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Introduction
Affine processes contain the standard linear diffusion
equations with constant volatility, like the
Ornstein-Uhlenbeck process, but also some nonlinear
diffusion equations, like the Feller process [4], used
later in many applications, [4], [1]. Basically, an
affine process has a characteristic function which is
affine with respect to the initial condition.We want to
consider infinite dimensional affine processes. We use
a general framework to study linear infinite
dimensional stochastic equations. We consider next a
class of non-linear problems. We also show that the
framework is adequate to studying
infinite-dimensional affine processes.
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Feller Process
The Feller process is defined by the equation

dy = k(θ − y)dt + c
√

ydw

If we consider the Riccati equation

−q′ + kq =
1

2
c2q2, q(T ) = λ

Provided this equation has a global solution on0, T
we have the formula

E exp y(T )λ = E exp y(0)q(0) exp kθ

∫ T

0

q(t)dt
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Linear Random Functionals
Let Φ be a Hilbert space,Φ′ its dual.
A 2nd order L.R.F. onΦ′ is a familyζφ∗

(ω) such that

φ∗ → ζφ∗
(ω) ∈ L(Φ′; L2(Ω,A, P )).

We write
Eζφ∗

=< m, φ∗ >

Eζφ∗
ζφ̃∗

− Eζφ∗
Eζφ̃∗

=< Γφ∗, φ̃∗ > .

m mathematical expectation,Γ covariance operator.
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If Γ is nuclear

ζφ∗
=< φ∗, ζ(ω) >

ζ(ω) =
∑

i

φiζJφi

whereJ is the isometry fromΦ to Φ′, andφi is an
orthonormal basis ofΦ; Jφi is an orthonormal basis
of Φ′. The random variableζ satisfies

Eζ2 =
∑

i

< J∗ΓJφi, φi >
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Assume
Φ = L2(0, T ; E)

whereE is a Hilbert space, whose dual is denoted by
E ′. So

Φ′ = L2(0, T ; E ′)

A LRF onΦ′ is denoted byξe∗(.)(ω), wheree∗(.) is an
element ofΦ′. We shall be particularly interested in
LRFs onΦ′ with a covariance operator given by

< Γe∗(.), ẽ∗(.) >=

∫ T

0

< Q(t)e∗(t), ẽ∗(t) > dt (1)

whereQ(.) ∈ L∞(0, T ;L(E ′; E)).
UTDallas.edu/∼Alain.Bensoussan – p. 6/67



Gaussian LRF
A gaussian LRF is such that

ζφ∗
is gaussian∀φ∗

We shall in particular concentrate on the case

Φ′ = L2(0, T ; E ′)

with the covariance operator defined by 1, and0
mean. We then consider a filtrationE t and assume that

ξ
e∗1I0,s

is E t measurable,∀e∗ ∈ E ′,∀s ≤ t

ξ
e∗1Is,t

is independant ofEs,∀e∗ ∈ E ′,∀s ≤ t
(2)
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When

E t = σ(ξ
e∗1I0,s

,∀e∗ ∈ E ′,∀s ≤ t)

then the second property 2 follows from the gaussian
assumption and the non correlation ofξ

e∗1Is,t
with the

variables generatingEs. The stochastic processes
ξ
e∗1I0,t

, up to an equivalence, form a family of Wiener
processes, indexed bye∗. Moreover

Eξ
e∗1I0,t

ξ
ẽ∗1I0,s

=<

∫ min(t,s)

0

Q(τ)dτe∗, ẽ∗ >
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Consider a basise∗,i of E ′, call

wi(t) = ξ
e∗,i1I(0,t)

Then, it is easy to check that

ξ
e∗1I0,t

=
∑

i

wi(t) < e∗, ei >

the convergence taking place inL2(Ω,A, P ),for anyt.
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Set
ei = J−1e∗,i

whereJ denotes the isomorphism fromE to E ′. Next
define

w(t) =
∑

i

wi(t)ei

This is a formal sum inE.
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Note that

