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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Walsh Transform & Walsh Spectrum

Walsh Transform

Vk is a k -dimensional vector space over F2.

For a Boolean function f : Vk Ð→ F2, the Walsh transform of f at α is
the function f W : Vk Ð→ Z defined by

f W (α) = ∑
x∈Vk

(−1)f(x)+⟨α,x⟩

where ⟨α,x⟩ denotes an (non-degenerate) inner product on Vk .
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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Walsh Transform & Walsh Spectrum

Walsh Transform

K = F2k denotes the finite field of 2k elements.

TrF denotes the absolute trace map from a finite field F to F2.

When Vk = K and ⟨α,x⟩ = TrK (αx) (natural choice),

f W (α) = ∑
x∈K

(−1)f(x)+TrK (αx).
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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Walsh Transform & Walsh Spectrum

Walsh Spectrum

The Walsh spectrum of a Boolean function f : K Ð→ F2 is defined to be
the set

{f W (α) ∶ α ∈ K}.
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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Walsh Transform & Walsh Spectrum

Bent & r -plateaued functions

f is called bent function

when the spectrum is precisely

{±2
k
2 }.

For an integer 0 ≤ r ≤ k , a function f : K Ð→ F2 is called
r -plateaued if the spectrum is

{0,±2
1
2 (k+r)}.
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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Gold Type Functions

Gold functions

f (x) = TrK (x2a+1),

with a is relatively prime to k and k is odd.

The spectrum of f is {0,±2
(k+1)

2 } (i.e. it is 1-plateaued with the

given hypothesis).
Gold (1968) determined f W (α) in terms of f W (1),
f W (1) is evaluated first by Dillon-Dobbertin (2004) and then by
Lahtonen-McGuire-Ward (2007).
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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Gold Type Functions

Gold Type Functions

f (x) = TrK (x2a+1 + x2b+1)

with 0 ≤ a < b.

The evaluation of f W (0) is completed by Fitzgerald (2009).
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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Gold Type Functions

Roy’s Results

Let f (x) = TrK (x2a+1 + x2b+1) where K = F2k , 0 ≤ a < b with the
assumption

gcd (b − a,k) = gcd (b + a,k) = 1.

f W (α) is evaluated (S. Roy, 2012) in the following cases:

for any α ∈ K with k odd,
for α ∈ K with TrK (α) = 0 and k even,

and it is stated that the case
TrK (α) = 1 with k even

is open.
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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Gold Type Functions

A mistake in the result (S. Roy, 2012)

We observed that Roy’s result for the case
α ∈ K with TrK (α) = 0 and k even

does not hold for some α’s.
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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Gold Type Functions

Correction and improvement of the result (S. Roy, 2012)

For any element β ∈ K , we have (S.Roy, 2012)

f W (α) = (−1)
TrK (β

2a
+1+β2b

+1+αβ)
∑
x∈K

(−1)
TrK (x2a

+1+x2b
+1+x(L(β)+α))

where L(β) = β2a + β2−a + β2b + β2−b
.

i.e. f W (α) Ð→ f W (L(β) + α).

i.e. If (α + τ) is in Im(L) for some τ ∈ K , then

L(β) + α = (α + τ) + τ = τ

and

f W (α) Ð→ f W (τ).
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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Gold Type Functions

Correction and improvement of the result (S. Roy, 2012)

Lemma 1
Assume gcd (b − a,k) = gcd (b + a,k). Put
d = gcd (b − a,k) (= gcd (b + a,k)) and let δ = gcd(2d ,k). Let
L ∶ K Ð→ K where L(x) = x2a + x2−a + x2b + x2−b

. Then

Im(L) = Sδ

where Sδ = {x ∈ K ∶ TrK /F2δ
(x) = 0}.

δ = gcd(2d ,k) = { d , if k/d is odd ,
2d , if k/d is even .
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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Gold Type Functions

Correction and improvement of the result (S. Roy, 2012)

In this work,

a counterexample for the mistake in (S. Roy, 2012) is given

the mistake is corrected,
the open case

TrK (α) = 1 with k even (and d = 1)
stated in (S. Roy, 2012) is completed,
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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Gold Type Functions

Correction and improvement of the result (S. Roy, 2012)

Furthermore,

f W (α) is evaluated for a more general function f with

gcd (b − a,k) = gcd (b + a,k) (= d).

15 / 42 Ferruh Özbudak Some results on algebraic curves and planar functions



Walsh Transforms of Gold Type and Kasami-Welch Type Functions Gold Type Functions

Correction and improvement of the result (S. Roy, 2012)

Furthermore,

f W (α) is evaluated for a more general function f with
gcd (b − a,k) = gcd (b + a,k) (= d).

