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@ Introduction to Alpha-determinants

e Cyclic U(gl, )-modules generated by alpha-determinant
@ Wreath determinants for rectangular matrices of particular types

@ The Alon-Tarsi conjecture on Latin squares
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Alpha-determinant

Definition (Alpha-determinant)
Let o be a parameter. For A = (a;;) € My, define

dety, A := Z 0" ay1y1a0@)2 QNN

ceG N

where v(0) = N — (number of disjoint cycles in o).
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Alpha-determinant

Definition (Alpha-determinant)

Let o be a parameter. For A = (a;;) € My, define

detq A := Z 0" ag1y1a0@)2 * * Go(N)N
oeGN

where v(o) = N — (number of disjoint cycles in o).

Example
1 2 3 45 6
0:<4 51 on ok 2)=(143)(26)(5)666
— v(o)=6-3=3
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Alpha-determinant

Definition (Alpha-determinant)

Let o be a parameter. For A = (a;;) € My, define

det, A := Z o’ ag(l)laa(z)z Ag(N)N

oeGN

where v(o) = N — (number of disjoint cycles in o).

Example
1 23 456 7
0:<4 - 7) (143)(26)(5)(7) € &,
= v(o)=(6+1)—(3+1)=3
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o =e=(1)(2)(3)
o= (123),(132
o=(23)(1),(12)
a1 12 413
dety, | as1 a9e ass
az1 Aas2 0asg

2 2
= Q11022033 + " A12A23031 + Q" Q13021032

+ Qa11a23a32 + Q12021033 + AG13G22031
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o=e=(1)(2)(3) — (o) =3-3=0
o=(123),(132) — v(o)=3-1=2
o= (23)(1),(12)(3),(13)(2) = v(o)=3-2=

If « = —1, then det, = det

@11 Q12 Q13
dety | @21 age as3 | = ajiagass + aj2agsas; + aizaziass
a31 Q32 as3

— (11023032 — (12021033 — A13022031
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If o =1, then det,, = per

a1; Q2 Q13
dety | @21 @22 ags | = ainaseass + ajsassas; + aizaziass
a31 aszz G33

+ @11G23G32 + Q12021033 + A13A22031
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Basic properties

@ Multilinear with respect to rows and columns

Invariant under transposition A — A

Not multiplicative in general (multiplicative <= a = —1)

det,(AP(0)) = dety(P(0)A) for A € M,, and 0 € S,,, where
P(0) = (0is(j)) is the permutation matrix of o

Laplace expansion
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Laplace expansion

11 Qa2 Q13
2 2
dety | @21 age a3 | = ai1a9ass + a”a12a93a31 + A ai3as1ass
a31 dzz G33

+ (11023032 + Q12021033 + (kA13A22031

Q22 A23 a21 Q23
= a1 deta + aaqa deta
32 Aa33 a31 ass
Ag2  A21
+ aags deta
az2 asi
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Laplace expansion

For the all-one matrix 1,, of size n, we have

n—1

det, 1, = det, 1,1 + a det, 1,1 + - -- + adet, 1n_;

=1+ (n—1)a)dety, 1,4
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Laplace expansion

For the all-one matrix 1,, of size n, we have

n—1

det, 1, = det, 1,1 + a det, 1,1 + - -- + adet, 1n_;

=1+ (n—1)a)dety, 1,4

=(14+a)(1+2a)---(1+(n—1)a)
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@ Vere-Jones (1988) introduce the alpha-determinant (but he
called it “a-permanent) to treat the probability density functions
of multivariate binomial and negative binomial distributions
uniformly.

@ Shirai and Takahashi (2003) utilized the alpha-determinant to
introduce a parametric family of point processes which
generalize the fermion and boson point processes.

e Matsumoto and Wakayama (2006) studied the U(gl,,)-cyclic
module generated by det, X (X = (z;)).