E||
N

∑

i=1

wi(t)ei||2 =
N

∑

i=1

E(wi(t))
2 =

=
N

∑

i=1

∫ t

0

< Q(τ)e∗,i, e∗,i > dτ

So the formal limit converges inL2(Ω,A, P ; E), if
one has the nuclear property

∞
∑

i=1

∫ t

0

< Q(τ)e∗,i, e∗,i > dτ < ∞
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Identification
In the case when the assumptions (2) hold, we have
constructed a family of Wiener processeswi(t). Now
if e∗(.) ∈ L2(0, T ; E ′) we have the identification
PROPOSITION1.

ξe∗(.) =
∑

i

∫ T

0

< e∗(t), ei > dwi(t) (3)
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Generalizing Da Prato-Zabczyk [1], we call the
formal sum

w(t) =
∑

i

wi(t)ei (4)

a cylindrical Wiener process, with covariance operator
Q(.). We define the generalized stochastic integral

∫ T

0

< e∗(t), dw(t) >=
∑

i

∫ T

0

< e∗(t), ei > dwi(t) = ξe∗(.)

(5)
which is well defined as an element ofL2(Ω,A, P ).
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Generalized stochastic integrals
Now the formal sumw(t) converges in a bigger space
thanE. Indeed take any sequenceαi ≥ 0, with
∑

i αi = 1 and let us define

E1 = {e =
∑

i

λiei|
∑

i

λ2
i αi < ∞} (6)

then we have the
PROPOSITION2.

w(t) ∈ L∞(0, T ; L2(Ω,A, P ; E1)) (7)
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It follows that the stochastic integral (5) is well
defined whenevere∗(.) belongs toL2(0, T ; E

′

1). Note
that

E
′

1 ⊂ E ′, with continuous injection

So the generalized stochastic integral is an extension
of the ordinary stochastic integral, with integrands in
L2(0, T ; E ′). However, the choice ofE1 is arbitrary,
and does not play any role in the definition ofξe∗(.).
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Moreover

E

∫ T

0

< e∗(t), dw(t) >= 0 (8)

E(

∫ T

0

< e∗(t), dw(t) >)2 =

E

∫ T

0

< Q(τ)e∗(τ ; ω), e∗(τ ; ω) > dτ.

(9)
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All properties of stochastic integrals extend
PROPOSITION3.

E[

∫ T

0

< e∗(τ)1Is,t(τ), dw(τ) > |Es] = 0 (10)

E

[

(
∫ T

0

< e∗(τ)1Is,t(τ), dw(τ) >

)2

|Es

]

=

E

[
∫ t

s

< Q(τ)e∗(τ ; ω), e∗(τ ; ω) > dτ |Es

]

(11)
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Martingale
Consider the stochastic process

I(t; ω) =

∫ T

0

< e∗(τ)1I0,t(τ), dw(τ) >

PROPOSITION4. Up to an equivalence,I(t) is a
continuous process, and anE t martingale.

UTDallas.edu/∼Alain.Bensoussan – p. 18/67



If τ1, τ2 areE t stopping times, then

E[

∫ T

0

< e∗(t)1Iτ1,τ2
(t), dw(t) > |Eτ1] = 0

E[

(
∫ T

0

< e∗(t)1Iτ1,τ2
(t), dw(t) >

)2

|Eτ1] =

E[

∫ τ2

τ1

< Q(t)e∗(t), e∗(t) > dt|Eτ1]
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Finally, the stochastic integral can be extended to
adapted processes such that

∫ T

0

||e∗(t)||2dt < +∞, a.s..

We shall note

I(t) =

∫ t

0

< e∗(τ), dw(τ) >
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Ito’s Formula
A scalar stochastic processβ(t), continuous, adapted
to E t has an Ito differential
whenever

β(t) = β0 +

∫ t

0

α(τ)dτ +

∫ t

0

< e∗(τ), dw(τ) > .