15 / 42 Ferruh Özbudak Some results on algebraic curves and planar functions



Walsh Transforms of Gold Type and Kasami-Welch Type Functions Gold Type Functions

Correction and improvement of the result (S. Roy, 2012)

Theorem 1
Assume that gcd (b − a,k) = gcd (b + a,k) with 0 ≤ a < b and put
d = gcd (b − a,k) (= gcd (b + a,k)). Let K = F2k , E = F2δ where
δ = gcd(2d ,k), and f (x) = TrK (x2a+1 + x2b+1).
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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Gold Type Functions

Correction and improvement of the result (S. Roy, 2012)

Theorem 1 (cont’d.)

Case 1 : “v2(b − a) = v2(b + a) = v2(k) − 1" does not hold:
If TrK /E (α) = 0, then we choose β ∈ K such that β2a

+ β2−a
+ β2b

+ β2−b
= α

(there exists such β ∈ K by Lemma 1 ). Then,

f W (α) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(−1)TrK(β
2a
+1
+β2b

+1
+αβ)

f W (0), if TrK /E(α) = 0 ,

0, otherwise,

where ∣f W (0)∣ = 2
1
2 (k+δ).
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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Gold Type Functions

Correction and improvement of the result (S. Roy, 2012)

Theorem 1 (cont’d.)
Case 2 : If v2(b − a) = v2(b + a) = v2(k) − 1:
In this case [K ∶ E] is odd. Put τ = TrK /E (α). Then TrK /E (α + τ) = 0
and hence we choose β ∈ K such that β2a + β2−a + β2b + β2−b = α + τ
(there exists such β ∈ K by Lemma 1 ). Then,

f W (α) = (−1)
TrK (β

2a
+1+β2b

+1+αβ)
f W (τ).
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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Gold Type Functions

Correction and improvement of the result (S. Roy, 2012)

Theorem 1 (cont’d.)
Furthermore,

f W (τ) = Λ (h)2
1
2 (k+2d)

where Λ (h) denotes the invariant of the quadratic form
h(x) = TrE (x2a+1 + x2b+1 + xτ).
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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Gold Type Functions

Correction and improvement of the result (S. Roy, 2012)

Theorem 2
Under the notation of Theorem 1, assume
v2(b − a) = v2(b + a) = v2(k) − 1, τ ∈ F22 and d is odd. Then

Λ (h) = { +1, if τ = 1 ,
0, otherwise.
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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Gold Type Functions

Corollary 1

Under the notation of Theorem 1, with k even and d = 1, we have

Case 1 : v2(k) > 1

f W (α) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(−1)TrK(β
2a
+1
+β2b

+1
+αβ)

f W (0), if τ = 0 ,

0, otherwise,

where ∣f W (0)∣ = 2
1
2 (k+2).

Case 2 : v2(k) = 1

f W (α) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(−1)TrK(β
2a
+1
+β2b

+1
+αβ)

2
1
2 (k+2), if τ = 1 ,

0, otherwise.
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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Gold Type Functions

Determination of the Walsh spectrum

Corollary 2
Under the notation of Theorem 1 for f , the Walsh spectrum of f is
precisely

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

{0,±2
1
2 (k+d)} , if k/d is odd ,

{0,±2
1
2 (k+2d)} , if k/d is even .
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Walsh Transforms of Gold Type and Kasami-Welch Type Functions Kasami-Welch Type Functions

Kasami-Welch functions

g(x) = TrK (x4a−2a+1),

with a is relatively prime to k and k is odd.

First studied by T. Kasami (1971)

The spectrum of g is {0,±2
(k+1)

2 } (i.e. it is 1-plateaued with the

given hypothesis).
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First studied by T. Kasami (1971)

The spectrum of g is {0,±2
(k+1)

2 } (i.e. it is 1-plateaued with the

given hypothesis).
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Kasami-Welch Type Functions

g(x) = TrK (x
2ta

+1
2a+1 )

with t is odd.

(the subcase t = 3 gives Kasami-Welch functions)

Studied by Niho in his Ph.D. thesis.
Lahtonen-McGuire-Ward (2007) evaluated gW (1) under certain
conditions
and then Roy (2012) generalized their result up to k odd.
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Generalization of the result in (S. Roy, 2012) for even k

Theorem 3

Let K = F2k , k even, a be such that gcd (2k − 1,2a + 1) = 1. Let t be
odd and e = 2ta+1

2a+1 with a is a positive integer. If g(x) = TrK (xe) on the
field K , then

gW (1) = 2
1
2 (k+r(k))

where r(k) = gcd ((t − 1)a,k) + gcd ((t + 1)a,k) − gcd (2a,k).
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Setting

Let F = Fqr and E = Fm
q where m ≤ r and q is a prime power.

