Introduction
The projection method
Numerical solution using a multigrid method

Numerical experiments
Conclusions and future work

Juan Ruiz!  Zhilin Li2

!Department of Mathematics. Universidad de Alcald (Madrid, Spain).
’Department of Mathematics. North Carolina State University (USA).

International Workshop on Fluid-Structure Interaction Problems
Singapore, 2016

J.Ruiz, Z.Li



o

o Domain
@ An outline of the solution of the N-S equations using the [IM
o Level set function

o Correction of the derivatives in the z and r directions

©0 0 O

J.Ruiz, Z.Li



Introduction

o

o Domain
@ An outline of the solution of the N-S equations using the [IM
o Level set function

J.Ruiz, Z.Li



Introduction

o In The IIM for the Navier-Stokes equations with Singular
Forces. Z. Li, Ming-Chih Lai. Journal of Computational
Physics. 2001. The authors present the Projection-11M
method in order to solve the N-S equations assuring second
order accuracy for the velocity and the pressure in Cartesian
coordinates.

o An Immersed Interface Method for Axisymmetric Elec-
trohydrodynamic Simulations in Stokes flow. H.
Nganguia, Y.N. Young, A. T. Layton, W.F. Hu, and M.C. Lai.
Communications in Computational Physics. 2015.
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Introduction

o Would it be easy to extend these results to cylindrical
problems with axial symmetry?

o The equations will change.

@ The jump conditions will change.
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of geometry and domain
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Introduction

ns of the problem in Cartesian Coordinates

p(?:+(u-V)U>+Vp—MAU+G, x € Q,

V.-u=0,
U‘E?Q = up, BC,
u(x,t =0) = uog, IC.

The singular force G is supposed to have a support only on the
immersed interface '(t), and takes the form,

G(x, t) = /r T 02bx = X(s, )
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Introduction

ons of the problem in Cartesian Coordinates

Ouy Auy Ouy op Bzux Bzux
p(—+ux—+uy—)+f = pu + +Fx, x€Q,
ot Ox dy Ox ax2 ay?
du, du, du, op 8%u 9%u
P(7y+uX7y+Uy7y)+* = pn L+ S ) +F. veq
ot Ox Ay dy ax2 ay?
V-u = 0,
u|8Q = up, BC,
u(x,t =0) = up,IC,
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lons of the problem in cylindrical Coordinates with

ouy duy Bu,) op ur azu, Bzu, uy
+u + u. + = = — + + — = |+F, req,
p( ot " or ‘oz ar H r ar? 922 r2 r
Quy Quy urtyp Ouy ) uyp 82u¢ 62114; Uy
+u + +u. = — - — | +Fp, € Q,
p( ot " or r “ oz H r ar? 922 2 ®
Ouy duy Buz) op Uy Bzuz Bzuz
+ u, + u, + = = — + + +F, z€Q,
p( ot " or ‘oz oz H r ar? 922 “
V.u = 0,
ul@ﬂ = up, BC,
u(x,t=0) = ug,IC,
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solve the problem:

In order to solve the problem we need to:
Q Find irregular grid points in the r and z directions.

Q Find the projection of irregular grid-points over the interface
in the r and z directions.

O Find the surface derivatives and interpolate them at the
projection in order to obtain the curvature of the interface at
the projection and to set a local coordinates system. This is
due to the fact that the interface relations are given in a local
coordinate system centered on the interface.

@ Discretize the NS equations for the three components of the
velocity u(r,z, t) = (u,(r,z,t), u,(r,z, t), uys(r, z, t)) and for
the pressure p(r, z, t) using the projection method.

@ Correct the derivatives of the projection method using the 1IM.

J.Ruiz, Z.Li



Introduction

0 solve the problem:

O Solve the three elliptic equations for the velocity and the
poisson equation for the projection using a multigrid method.

@ Update the pressure and the velocity.

O If we are solving a free boundary problem, update the position
of the interface and then iterate again.
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function

Using the level set, it is very easy to accomplish the three first
steps.
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ar and regular grid points
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Introduction

ifference discretization

o At regular grid points we use centered finite difference
discretization.

o In order to correct the derivatives at irregular grid points, we
need to set a local coordinates system. Thus, we need to find
the projection of the central point of the stencil over the
interface in the r and z directions.
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on in the r and z directions

o The projection can be easily found using quadratlc Lagrange
interpolation.
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tion in the r and z directions and local coordinates

@ Once we have the projection X* = (r*, z*) on the interface,
the unit normal direction of the interface at X* is:

e= Vo _ (one)
Vol Ver+ e

o The unit tangential direction at X*is:

n= (9027_90")
Ver+ ¢z
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Introduction

We use a local coordinates system:

& = (r—R)cos(0)+ (z— Z)sin(6),
—(r — R)sin(0) + (z — Z) cos(0) (1)

At the point (X*, Y*), the interface can be written as:

&= x(n), with x(0) =0, x'(0) = 0.
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derivatives in 2D and Bilinear Interpolation

o In order to obtain the curvature of the interface, we need the
surface derivatives of the level set: we can use central
differencing.

o But the level set function is only defined at grid points ¢;;:
maybe not defined exactly on the interface.

