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Local Langlands correspondence (LLC)
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m ' non-arch. local field, char(F') = 0;

WD = Wg x SLa(C) Weil-Deligne group of F;
G connected reductive quasi-split group over F;
G the complex dual group of G;

LG =G % Wpr  the L-group of G.
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L-parameters and component groups

We say that a homomorphism ¢: WDp — LG is admissible if

WD = Wg x SLy(C) 4 LG =G xWp

Wr

is commutative.
The set of L-parameters of G is defined by

®(G) = {p: WDp — G adm. hom.}/(G-conjugacy).

The component group of ¢ € ®(G) is defined by

S, = mo(Cent(Im(p), G)/Z(G)V'F).
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Local Langlands conjecture (LLC)

Langlands predicted a classification of
Irr(G(F')) = {irreducible rep. of G(F)}

in terms of
®(G) and Irr(S,).

LLC for G classical groups is established by Arthur, Mcegline, Mok, and
Kaletha—Minguez—Shin—-White.
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Example: G = SO(2n + 1)

When G = SO(2n + 1) split,
s G =Sp(2n,C) x Wg;
m B(SO(2n+1)) =5 {¢: WDp — Sp(2n,C)};
m Ay = mo(Cent(Im(¢), Sp(2n, C)) {£1}) = Sp(= (Z/22)").

LLC for SO(2n + 1) (Arthur)

There exists a surjection

rr(SO(2n + 1, F)) - ®(SO(2n + 1)).

The fiber of ¢ is denoted by Hg and called the L-packet of ¢.

There exists a bijection

L: Hg) BN ;1;, o 1(a?).

v
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Example: G = SO(2n)

When G = SO(2n) quasi-split over F' and split over E/F,
m G =50(2n,C) x Wg.
m Put

®(S0(2n))/ ~={¢: WD — O(2n,C) | det(¢) = wg/r}-

Then ®(SO(2n)) — ®(SO(2n))/ ~.
m Ay = mo(Cent(Im(¢), O(2n,C))/{E£1})(= (Z/2Z)").
] A;f = mo(Cent(Im(¢), SO(2n,C))/{£1}) = S,.
Then

det

7)2Z = {0,1}.
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Weak LLC for SO(2n)

Since ®(SO(2n)) — ®(SO(2n))/ ~ is not injective,
Arthur established a weaker version of LLC for SO(2n).

Weak LLC for SO(2n) (Arthur)

There exists a surjection
Irr(SO(2n, F))/O(2n, F) — ®(SO(2n))/ ~ .

The fiber of ¢ is denoted by Hg and called the L-packet of ¢.
There exists a bijection

0 TG 2L AT 1) o o).
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Aim of this section

m Langlands program focuses only on connected reductive groups.

m However, reps. of disconnected groups arise naturally in various
context.

m For example, in the theory of theta correspondence,
irr. reps. of Sp(2m, F) and of O(2n, F') correspond to each other.

Goal of this section
Explain LLC for full (disconnected) orthogonal group O(m).

Arthur, Mcegline and Heiermann discussed the LLC for O(m).
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LLC for O(2n + 1)

Note O(2n + 1) = SO(2n + 1) x {£1}. Define
®(0O(2n+1)) = ®(SO(2n + 1)) x {£1}.
LLC for O(2n + 1) is given as follows:

{1} = {+1} b

central characterT [

I, C Irr(O(2n 4 1, F)) — == ®(0(2n. 4 1)) 3 (¢, b)

| L

I3 C Trr(SO(2n + 1, F)) ——= ®(SO(2n + 1)) 3 ¢,

and ¢: H;’) BN AA¢ is defined by ¢(0) = ¢(c|SO(2n + 1, F)).
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L-parameter for O(2n)

In fact, Arthur gave LLC for O(2n), and deduced Weak LLC for SO(2n).
Put

®(0(2n)) == (SO(2n))/ ~
={¢: WDr — O(2n,C) | det(¢) = wg/r}.

Recall
= Ay = mo(Cent(Im(@), 0(2n, C))/{1})(= (2/22)").
] A(‘; = mo(Cent(Im(¢),SO(2n,C))/{£1}) =S,

Then
det

1 AL Ay

" 7/27 = {0,1}.
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LLC for O(2n) (Arthur)

There exist surjections

Iy C Irr(O(2n, F))

Res l

Hg C Irr(SO(2n, F))/O(2n, F) —= ®(SO(2n))/ ~ .

B(0(2n)) 3 ¢

In particular, m € Il <= 7 ® det € Il.
There exist bijections
Hd) 1:1 ;1';

i

o L1 7%
H¢—>A¢.
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Property of LLC for O(2n)

There is a special property of LLC for O(2n).