@ Generalization and quantum group analog of the study by
Matsumoto and Wakayama.
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Cyclic U(gl,, )-modules generated by det, X

The algebra P(M,,) of polynomial functions on M,, becomes a
U(gl,,)-module by

Consider the cyclic module V,,(a) := U(gl,) - deto(X) (X = (z45)).

Notice that

Vo(=1) =C-det X = A™(C"), V(1) = S™(C™)

are both irreducible.
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Irreducible decomposition of V,,(«)

S. Matsumoto and M. Wakayama (2006) proved that

A
Vi) = @ (B
AFn
Ia(a)#0
where
@ we identify highest weights and partitions,

e E): irreducible U(gl,)-module with highest weight ),
@ f*: number of standard tableaux of \,

° falz) = H(i,j)e)\(l - (- z)x)
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Example: n =3

foy(x) = (1+2)(1 + 22),
fen(z) = (1+2)(1 — ),
fain (@) = (1 —2)(1 — 2z)

(B o=

E?(’s) @ (E?(,21))@2 o %
= Vi(a) = ¢ (E(21))®2 o E(m) a=—1

Eém) o 1

Eég) &5, (E(21))692 ) E(Hl) otherwise

\
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Sketch of proof

We have

a"?) = — Z A o) (0 €6,),

: AFn

where x* is the irreducible character of &,, corresponding to \.
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Sketch of proof

det, X = 'ZfAfA a) Imm* (X)),

AFn
where

Imm Z X -’L'la(l) Lo (n)
UGGn

is the immanant of X associated to A. Use

U(gl,) - Tmm*(X) = (E)*".
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Generalization

Via(a) == U(gl,) - (det, X)!
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Generalization

Via(a) == U(gl,) - (det, X)!

rk FA («

— V(o) = @ (B)*™ @),
Anl
I(N)<n

where Fal(oz) is a certain square matrix depending on «, and rk is
the matrix rank.
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Generalization

Via(a) == U(gl,) - (det, X)!

— V,(a) = ED (Ejl)@rsz,l(a)’

Anl
I(N)<n

where Fal(oz) is a certain square matrix depending on «, and rk is
the matrix rank. When [ = 1, we have

A fale) #0

Fra(@) = fa(@)Ip = 1k F(a) = {o fila) =0
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o If Xis of hook-type, then F () = f ()] for some
polynomial f ().

o If n =2, then F3 () is 1 x 1 (i.e. a polynomial) and is
explicitly given by

Fz(?ll_s’s)(a) =(1+ oz)l_ngl(—s,l —s+ 1= —a)

for s =0,1,...,1, where oFi(a, b; c; x) is the Gaussian
hypergeometric series.

K. Kimoto (Okinawa) Alpha-determinants 9 March 2016 15 / 43



Permanent cyclic modules

We conjectured that
Vau(1) = U(gl,) - (per X)' = S'(S™(C")).
When n = 2, we can show that
(21—s,s) .
Fy) (1) #0 <= s is even,

which implies

Vai(1) = @) B = $(5%(C)).

0<s<l
2ls
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Weak alternating property

The ordinary determinant is alternating in rows and columns:
If distinct two rows or columns in A are identical, then det A = 0.

When « = —1/k for a positive integer k, det,, possesses a similar
and weaker property to this.
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Weak alternating property

Let £ <n. For A e M,

Z deto(AP(o Z detq(

€611 0€6 11

is divisible by (1 + a)(1+2«)--- (1 + ka).
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Weak alternating property

Let £ <n. For Ae M,

Z deto(AP(o Z detq(

0€6L 11 0€G 41

is divisible by (1 + a)(1 +2«) - (1 + ka).

If first £ + 1 columns (or rows) in A are identical, then

det, A = Z dety(AP(o

U€6k+1
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Weak alternating property

Let £ <n. For Ae M,

Z deto(AP(o Z detq(

0€6L 11 0€G 41

is divisible by (1 + a)(1 +2«) - (1 + ka).