(12)

β0 E0 measurable

E|β0|2 < +∞.
(13)
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Ito’s Formula

α(t) is adapted andE
∫ T

0

|α(t)|2dt < +∞. (14)

e∗(t; ω) is adapted with values inE ′

E

∫ T

0

|e∗(t)|2dt < +∞
(15)
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THEOREM 1. Assume (12) to (15).Letψ(x, t) be a
C2,1 function, then the processψ(β(t), t) has a Ito
differential given by

ψ(β(t), t) = ψ(β(0), 0) +

∫ t

0

[
∂ψ(β(τ), τ)

∂τ

+ψ′(β(τ), τ)α(τ) +
1

2
ψ′′(β(τ), τ) < Q(τ)e∗(τ), e∗(τ) >]dτ

+

∫ t

0

ψ′(β(τ), τ) < e∗(τ), dw(τ) >

(16)
Extensions are natural for functionsψ(x, t) with
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Linear Evolution Equations
Consider the natural framework for linear evolution
equations introduced by J.L. LIONS [2]. We start with
a triple of Hilbert spaces, with continuous embedding

V ⊂ H ⊂ V ′.

Let us consider a family of linear operators

A(.) ∈ L∞(0, T ;L(V ; V ′)) (17)

< A(t)v, v >≥ α||v||2, α > 0. (18)
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Let E be another Hilbert space, and

B(.) ∈ L∞(0, T ;L(E; V ′)). (19)

We consider two L.R.F.ζh(ω) onH, andξe∗(.)(ω) on
L2(0, T ; E ′), with covariance operatorsP0 and

Q(.) ∈ L∞(0, T ;L(E ′; E))

We assume that

ξe∗(.)(ω) =

∫ T

0

< e∗(t), dw(t) > (20)
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Recall thatw(t) is the cylindrical Wiener process

w(t) =
∑

i

wi(t)ei

and has values inE1. We want next to define the
cylindrical process

∫ t

0

B(s)dw(s)
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For anyv(.) ∈ L2(0, T ; V ), we define

∫ T

0

< v(t), B(t)dw(t) >=

∫ T

0

< B∗(t)v(t), dw(t) >

where the right hand side is well defined since

B∗(.)v(.) ∈ L2(0, T ; E ′)
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Also
∫ T

0

< v(t), B(t)dw(t) >= ξB∗(.)v(.) =

=
∑

i

∫ T

0

< v(t), B(t)ei > dwi(t)
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We have the estimate

E

(
∫ T

0

< v(t), B(t)dw(t) >

)2

dt =

E

∫ T

0

< B(t)Q(t)B∗(t)v(t), v(t) > dt
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In particular taking

v(.) = v1I(0,t), v ∈ V

we obtain

< v,

∫ t

0

B(s)dw(s) >=

∫ T

0

< v1I(0,t)(τ), B(τ)dw(τ) >

(21)
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As usual,
∫ t

0 B(s)dw(s) can be viewed as an element
of

V1 = {
∑

i

λivi|
∑

i

λ2
i αi < ∞}

wherevi is an orthonormal basis ofV . We just write
∫ t

0

B(s)dw(s) =
∑

i

vi < vi,

∫ t

0

B(s)dw(s) >

UTDallas.edu/∼Alain.Bensoussan – p. 31/67



We state the
THEOREM 2. Assume (20),(17),(18),(19) . There
exists a unique L.R.F.yφ∗

(ω) onL2(0, T ; V ′) and a
unique familyyh(t; ω) of L.R.F. onH, such that

yh(t) ∈ L∞(0, T ;L(H; L2(Ω,A, P ))

∫ T

0

yφ∗(t)(t; ω)dt = yφ∗
(ω) (22)

with an extension of the left hand side equation from
L2(0, T ; H)to L2(0, T ; V ′). Equation (23) holds.
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yh(t) +

∫ t

0

yA∗(τ)h(τ)dτ = ζh+ < h,

∫ t

0

B(τ)dw(τ) >

∀h ∈ V,∀t, a.s.
(23)
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Moreover, letp andqt be defined by