The following are equivalent:

m ¢ € &(O(2n)) contains an irreducible orthogonal odd-dimensional
representation of WD p;

m[Ay: A;f] =2
m there exists 7 € Il such that 7 ® det 2 7,
m any 7 € 1l satisfies that 7 ® det 2 .
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Intertwining operator

Let P = M N C O(2n) be a parabolic subgroup with M = GLj x O(2ny).
If m9 € IrTemp(O(2n0, F)) and 7 € Irriemp (GLE(F)),
the induced representation Indgg%’m (T ® my) decomposes into

a direct sum of irr. reps. of O(2n, F'):
a3 0 ) = P

If 7 is self-dual, Arthur defined a normalized self-dual intertwining operator

R(w, T ®mp): Indggyi’m (T ®mo) — IndOEm; )( ® 7).
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Intertwining relation

Let
m ¢ € @(0(2710)) such that mg € H¢>0;
m ¢1: WDp — GL(C) corresponds to 7 via LLC for GLy.

If we put ¢ =¢1 P (z)(] D ¢\1/ S @(O(Zn)), then A¢O — A¢.
If ¢1 is orthogonal, it define an element a € Ay.

Theorem (Arthur)

Iy = {m C Indggﬁ’p)(r ®mo) | mo € H¢o};

o) Agy = (o) if m € Indpian ™ (7 © mo);

(Intertwining relation)

R(w, 7 ® mp)|m = v(7)(a) - id,.
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How to compute ()

Let 7 € Irtemp(O(2n)) and ¢ € &(0(2n)) such that 7 € II,.
An element a € Ay defines an orthogonal rep. ¢ contained in ¢.
Let 7 € Irttemp(GLy (F')) correspond to ¢;.

Then by the above theorem, we have:

Propositioin

O(2n+2k,F)
n IndP(F)

B R(w,7@m) =(r)(a) -id.

(T ® m) is irreducible;

Hence, if one could understand R(w, T ® 7) more explicitly,
one could compute ¢(7)(a).
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Local Gross—Prasad conjecture (GP)
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Multiplicity one theorem

Now suppose that there exists an inclusion O(2n) — O(2n + 1).
Then we have a diagonal map

A:O(2n) - 0(2n) x O(2n+1).

Multiplicity one theorem

(Aizenbud-Gourevitch—Rallis=Schiffmann)
For m € Irr(O(2n, F)) and 7 € Irr(O(2n + 1, F)),

dim Homa g 2n,r) (7 ® 7,C) < 1.
(Waldspurger) For 70 € Irr(SO(2n, F)) and 70 € Irr(SO(2n + 1, F)),

dim HOIHAS()(Qn,F) (71'0 & TO, (C) <1
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Local Gross—Prasad conjecture

Local Gross—Prasad conjecture determines precisely when

Homagoan,m) (1" @ 7°,C) # 0.

Let ¢ € Piemp(SO(2n))/ ~ and ¢’ € Pyemp(SO(2n + 1))
(i.e., (Wp) and ¢'(Wr) are bounded).
When £(1/2,¢ ® ¢',1) = 1, Gross—Prasad defined characters

X' A¢ — {:l:l} and Xo - Aqy — {:l:l}

in terms of root numbers.
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Gross—Prasad conjecture for SO(2n) x SO(2n + 1)

Note that dim Homago2s, 7y (7° @ 70, C) depends only on
([7°], 7°) € Irr(SO(2n, F))/O(2n, F) x Irr(SO(2n + 1, F)).

GP for SO(2n) x SO(2n + 1) (proved by Waldspurger)

Let ¢ € Premp(SO(2n))/ ~ and ¢ € Piemp(SO(2n + 1))
such that £(1/2,¢ ® ¢',¢) =1
Then there exists a unique pair ([7°],7°) € IT)) x TI), such that

Homagozn,r)(r° @ 7°,C) # 0.

Moreover,

L([WO]) = X¢,/\A$ and L(TO) = X¢-
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Gross—Prasad conjecture for O(2n) x O(2n + 1)

We formulated and proved GP for orthogonal groups.

GP for O(2n) x O(2n + 1) (formulated and proved by A.-Gan)

Let ¢ € Premp(O(2n)) and (¢, ) € Piemp(O(2n + 1))
such that (1/2,¢ ® ¢/, ¢) =1

Then there exists a unique pair (7, 7) € Il x Hg, such that

HomAO(Qn,F) (71' & T, (C) # 0.

Moreover,

() (a) = xg(a) - pdet(@) for ¢ € Ay and (7)) = x4

det
Recall that 1 5 A;j Ay —— Z/2Z = {0,1}.
Hiraku Atobe (Kyoto University) LLC and Arthur conjecture for O(m) March 14, 2016

22 /33



m In fact, we formulated GP for O(m) x O(m + 1) in terms of Vogan
L-packets (i.e., for pure inner forms).
Also, we proved it under assuming the intertwining relation.

m When m = 2 or 3, there are results of D.Prasad,
which are compatible with GP for O(m) x O(m + 1).

m A refine version of the global Gross—Prasad conjecture (Ichino—lkeda
conjecture) for orthogonal groups is formulated by H. Xue.
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Outline of proof of GP for O(m) x O(m + 1)

m First, we show D. Prasad’s conjecture (P),
which describes local theta correspondences in terms of LLC
comparing intertwining operators and using the intertwining relation.

m The following is a summary:

LLC(O2n) Weak LLC(SO2,)
(Arthur) (Arthur)
GP(O(m)xO(m+1)) GP(SO(m)xSO(m+1))
(A.-Gan) (Waldspurger)

)

GP(Sp(2n)-Mp(2n
(A)
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Arthur's multiplicity formula
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A-parameters

From now, let k be a number field, and A be the adele ring of k.
Suppose that O(2n) is defined and quasi-split over k.