If first £ + 1 columns (or rows) in A are identical, then

1
det_]_/kA U{T Z det_ 1/k(AP( ))

U€6k+1
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Wreath determinant

Definition (k-wreath determinant)
For A € M,, j, define

wrdet A 1= det_1/x(A ® 141),

where 1,7 = | @ | is the k x 1 all-one matrix.

a; a9 Qa3 Qg o a; QAo a3 Qg
(61 b by b4>®12’1_
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wrdet, <Z

_a1azbzby + bibaazay

1
1

a2
by

a3
bs

Gy
b4) = det_l/g

a
aq
by
by

a2
a2
by
by

as
as
bs
bs

Gy
Gy
by
by

(a1b2 I blaz)(a3b4 -+ b3a4)

4

8
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Basic properties of the wreath determinant

Let f: My pn 2 A — wrdety, A € C. Then
@ [ is multilinear in column vectors,
Q f(QA) = (detQ)*f(4) (Q € GLy),
Q f(AP(0)) = f(A) (o€ XKnp).

Here

Kng i ={0 € G |0 = (1 <i<n)},
Q={(-Dk+1,(i-Dk+2,...,ik} (1<i<n)

When kK =n = 2,

O ={1,2}, Q=1{3,4}, Kea={e, (12), (34), (12)(34)}
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Q Inherit from det_y /3.

@ Enough to prove when @) is a fundamental matrix. It is clear
when @ is diagonal. When Q = I, + aE;; (i # j), use
multilinearity and “weak alternating property” of det_,/; to

prove f(QA) = f(A).
© By definition, we have

wrdet, AP (o) = det_q 4,

(AP(0) © 144))
= det,l/k (

(
(A® 1;,1)P(0))
(P(0)(A® 1;,1))
= det_l/k.(A &® 1k,1> = Wrdetk A

= det_l/k

for o € K, .

O
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Characterization of the wreath determinant

If f: M, r, — C satisfies the conditions
© f is multilinear in column vectors,
Q9 f(QA) = (detQ)*f(A) (Q € GLy),
Q f(AP(0)) = f(A) (0 € Knp),

then f equals wrdety up to a constant multiple.

By a combinatorial discussion, we can prove that the coefficient of
each monomials in f(X) (X = (z;;)) are uniquely determined (up to
constant) by the given three conditions. O
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Another proof

We regard f(X) (X = (245)1<i<n1<j<kn) as an element in P(M,, xn).

syl =)=

By the Howe duality, we have

as a GL, X GLg,-module. f(X) lives in

n J{n
p(k )( n,lm)(1,..}?,1)

F(XT) = det T £(X) (T € Tg) }
f(XP(0)) = f(X) (0 € Kpp) S~

whose dimension is K (;n)xny = 1 (Kostka number). O

4
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Zonal spherical function for a rectangular diagram

For A + kn, define

1
w(g) = *(gh),
(9) % he;nkx (gh)

where y* is the irreducible character of &}, corresponding to \.

Especially, we put
wai(9) = w(g),

where (k") = (k, k, ..., k) F kn.
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Zonal spherical function for a rectangular diagram

w is a XK, k-biinvariant function on Gy,

w)‘(}hghz) = w)‘(g) (9 € Gkp, h1,he € Kyi)

The function w” is identically zero unless A > (k™), where > is the
dominance ordering among partitions:

> = Z)\ >2:,uZ (Vr > 1).
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Zonal spherical function for a rectangular diagram

For g€ Gkny
mii(g) =g N Y| (1 <i,j<n)
(QiZ{(i—l)k+1,(i—1)k+2,...,zk:} (1 §i§n)>

M(g) = (mij(9)>

1<ij<n
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Zonal spherical function for a rectangular diagram

For g€ Gkny
mii(g) =g N Y| (1 <i,j<n)
(QiZ{(i—l)k+1,(i—1)k+2,...,zk:} (1 §i§n)>

M(g) = (mij(9)>

1<ij<n

gcn,kngn,k = gcn,kg/gcn,k <~ M(.g) = M(g,)
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Zonal spherical function for a rectangular diagram

M(g)!

