of degree s=1
o Midpointrule r=1,¢1=1/2, a1 =51 =1

OH (qp + Que1 P +pk+1\m+8h ( Q1+ Qrs1 Dk + Pist )

op\ 2 2 op\ 2 2

_ OH (G + Qrev1 Di + Diest ) Oh (G + Qes1 Pic + Dis1 )
Pk+1 =Pk~ ; At - ;
q\ 2 2 ) dg\ 2 2 )

dk+1 = gk t AW

AW

o (Milstein, Repin & Tretyakov, 2002)



Example: Stochastic Stormer-Verlet method

0 Polynomials of degree s =2

0 Trapezoidal rule
r=2,¢=0,c0=1 a1 =01 =1/2, ag = B2 = 1/2

10H

P =pj — ——
o loH
dk+1 = gk 3 @p
10H

1 =P - ——
Pk+1 1 5 8q

1 0h

(g PL)AE = = ——(qie, P ) AW

2 Jq
1 0H

1 0h

10h

(qkapl)At + —‘—(Qk_l_l,Pl)At + 5%(QAJP1)AVV + 5%(Qk+11P1)AVV

2 dp

101
(Qk+1,P1)Af—§a—;

(qrs1. P1)AW

o (Ma & Ding, 2015)




Example: Stochastic trapezoidal method

0 Polynomials of degree s=1

0 Trapezoidal rule
r=2,¢=0,c0=1 a1 =01 =1/2, ag = B2 = 1/2
1 10H 1 Oh

Pr = §(P1 + Py) + 58—(1(%;]31)&?5 + 58—(1(%;]31)&”/

1 10H 1 0h
1=—=(P+P)— ——(qp1. Po ) At — ——(qr..1. Po ) AW
Pk+1 2( 1+ P) 2 g (Qk+1; 2) 28q(gh+1; 2)
OH Oh
1 =qr + — P At + —(qg.. PP))AW
Thet = O + 5 (qx. P1) +@p(qh, 1)

OH oh

Qk+1 = Gk + 8—p(%+1, Py)At + 8—p(f1k+1, Py)AW




Numerical tests: convergence

O Kubo oscillator

H(q,p) =p°[2+ /2 h(g.p) = B(p°[2+ ¢°/2)

O Exact solution

q(t) =posin(t + W (t)) + qo cos(t + W (1))
p(t) =pocos(t+ LW (t)) —qosin(t+ W (1))

0 Hamiltonian is preserved



Numerical tests: convergence
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[od
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o O
o o
w o
L
2 v
@) <C
o L
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=—a Stochastic midpoint method =—a Stochastic midpoint method
+—~ Stochastic Stormer-Verlet v—v Stochastic Stormer-Verlet
e—e Stochastic trapezoidal method +—e Stochastic trapezoidal method
-6 L L L L 1 L L L L L L L L | L -6 L |
10 107 107 10 107 10
At At

O Strongerror E(|zx —z(T)|)

O Weak error ||E(zK) —E(g(T))” z=(¢,p)



Numerical tests: Hamiltonian behavior

O Kubo oscillator 0 <t <60

1-5 T T T T T 1-5
1.0} 1.0t
0.5} 0.5
2, 0.0} 2, 0.0
—0.5| —0.5
—1.01 —1.0}
— Milstein scheme At =0.005 —— Stochastic Stormer-Verlet At =0.1
—-1.5 I | I | I —-1.5 I L I | |
Z15 -1.0 —0.5 0.0 0.5 1.0 1.5 =15 —1.0 —0.5 0.0 0.5 1.0 1.5

aq q



Numerical tests: Hamiltonian behavior

O Anharmonic oscillator

H(q.p) = 5p° + ¢ h(q.p) = Bq

0 Expected value of the Hamiltonian

E(H) = Hy + 353%



Numerical tests: Hamiltonian behavior

E(H)
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Stochastic symplectic Runge-Kutta methods

0 s-stage Runge-Kutta method (Ma & Ding, 2015)

. O0H e, Oh _

Qi = qi. + At Z (L.ij—(Qj,Pj) + AW Z b.g_j—(Qj,Pj), r=1,...,5s
o op =1 Op
>\ _ 0H e~ Oh ,

P;j_ =Pk — Afz CL?J—(QJ,PJ) - AW Z bZJ—(QJ,PJ), 1= 1,_, vy S
o :

>, OH ol
et = i+ AU 05 (Qin P) + AW ZB 5, (@i P)

dh
pk+1=pk_AtZaz (sz) AW ZB_(QZP)
=1

O Symplecticity conditions
le.ia,,g_j + gy = Q0 Bz&w + Qg bji = B@ij

le.?jf_)?'_j + BJ Aji = C‘ffi._.ﬁj 32& j+ 33 bjz' = 3@33



Stochastic Galerkin methods as SPRK

Theorem 5. Let vr=s and let l;—1(7) for i = 1,....s denote the Lagrange
polynomials of degree s —1 associated with the quadrature points 0 < cp <...< ¢4 <

1. Moreover, let the weights a; be given by

1_
o = ][; lis—1(T)drT.

and assume o; #0 fori=1,....s. Then the stochastic Galerkin Hamiltonian vari-
ational integrator is equivalent to the stochastic partitioned Runge-Kutta method
with the coefficients

Ci _ 5;.@.‘ .
ajj = fo ls-1(T) dT bij = - “;_;j
G = ; (O:'.E‘ - aj-z‘) l_) o _.Bj (Of-i - aﬁ)
ij . ij a



Methods of strong order 3/2

0 Mustinclude AZ == [ dW () dt
O For separable Hamiltonians H(q,p) = T'(p)+U(q)

Hi(qe,pre1) = | ext 0 {Pkuqs - At ), [@'iBQd(tk + i A) = ;U (qa(ty + ciAt)) - a@T(Pi)]
P e =
q"=qk
U AZ &\
+ AW Y ,Bih(qd(tk + ciAt)) vy > f}f@;h(qd(tk - ciAt))}
=1 i=1
1 3 1
where Aw = WAt AZ = —At3(y+ —
X 2 (X " \/gn)

0 For r =S one gets atype of Runge-Kutta methods
0 Milstein, Repin, Tretyakov, 2002 — method of order 3/2
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