−p′ + A∗(t)p = φ∗(t), p(T ) = 0 (24)

−q′t + A∗(τ)qt = 0, qt(t) = h (25)

then one has the relations

yh(t) = ζqt(0) +

∫ t

0

< qt(τ), B(τ)dw(τ) > (26)

yφ∗
= ζp(0) +

∫ T

0

< p(τ), B(τ)dw(τ) > (27)
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Correlation Operator
The correlation operator is defined by

(Π(t)h, h′) = Eyh(t)yh′(t) (28)

It verifies

Π(.) ∈ L∞(0, T ;L(H; H)), Π(t) ≥ 0, self adjoint
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THEOREM 3. and

If θ ∈ L2(0, T ; V ), θ′ ∈ L2(0, T ; V ′)

−θ′ + A∗θ ∈ L2(0, T ; H)

thenΠθ ∈ L2(0, T ; V ), (Πθ)′ ∈ L2(0, T ; V ′)

(Πθ)′ + Π(−θ′ + A∗θ) + AΠθ = BQB∗θ

Π(0) = P0.

(29)
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Nonlinear Evolution Equations
Consider

H1 = {h =
∑

i

λihi|
∑

i

(λi)
2αi < ∞}

then the solution of 23 satisfies

y(t) =
∑

i

yhi
(t)hi ∈ L∞(0, T ; L2(Ω,A, P ; H1))

(30)
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We can treat some natural nonlinearities. Consider

g : H1 → H, B : H1 → L(E; H)

such that

|g(h) − g(h′)|H ≤ C|h − h′|H1
(31)

||B(h) − B(h′)||L(E;H) ≤ C|h − h′|H1
(32)
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We consider the problem

yh(t) +

∫ t

0

yA∗(τ)h(τ)dτ =

ζh +

∫ t

0

(h, g(y(τ)))dτ +

∫ t

0

< h, B(y(τ))dw(τ) >

(33)
∀h ∈ V,∀t, a.s.

wherey(t) is given by 30.
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Statement of results
THEOREM 4. We make the assumptions of 2 and
31,32. There exists a unique L.R.F.yφ∗

(ω) on
L2(0, T ; V ′) and a unique familyyh(t; ω) of L.R.F. on
H, such that

yh(t) ∈ L∞(0, T ;L(H; L2(Ω,A, P ))

solution of 33.
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Affine Processes
We take

g(h, t) = f(t) + G(t)h, G(.) ∈ L∞(0, T ;L(H; H))
(34)

B(h, t) ∈ L∞(0, T ;L(E; H))

B(h, t)Q(t)B∗(h, t) = K0(t) +
∞

∑

i=1

Ki(t)(h, hi)

K0(.), Ki(.) ∈ L∞(0, T ;L(H; H)), self- adjoint
(35)
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We assume
∑

i

sup
0≤t≤T

||Ki(t)|| ≤ C

We can see that if we take in the definition ofH1,
αi = sup0≤t≤T ||Ki(t)|| thenB(h, t) definition
extends toH1. But we do not have the Lipschitz
property 32. Note thatB(h, t) may not be defined for
all h.
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Evolution Equation
We want to study the equation

yh(t) +

∫ t

0

yA∗(τ)h(τ)dτ = (y0, h) + ζh+

∫ t

0

(f(τ), h)dτ +

∫ t

0

yG∗(τ)h(τ)dτ +

∫ t

0

< h, B(y(τ))dw(τ)

(36)
∀h ∈ V,∀t, a.s.