Wnk(9) X the coefficient of 29 in (det X)*

- |‘(Knk'|
_ wrdety((1, ® 11.4)P(g))
wrdety (I, ® 14 %)

for g € Gy, where

M — H x:;“]’ M = H m;;! (M = (my;))
1,j=1 i,j=1
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A o 1 A
w'(g) = Kol Imm*((I, ® 1x)P(g))

WI‘detk<<In &® 11,]@)P(g)) = det—l/k((In @ 1k)P(g)>

rel $ prfy (- 1/m0(9)

(kn)' A-kn
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A o 1 A
w'(g) = Kol Imm*((I, ® 1x)P(g))

wrdety (I, ® 115)P(g)) = det_y (1, ® 1x)P(g))
= TS PRCD)

( : A-kn

Since f\(—1/k) =0 if \; > k, and w* = 0 unless \ > (k"),

|9an| A |j<nk|

We obtain the theorem by taking the ratio. O]

f ®) foemy (—=1/k)wn i (g)-
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Example (k =n = 2)
For g1 =€,90. = (23),95 = (14)(23) € &4,

M(q1) = (g g) , Mlg) = G }) » Mlge) = (g g)

2 2

M 2 .2 M M

= 11232,
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Example (k =n = 2)
For g1 =e,92o =(23),93 =

M(q1) = (g g) , Mlg) = G }) » Mlge) = (g g)

Z’M(gl)_ 2 2

M(g2)
= T11Ly, T

(14)(23) € Gy,

= T11212%21T22,

M(gs) _ .2 .2
T = T12%91,

2 2 2 2 .2
(det X)* = 27,259 — 2211%12%21 %22 + T15%5

W22\d1) =
w2,2(92) =

w2,2(93) =

21010!2!
x1=1
4 )
1!
X (—2
— * (=2)
01212101
x1=1
4
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Example (k =n = 2)

(2 ®@115)P(q1) = (O

(

(l2®115)P(g3) = (1

(I2 ® 112) P(g2)

_o = O O =

O = O = = O
= O
N——
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Example (k =n = 2)

(2 ®@115)P(q1) = (é (1) (1) (1)> (=L ® 1),
(12 ® 112)P(g2) = (é (1) é (1)> :
(I2 ® 112)P(gs) = <(1) (1) é é)

w22(g1) = % =1

wa2(g2) = %18 = —%,

wa2,2(93) = % =1

K. Kimoto (Okinawa) Alpha-determinants 9 March 2016 31/43



Latin squares

A Latin square of degree n is an n X n matrix L whose rows and
columns are permutations of 1,2,... n.
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A Latin square of degree n is an n X n matrix L whose rows and
columns are permutations of 1,2,... n.

= = W N
DN = = W
— W N

1
4
2
3
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The numeric values of the number L(n) of Latin squares of degree n
is known for n < 11 (OEIS A002860):

L(1) =1,

L(2) =2,

L(3) = 12,

L(4) = 576

L(5) = 16 1280

L(6) = 812851200,

L(7) = 61479419904000,

L(8) = 108776032459082956300,

L(9) = 5524751496156892842531225600,
L(10) = 399297506328521594869002590276812800,
L(11) = 776966836171770144107444346734230682311065600000.
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Parity of Latin squares

A Latin square L of degree n can be written in the form
L =1P(01) 4+ 2P(02) 4+ --- +nP(o,)
(with P(o1) + P(02) + -+ P(o,) = 1,)
for some 01, 09,...,0, € &,. Then we define the signature of L by
sgn L := (sgnoy)(sgnoy) - - - (sgnoy,) = sgn(oyoy - - - 0,).