o We can use the bilinear interpolation to obtain the interface
information at the projections since we assume that the level
set function has up to second order continuous partial
derivatives in a neighborhood of the interface.
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ing the jump relations to the x and y directions

The interface relations are usually given in the local coordinates,
[ue], [uy], [uee], [uen], [unn]. They must be translated to the
cylindrical coordinates in order to introduce them in the algorithm.
It is easy to see that,

[ur] = [ug] cos(6) — [uy] sin(6),
[uz] = [ug] sin(6) + [uy] cos(0),
[urr] = [uge] cos?(0) — 2[ug,] cos(8) sin(6) + [uy,] sin?(),
[uz2] = [uge] sin(8) — 2[ugy] cos(8) sin(8) + [uyy] cos?(B).
Using these equations and the interface relations, we can write
[u], [u], [uz], [ur], [uz], [P], [pr] and [p;] at the points of the

interface in terms of the geometric information of the interface and
the force strength and its derivatives.
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(2

o Correction of the derivatives in the z and r directions
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The projection method

jection method

The method from the time t" to t"t! can be expressed as,

* n
- Atu +(u- Vo)™t = vpiE g (Ahu +Apu") + G 4 €,
utlog = uptl,

where u* = (u}, u}) is the intermediate velocity field of the
projection method. (u - V,u)"*! is approximated through,

3 n n 1 n—1 n—1 n
§(u Vp)u" — = ("1 Vi) u" T+ CF,

(u- th)"Jr:l = 5

where V, and Ay, are the finite difference discretizations of the
Laplacian and the gradient in cylindrical coordinates.
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The projection method

jection method

The projection step used is,

V- u* Do
Ape™t = Gy =0,
he At 79 Ton laa
u™l = uf - AtV 1+ C,

vhpn+1/2 — vhpn—1/2+vh4pn+1+cg'
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The projection method

jection method
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The projection method

jection method

2.,
or
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The projection method

zation of differential operators at regular points

A — 1 f-,%f/q,j - (f,-fg + ri+%)fi,j + ri+%fi+1,j n fij—1—2fij+fijin
ri (Ar)? (Az)?

Ar ’ Az

1 fiyij —ficny | fijpn —fijo1
f=Zf, Ay el I [}
Vi (r,- Wt Ar * Az

Vof = <fi+1,j —fic1j fijq1— fi,j—l)
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In order to deal with the pole singularity introduced by the
Laplacian and the divergence operators, we use a staggered grid.
That means that the r coordinate of every grid point takes the

value
, 2Ry M+1
= (i—1/2)Ar, Ar=21% j=12... 217
ri=(—1/2)Ar r=-y i 5
Note that 1 = Ar/2 = h/2 and ruu = Ry, being M and odd
2

number.

This configuration makes it easy to deal with the immersed
boundary condition at the left side of the boundary. As shown in
Figure 1, if we set a ghost point at r = —Ar/2, then the
expression of the Laplacian at r = Ar/2 takes the form,

Upj— U | Upj—1— 2+ Upjt1
Au=|(2 .
v < &g * (Az)? )
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The projection method

yoints for the immersed boundary condition

5

j—]_- . .

-1 1
Example of an irregular point close to the left boundary of the
domain and the points chosen for the stencil. The first column is

composed by ghost points.
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The projection method

Let u(x) be a piecewise twice differentiable function. Assume that
u(x) and its derivatives have finite jumps [u], [ux] and [ux] at
x* = x4+ ah, =1 < «a <1, then the following relation holds,

u(x+ h) —u(x — h) _ { u'(x) + Clhoa) O(h?), if0<a <1,

2h u'(x) — C;Zo‘) +O(h?), if —1<a<0,
u(X + h) _ 21(2)() + u(X B h) _ UN(X) + C(;;a) + O(h),
where,
1 — |a])?h?
Clx,) = ] + [](1 —fa)h -+ [uo] L1207
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The jumps are defined as

W] = limy sy u(x) — limy - u(x) if 0 < a < 1,
70 timy e u(x) = limy s u(x) if — 1< a <0,

(1] = limy ot Ux(x) = limy L — ux(x) if 0 < v < 1,
X imy e Ux(X) = limy e ux(x) if —1 < a <0,

[t] = My et U (X) — lim_m U (x) if 0 < a0 < 1,
x My s Usne(X) — limy o+ Uxn(x) if — 1 < a <0,
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The projection method

as of correction terms

o The correction term for u"D, pu" from the material derivative
(u” - Vpu
3 (riy1 — r*)?
A (GRS RA TR P}

. _1 .
o The correction term for D, ,p" "2 from the gradient of the

pressure Vhp”_%:
1 _1 -1 .
o (4 BT A = )
o The correction term for %Dmhu" from the Laplacian %Au":
H * (f'+1 — I’*)2
g (012 = )+ ) T 200,
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We need to solve three elliptic equations for the three components

of u*:
Lo (0w PN (2R
ror \ or 0z2 ulAt) 2"
10 [ Ouj 82u<’; 2 r2\ ug
<rar<far>+ 022 —<1+,Lm>r2f<ﬁ

10 [ Ou; o2u 2 r2\ u
2 (s + ()
ror \ Or 0z2 wAt) r?

and one Poisson equation for the projection step:

vh .u* a(pn+1
he At 3 on lag
u™ = ut - AtV + C,
Vip"2 = Vpp" M2 4 vttt 4l
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The first three equations do not have the form of a Helmholtz
equation in cylindrical coordinates,

10 ou 0%u u
—— | r— — | + A5 =f(r,2),
<r3r< 8r>+022) r2 (r,2)
as A is not a constant anymore, due to its dependence on r. Thus,
the linear system of algebraic equations resulting from the FD
discretization can not be solved using the subroutines for
Helmholtz equations in cylindrical coordinates of Fishpack package.