Definition
A global discrete A-parameter for O(2n) and SO(2n) is a formal sum

% =%[dy] B B d)

such that
m X, irr. autom. cusp. unitary rep. of GL,,, (A);
m d; € Z~¢ such that midy + - - - + myd; = 2n;
if i # 7 and 3; =2 ¥;, then d; # dj;

m additional conditions.
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m We denote the set of global discrete A-parameters by
Uy (0(2n)) = U(SO(2n))/ ~ .

Put W3 temp(0(2n)) = {Bl_;Zi[di] | d; = 1}
to be the set of tempered A-parameters.

For ¥ € W5(O(2n)), Arthur constructed a global A-packet Iy,
which is a multiset of Irr(O(2n, A)).

Let H% be the image of IIy, under
Res: Irr(O(2n,A)) — Irr(SO(2n, A))/O(2n, A).
If ¥ € U temp(O(2n)), Iy and 1Y are multiplicity-free.
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Additional notation

Let
n ’H(SO(Qn)) global Hecke algebra of SO(2n,A);
H(O(2n)) global Hecke algebra of O(2n, A);
" AQ(SO(2TL)) = {L*autom. forms on SO(2n,A)} ~ H(SO(2n)).
m A2(0(2n)) = {L?-autom. forms on O(2n, A)} ~ H(O(2n)).

Fix € = (€y)y € O(2n,k) C O(2n, A) such that det(e) = —1, and put
H(SO(2n)) to be the subalgebra of H(SO(2n)) of functions which are
invariant under each ¢,.
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Arthur's multiplicity formula for SO(2n)

Arthur described A3(SO(2n)) in terms of A-packets.

Arthur's multiplicity formula for SO(2n)
For ¥ € ¥5(SO(2n))/ ~, there is a subset 113 (%) C II% such that

A2(S0(2n)) = 4 B  msl

SEW5(SO(2n))/~ [x0]€ ()

as H¢(SO(2n))-modules. Here,

2 otherwise.

{ 1 if ¥ = Eﬂézlﬂi[di] such that m;d; is odd for some ¢,
my =
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Arthur's multiplicity formula for O(2n)

We formulated and proved Arthur’s multiplicity formula for O(2n).

Arthur's multiplicity formula for O(2n) (A.-Gan)
For ¥ € ¥5(O(2n)), there is a subset IIx(ex) C IIx such that

AO@)= @ P «

$EW,(0(2n)) welly (e5)

as H(O(2n))-modules.

Hence the tempered spectrum

A2,temp(o(2n)) - @ @ i

eV temp (O(2n)) melln(ex)

is multiplicity-free.
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Outline of proof

Note that € € O(2n, k) acts on A2(SO(2n)) by conjugation.
We regard A2(SO(2n)) as an (H(SO(2n)), €)-module.

Arthur also described A3(SO(2n)) as (H(SO(2n)), €)-modules in
terms of A-packets.

m Note that if 70 is automorphic (i.e., occurs in A3(SO(2n))), then its
conjugate (7)€ by € is also automorphic.

m Translate Arthur’s results via the restriction map
Res: A3(0(2n)) — A2(SO(2n)),

which is a surjective (H(SO(2n)), €)-homomorphism.
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Let ¥ = B._,%;[d;] € ¥2(SO(2n))/ ~= ¥5(0(2n)).
Suppose [1Y] € TI% and 7° is automorphic (i.e., occurs in A2(SO(2n))).
There are three cases as follows:
(A) If m;d; is odd for some i, then my, = 1 and 70 = (79)¢,
In this case, there are many extensions of 70 to O(2n,A), and
exactly half of them are automorphic;

(B) If m;d; is even for any i and m¥ 2 (79)¢, then my = 2.
In this case, there is m1 C A3(O ( n)) such that Res(w) = 7% @ (7%);
(C) If myd; is even for any i and 7° = (79)¢, then my = 2.
In this case, there are 71, m C A2(O(2n, A)) such that
m1[SO(2n, A) = 70 = 75|SO(2n, A) but Res(m;) # Res(ma) as
subspaces of A2(SO(2n,A)).

Hiraku Atobe (Kyoto University) LLC and Arthur conjecture for O(m) March 14, 2016 32/33



Thank you so much for your kind attention.
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