We call L even when sgn L = 1, and odd when sgn L = —1.
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W N = =
=~ = W N
DO O W
— W N
—_
[\

- +

— 1P((23)) + 2P((1342)) + 3P((143)) + 4P((124))

= sgnlL =sgn(23)(1342)(143)(124) = +1
Hence L is even.
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1,

—_ = = =

— = = =

—

N G G G WY

- -
1 1
— P((23)) + P((1342)) + P((143)) + P((124))

sgn L =sgn(23)(1342)(143)(124) = +1

Hence L is even.
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odd

even




The Alon-Tarsi conjecture

If n is odd, then the numbers of even and odd Latin squares of
degree n are equal:
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The Alon-Tarsi conjecture

If n is odd, then the numbers of even and odd Latin squares of
degree n are equal: For instance, exchanging the first and second
rows is a bijection between even squares and odd squares.

W N =

2 3
3 2
1 1

N =W
W = N
oW o=
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The Alon-Tarsi conjecture

If n is odd, then the numbers of even and odd Latin squares of
degree n are equal: For instance, exchanging the first and second
rows is a bijection between even squares and odd squares.

W N =

2 3
3 2
1 1

N =W
W = N
oW o=

The Alon-Tarsi conjecture (1992)

If n is even, then the numbers of even and odd Latin squares of
degree n are not equal.

(Origin: the Alon-Tarsi conjecture = the line graph of K, , is
n-choosable)
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Known results

The Alon-Tarsi conjecture (1992)

If n is even, then the numbers of even and odd Latin squares of
degree n are not equal.

@ Drisko (1997) proved the case where n = p+ 1 (p: odd prime)
@ Glynn (2010) proved the case where n =p — 1 (p: odd prime)
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Wreath determinants and the Alon-Tarsi conjecture

Notice that
det X = Z sgn(o) z').

Thus it follows that

(det X)n - Z Sgn(UIUQ Ce O'n)],‘P(Ul)+P(02)+”'+P(0n)

015,00 €Sy
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Wreath determinants and the Alon-Tarsi conjecture

Notice that
det X = ngn(a) 2P,

Thus it follows that

(det X)n = Z Sgn(0102 .. O—n)xp(al)+P(02)+"'+P(0'n)

01,000,0n EGH

. the coefficient of z'* in (det X)"

= Z sgn(oiog -+ 0y,)

015,00 €Sy
P(o1)++P(on)=1p
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Wreath determinants and the Alon-Tarsi conjecture

Notice that
det X = ngn(a) 2P,

Thus it follows that

(det X)n = Z Sgn(0102 .. O—n)xp(al)+P(02)+"'+P(0'n)

01,000,0n EGH

. the coefficient of z'* in (det X)"

- Z sgn(oyoy -+ 0,) = Z sgn(L)

01,..,0nEG,
P(o1)++P(on)=1p
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Wreath determinants and the Alon-Tarsi conjecture

Theorem

The Alon-Tarsi conjecture on Latin squares of degree n is equivalent
to each of the followings:

Q the coefficient of z'» in (det X)" # 0
o Wn,n(gn) 7é 0

@ wrdet,((1, ® 11,,)P(gs)) #0

Here g, € G,,2 is defined by ¢,,((i — 1)n + j
(1 <4,5 <n) (which satisfies M(g,) = 1,,).

ga = (25)(3 9)(4 13)(7 10)(8 14)(12 15)
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Alternative proof of Glynn's result

If n =p—1 for a prime p, then

=1 (mod p), Sem|=@E-1)P"=1 (mod p),

3|

so it follows that

V(gno')
1
Wrdet—l/n((In ® 11,n)P(gn)) = Z __>
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Alternative proof of Glynn's result

If n =p— 1 for a prime p, then

=1 (mod p), Spm|=@-1)P"=1 (mod p),

SRS

so it follows that

v(gno)
1
Wrdet—l/n((]n X ll,n)P(gn)) = Z __)
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Alternative proof of Glynn's result

If n =p—1 for a prime p, then
1 _
- =1 (mod p), ‘G(nn)‘ =(p-1r =1 (mod p),

so it follows that

v(gno)
1
Wrdet—l/n((ln & 11,n)P(gn)) = Z __>
O'EG(nn) n
= Z 1=1 (mod p)
O’EG(nn)

" Wrdet—l/n(ﬂn,np(gn)) 7é 0
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