Even so, a general multigrid method for elliptic equations, such as
DMGD9V can be used to solve this part of the problem.
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Numerical experiments

on with a fixed interface 1

©

Domain in z = [-1,1], r = [0,1].
The interface is the straight line r = 0.5

©

p(r,z,t) = 0, wu(r,z,t)=0 v(r,z,t)=0
h(t)(2r—1) if r>1,
w(r,z,t) =
0 if r<li
u=2 p=1, At:g, final time t = 2.

The velocity verifies the incompressibility constraint and is

continuous, but presents a jump in the normal derivative,

[un] = [ur] = 2h(t), [va] = [ur] =0, [wn] = [us] = 0.

o G is determined from the exact solution. There is a finite
jump in G.

o We take h(t) =1— et

J.Ruiz, Z.Li
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Numerical experiments

onditions

In Immersed interface methods for stokes flow with elastic
boundaries or surface tension. R. J. Leveque, Z. Li. SIAM J. Sci.
Comput. 1997., the authors show that the jump conditions across
the interface for the Navier Stokes equations for the 2D problem
can be expressed as,

Wl = 0, [ = —hr,
Pl = A lpd =22 406l

where 7 = (—sin(0), cos(f)) is the unit tangent direction. f and
f> are the force strengths in the normal and tangential directions,

zil(s, t) = fi(s,t)cos(0) + f2(s, t)sin(0)
f(s, t) = —f(s,t)sin(0)+ fa(s, t) cos(h).
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e relations for the Axis-Symmetric case

It is easy to prove that the interface relations for the Navier-Stokes
equations with constant density p and viscosity p are,

R Ot
= fq = —
[Pl = fi, [P on

Ul =0, [uug] = —hr [u] =0,

s oh . ..
) = ot Jpugy] = —Z 07 — o,

litige] = ~[uuayy] + [pel + [y} + plu - i — £ cos(9))[ug] - [G].
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N ||En(u)||so | Order

16 x 32 3.1705e-3 -

32 x 64 9.0961e-4 | 1.804

64 x 128 2.444e-4 | 1.8962

128 x 256 | 6.3383e-5 | 1.9469
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Numerical experiments

on with a fixed interface 2

©

Domain in z = [-1,1], r = [0, 1].
The interface is the straight line r = 0.5
3, if r>31,
p(r,z,t) - {0 If I’S%,
u(r,z,t) = 0, v(r,z,t)=0

h(t)(2r — 1) if
o) { (£)(2r — 1)

r>
0 it r<

©

1
29
1
29

©

nw=2p=1, At:g, final time t = 2.

The velocity verifies the incompressibility constraint and is
continuous, but presents a jump in the normal derivative,

[un] = [ur] = 2h(t), [vn] = [ur] = O, [wn] = [ur] = 0.

o G is determined from the exact solution. There is a finite

J.Ruiz, Z.Li
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N

[|En(u)]oo

Order

16 x 32

3.1704e-3

32 x 64

9.096e-4

1.8014

64 x 128

2.4437e-4

1.8962

128 x 256

6.3383e-5

1.9469
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Numerical experiments

on with a fixed interface 3

e Domain in z = [-1,1], r = [0,1].
o The interface is the straight line r = 0.5

3r—1, if r> %,
0 if r<i
u(r,z,t) = 0, v(r,z,t)=0

h(t)(2r—1) if r
wirz.t) — { (t)( )

>
0 it r<

p(r,z,t) =

°opn=2p=1 At=1 final time t = 2.
o We take h(t) =1—e"".
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N

[|En(u)l]oo

Order

16 x 32

3.497e-3

32 x 64

1.003e-3

1.8012

64 x 128

2.6959e-4

1.8961

128 x 256

6.9928e-5

1.9468
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Conclusions and future work

@ The solution of the NS equations using the [IM in cylindrical
coordinates presents substantial differences with the solution
of the problem in Cartesian coordinates: the equations are
different, the interface relations are different, a staggered grid
is needed due to the pole condition near the origin and we can
not use Fishpack to solve the linear system of algebraic
equations resulting from the FD discretization.

o A software package for the NS equations with axial symmetry
and fixed interface in cylindrical coordinates has been
developed.

o From the experiments, second order accuracy is observed for
the velocity.
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Conclusions and future work

work

o We are working to include a moving interface in order to
reach the objective of solving free boundary problems.
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Thank you very much for
your attention!
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