Let n ∣ qr − 1 and W =< α > be a multiplicative subgroup of order n
of F∗.
Fix A = {i1, ..., is} ⊆ Z/nZ, where ij ≥ 1 for all j .
Define the F -linear space of polynomials

P(A) ∶= {a1x i1 +⋯ + asx is ∶ a1, ...,as ∈ Fqr }

and set

B(A) ∶= {(f (α0), ..., f (αn−1)) ∶ f (x) ∈ P(A)}.

Define an F -linear code of length mn

(B(A),Γ) ∶ = {(γ1f (α0), . . . , γmf (α0); . . .

. . . ;γ1f (αn−1), . . . , γmf (αn−1)) ∶ f (x) ∈ P(A)}.
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Setting

Consider a surjective Fq-linear mapping

φ ∶ F Ð→ E
x z→ (Tr(γ1x), . . . ,Tr(γmx))

for some subset Γ = {γ1, ..., γm} ⊂ F , where Tr denotes the trace
function from Fqr to Fq.
The set Γ = {γ1, ..., γm} is linearly independent over Fq since φ is
onto.
Extend φ naturally as

φ ∶ F n Ð→ En

(x1, . . . ,xn) z→ (φ(x1), . . . , φ(xn))
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Additive Cyclic Codes

Definition
Define the additive cyclic code of length n over E as

φ(B(A)) = {(φ(f (α0), . . . , f (αn−1))) ∶ f (x) ∈ P(A)}

The code φ(B(A)) is not linear over its alphabet E . If we view
φ(B(A)) in Fmn

q as

φ(B(A)) = {(Tr(γ1f (α0)), . . . ,Tr(γmf (α0));⋯
⋯; Tr(γ1f (αn−1)), ...,Tr(γmf (αn−1))) ∶ f (x) ∈ P(A)} ,

then it is an Fq-linear code of length mn over Fq, which is equal to
Tr((B(A),Γ)).
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Additive Cyclic Codes

φ(B(A)) ⊂ En is closed under cyclic shift: Consider the
codeword

cf = (φ(f (α0)), ..., φ(f (αn−1)))

determined by f (x) =
s
∑
j=1
λjx ij ∈ P(A).

For g(x) =
s
∑
j=1
λjα

−ij x ij ∈ P(A), we have:

(φ(f (αn−1)), φ(f (α0)), ..., φ(f (αn−2))) = (φ(g(α0)), φ(g(α)), ..., φ(g(αn−1))).
When φ(B(A)) is viewed in Fmn

q , it is closed under shift by m units.
Hence over Fq, φ(B(A)) is a quasi-cyclic code of length mn and
index m.
Classical cyclic codes correspond to the special case when m = 1
and φ(x) = Tr(x). In this case φ(B(A)) is the cyclic code of length
n over Fq whose dual’s defining zeros are {αi1 , . . . , αis}.
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Weights

Let n = qr − 1 in the rest.
The weight of the codeword
cf = (φ(f (α0)), ..., φ(f (αn−1))) ∈ φ(B(A)) is

wt(cf ) = n − ∣{x ∈ F ∶ φ(f (x)) = 0}∣ + 1
= qr − ∣{x ∈ F ∶ Tr(γi f (x)) = 0 for all 1 ≤ i ≤ m}∣.

Since {γ1, ..., γm} is linearly independent over Fq,

V ∶= {x ∈ F ∶ Tr(γ1x) = ⋯ = Tr(γmx) = 0} .

is an Fq-linear subspace of codimension m in F .
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Weights

Computing wt(cf ) requires determination of the number of x ∈ F
such that f (x) ∈ V .
f (x) ∈ V for x ∈ F if and only if A(y) = f (x) for some y ∈ F .
Therefore,

wt(cf ) = qr −
∣X af

f (F)∣
qm ,

where ∣X af
f (F)∣ denotes the number of affine F -rational points on

the curve Xf defined by

A(Y ) = f (X).
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Hasse-Weil Type Bound

Theorem 4
Consider the additive cyclic code φ(B(A)) of length n = qr − 1 over E ,
where A = {i1, ..., is} ⊂ Z/nZ. Assume that gcd(ij ,q) = 1 for all j and let
i = max{ij ∶ 1 ≤ j ≤ s}. Then,

d(φ(B(A))) ≥ qr − qr−m − (qm − 1)(i − 1)⌊2
√

qr ⌋
2qm .