We cannot solve (36) in a strong sense.
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We will again use the transposition method, but with
differentqt,h, and define the solution of (36) in a weak
sense. We defineqt,h(τ), τ ≤ t as follows

−q′ + A∗(τ)q =
1

2

∑

i

(q, Ki(τ)q)hi + G∗(τ)q

q(t) = h
(37)

We also defineαt,h(τ) by

αt,h(τ) =

∫ t

τ

[(f(s), qt,h(s))+
1

2
(qt,h(s), K0(s)qt,h(s))]

(38)
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Study of the Riccati Equation
To fix the ideas, we taket = T in 37 and we write
q(.) = qT,h(.). Consider ( see 18)

< A(t)v, v > −(G(t)v, v) ≥ α||v||2− sup
0≤t≤T

||G(t)|||v|2

Therefore, we may assume that

− < A(t)v, v > +(G(t)v, v) ≤ β|v|2,∀v ∈ H, β ∈ R
(39)

Define also

C = sup
0≤t≤T

(
∑

i

||Ki(t)||2)
1
2 (40)
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We shall make the following assumption

if β > 0, then
exp βT − 1

β
<

1

|h|C

if β ≤ 0, then eitherβ > |h|C or T <
1

|h|C

(41)

This assumption is a condition of smallness ofT or
|h|. At any rate it follows that, whatever be the sign of
β one has

exp β(T − t) − 1

β
<

1

C|h| (42)
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THEOREM 5. Assume that the injection ofV into H is
compact and we make the assumption 41. Then the
Riccati equation

−q′ + A∗(t)q =
1

2

∑

i

(q, Ki(t)q)hi + G∗(t)q

q(T ) = h

(43)

has a solutionq in L2(0, T ; V ) ∩ C0([0, T ]; H),
q′ ∈ L2(0, T ; H). Moreover

|q(t)| ≤ exp β+T
β|h|

β − C|h|(exp βT − 1)
(44)
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Weak solution of 36
THEOREM 6. We make the assumption 41. We also
assume that the assumption is valid with|h| = 1.
There exists a unique familyyh(t; ω) of L.R.F. onH,
such that

yh(t) ∈ L∞(0, T ;L(H; L2(Ω,A, P ))

solution of 36 in a weak sense. The processyh(t) is
given explicitly by the formula

E exp yh(t) = E exp ζqt,h(0) exp[(y0, h) + αt,h(0)]

= exp[
1

2
(P0qt,h(0), qt,h(0)) + (y0, h) + αt,h(0)]

(45)
UTDallas.edu/∼Alain.Bensoussan – p. 48/67



Example
Assume

B(h) =
√

(h, h1I

defined forh such that(h, h1) ≥ 0. Moreover

< A(t)h, h̃ >= ((h, h̃)),∀h, h̃.

We write

dw(x, t) =
∑

k

hk(x)dwk(t).
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So we get the infinite set of equations

dyi(t) + λiyi(t)dt =
√

y1dwi(t)

The first equation definesy1 as a positive process
provided the initial condition is positive. For the other
equations the stochastic integral is given.
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Another Example of Affine Process
We take here

H = L2(0, 1), V = H1
0(0, 1).

We will consider the stochastic partial differential
equation

dy − y”dt =
√

y
∑

k

hkdwk(t)

y(0, t) = y(1, t) = 0

y(x, 0) = ζ(x) ≥ 0

(46)

wherey” is the second partial derivative with respect
to x.
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We can only give a weak meaning to the solution of
(46). We check formally that the solution of

dy − y”dt =
√

y+
∑

k

hkdwk(t)

is positive, provided that the initial condition is
positive. Indeed, consider12(y

−)2 then

1

2
E

d

dt

∫

(y−)2(x, t)dx =

∫

y”y−dx

from which it follows easily that(y−)2(x, t) = 0.
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Weak solution
The solution will be defined through the Riccati
equation

−∂q

∂t
− q” =

1

2
q2

q(0, t) = q(1, t) = 0

y(x, T ) = h(x)

(47)
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If we perform a formal computation of
d exp

∫

y(x, t)q(x, t)dx we obtain

∂

∂t
E exp

∫

y(x, t)q(x, t)dx = 0

which implies

E exp yh(T ) = E exp ζqh(0) (48)

with the usual notation.
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Study of the Riccati equation
Testing the Riccati equation withq we obtain

−1

2

∂

∂t
|q(t)|2H +

∫

(q′)2dx =
1

2

∫

q3dx.

Next we use
∫

|q|3dx ≤ 2||q||2H1
0
+

1

8
|q(t)|4H

and we obtain easily the inequality

∂

∂t

1

|q(t)|2 ≤ 1

8
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Therefore we can assert the estimate

|q(t)|2 ≤ 8|h|2
8 − T |h|2

provided thatT |h|2 < 8. Under this smallness
condition the relation 48 is well defined.
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Linear Filtering
We consider the linear evolution equation 23, and the
LRF yh(t) represents the state of a dynamic system at
time t. This state does not take values inH, but inH1.
However, coordinates on a basis ofH are well
defined.
We define the observation process also by a L.R.F. Let
C(.) ∈ L∞(0, T ;L(V ; F )).
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Consider a gaussian L.R.F. onL2(0, T ; F ′), denoted
ηf∗(.)(ω), independent fromζh andξe∗(.), with
correlation operatorR(t)

Eηf1
∗
(.)ηf2

∗
(.) =

∫ T

0

< R(t)f 1
∗ (t), f

2
∗ (t) > dt

R(.) ∈ L∞(0, T ;L(F ′; F )), R−1(.) ∈ L∞(0, T ;L(F ; F ′))
(49)
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In a way similar toξe∗(.) we can write

∫ T

0

< f∗(t), db(t) >=
∑

i

∫ T

0

< f∗(t), ei > dbi(t) = ηf∗

(50)
wherebi(t) are Wiener processes defined by

bi(t) = ηf∗,i
1I(0,t)

where thef∗,i form am orthonormal basis ofF ′.
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The observation is the L.R.F. defined by

Zf∗(.) =

∫ T

0

yC∗(t)f∗(t)(t)dt +

∫ T

0

< f∗(t), db(t) > .

(51)
Let

B = σ(Zf∗(.), f∗ ∈ L2(0, T ; F ′)).

It is theσ algebra of observations .
We define a L.R.F. onH by

ŷh(T ) = E[yh(T )|B]. (52)
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Kalman Filter
THEOREM 7. The conditional probability of

yh1
(T ), · · · , yhm

(T )

given B is a gaussian with conditional mean

ŷh1
(T ), · · · , ŷhm

(T )

and conditional correlation

E[(yhi
(T ) − ŷhi

(T ))(yhj
(T ) − ŷhj

(T ))|B] =

(P (T )hi, hj).

P (t) is deterministic.
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Assume
C(.) ∈ L∞(0, T ;L(H; F )) (53)

thenŷh(t) is solution of the Kalman filter

ŷh(t) +

∫ t

0

ŷ(A∗+C∗R−1CP )(τ)h(τ)dτ =

= Z
R−1CP (.)h1I(0,t)

∀h ∈ V,∀t, a.s.

(54)
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The operatorP (t) is the solution of the
Riccati equation

P (.) ∈ L∞(0, T ;L(H; H)),≥ 0, self adjoint

If θ ∈ L2(0, T ; V ), θ′ ∈ L2(0, T ; V ′)

−θ′ + A∗θ ∈ L2(0, T ; H)

thenPθ ∈ L2(0, T ; V ), (Pθ)′ ∈ L2(0, T ; V ′)

(Pθ)′ + P (−θ′ + A∗θ) + APθ + PC∗R−1CPθ = BQB∗θ

P (0) = P0

(55)
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Innovation
Consider the L.R.F. onL2(0, T ; F ′)

If∗(.)(ω) = Zf∗(.)(ω) −
∫ T

0

ŷC∗(t)f∗(t)(t)dt

It is called the innovation L.R.F. Then one has the
following result
THEOREM 8. If∗(.)(ω) is B measurable, gaussian,
with

EIf∗(.) = 0

EIf1
∗
(.)If2

∗
(.) =

∫ T

0

< R(t)f 1
∗ (t), f

2
∗ (t) > dt

the same as the noise on the observation.
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