Wolfmann’s bound for classical cyclic codes corresponds to the
case m = 1 in the above result. In that case, curves related to
codewords are Artin-Schreier type curves, i.e. A(T ) = T q − T .
If gcd(ij ,q) ≠ 1 for some 1 ≤ j ≤ s, then there may exist reducible
additive polynomial equations in F . Hasse-Weil bound is
extended to such reducible additive equations (Güneri & Ö. 2008).
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BCH Type Bound and Comparison

A ⊆ Z/nZ is an interval if there is a generator (an integer j ,
coprime with n) of Z/nZ such that A = {jl , j(l + 1), ..., j(l + i − 1)},
for some l (mod n).

Theorem 5 [Bierbrauer]
If A contains an interval of size t (mod n), then the minimum distance
of φ(B(A))⊥ is ≥ t + 1.

GOAL: Compare the Hasse-Weil type bound for φ(B(A)) with
BCH type bound.
For comparison of the two bounds, one has to describe the dual
code explicitly in relation to our code.
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BCH Type Bound and Comparison

Define

VF (Z) ∶ = {(p1(α0), . . . ,pm(α0); . . .

. . . ; p1(αn−1), . . . ,pm(αn−1)) ∶ pi(x) ∈ P(Z)}

for a q-cyclotomic coset Z mod n.
Recall that φΓ(B(A)) = Tr((B(A),Γ)).

Let (B(A),Γ) be the Galois closure of (B(A),Γ).
Assume that (B(A),Γ)

⊥
= (B(B),Γ′) for some B ⊂ Z/nZ and

Γ′ ⊂ F m.
Then

φΓ(B(A))⊥ = φΓ′(B(B))

where the dual is with respect to the Euclidean dot product on En.
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BCH Type Bound and Comparison

Decompose (B(A),Γ)
⊥

as

(B(A),Γ)
⊥
=⊕

Z
[(B(A ∩ Z),Γ)

⊥
∩VF (−Z)],

where Z runs through all q-cyclotomic cosets mod n.
If every summand here can be written in the form (B(BZ ),Γ′),
then it follows that B = ⋃Z BZ .
In the case m = 2, the following result gives the set B explicitly,
hence the dual code.
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BCH Type Bound and Comparison

Theorem 6

Let m = 2, Γ = (1, γ) and b = [Fq(γ) ∶ Fq] > 1. Let Z = {i , iq, ..., iqs−1} be
a q-cyclotomic coset mod n of length s. For Γ′ = (−γ,1), we have the
following:

i. If A ∩ Z = ∅, then BZ = −Z .
ii. If A ∩ Z = {iqu1 , iqu2 , ..., iqut} for some 0 ≤ u1 < u2 < ⋯ < ut ≤ s − 1

and b does not divide s, then BZ = ∅.
iii. If A ∩ Z = {iqu1 , iqu2 , ..., iqut} for some 0 ≤ u1 < u2 < ⋯ < ut ≤ s − 1

and b divides s, set ÂZ = {iqua+`b mod n ∶ 0 ≤ ` ≤ r − 1} for some
a ∈ {1, . . . , t}. Then

BZ = ∅ if A ∩ Z /⊆ ÂZ .
BZ = −ÂZ if A ∩ Z ⊆ ÂZ .
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Examples for q = 2

q r A b HW-bound BCH-bound

2 7 {1,3,5} 7 63 48
2 7 {1,3,5,7} 7 47 32
2 8 {5,7,9} 8 96 78
2 8 {5,7,9} 4 96 78
2 8 {5,7,9} 2 96 88
2 8 {3,7,9,11} 8 72 64
2 8 {3,7,9,11} 4 72 64
2 9 {5,9,11} 9 216 164
2 9 {5,9,11} 3 216 175
2 9 {1,5,7,9,11,13} 9 182 96
2 9 {1,3,5,7,9,11,13} 3 182 112
2 9 {3,5,11,15} 9 148 116
2 9 {3,5,11,15} 9 148 138
2 9 {3,5,11,15,17} 9 114 107
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Examples for q = 3

q r A b HW-bound BCH-bound

3 4 {1,2,4,5} 4 40 36
3 4 {1,2,4,5} 2 40 36
3 5 {1,5,8} 5 120 102
3 5 {1,2,5,7,8} 5 120 79
3 5 {2,4,5,7,10} 5 92 81
3 6 {4,5,8,10,11,13,14} 6 336 242
3 6 {4,5,8,10,11,13,14} 3 336 242
3 6 {4,5,8,10,11,13,14} 2 336 250
3 6 {7,10,11,14,16,17} 6 264 244
3 6 {7,10,11,14,16,17} 3 264 244
3 6 {7,10,11,14,16,17} 2 264 258
3 6 {2,4,7,8,11,13,14,17,19,20,22} 6 144 136
3 6 {2,4,7,8,11,13,14,17,19,20,22} 3 144 136

Table: Codes for q = 3
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Thank you!
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