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Introduction

Affine processes contain the standard linear diffusion
equations with constant volatility, like the
Ornstein-Uhlenbeck process, but also some nonlinear
diffusion equations, like the Feller process [4], used
later In many applications, [4], [1]. Basically, an

affine process has a characteristic function which is
affine with respect to the initial conditiohVe want to
consider infinite dimensional affine processé& use

a general framework to study linear infinite
dimensional stochastic equations. We consider next a
class of non-linear problems. We also show that the
framework Is adequate to studying
Infinite-dimensional affine processes.
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Feller Process
The Feller process Is defined by the equation

dy = k(0 — y)dt + c\/ydw
If we consider the Riccati equation

1
—q + kq = 562612, q(T) = X

Provided this equation has a global solution0oi#’
we have the formula

Eexpy(T)A = Eexpy(0)qg(0) exp k@/o q(t)dt
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L iInear Random Functionals

Let ® be a Hilbert spaced’ its dual.
A 2nd order L.R.F. o’ is a family {;_(w) such that

b — (o, (w) € L(D; Lz(Q, A, P)).

We write
ECy, =< m, ¢y >

ECs, (5 — ECp By =< Ty, s > .
m mathematical expectatioh,covariance operator.
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If T" IS nuclear

C(w) =) il

whereJ is the isometry fromd to ', andg; is an
orthonormal basis o®; J¢,; Is an orthonormal basis
of ®'. The random variablé satisfies

EG =) < JTJ¢i ¢ >
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Assume
® = L*0,T; E)

whereFE' Is a Hilbert space, whose dual is denoted by
E'. So
® = L*0,T; B

A LRF on @' is denoted by, )(w), wheree,(.) is an

element of®’. We shall be particularly interested in
LRFs on®’ with a covariance operator given by

< Teu(), () >= /O < QUt)e.(t), (1) > dt (1)

whereQ(.) € L>(0,T; L(E"; F)).
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Gaussian LRF
A gaussian LRF is such that

Co, IS gaussiao,
We shall in particular concentrate on the case
®' = L*(0,T; )

with the covariance operator defined by 1, and
mean. We then consider a filtratiéh and assume that

FRTRE E' measurableVe, € F' Vs <t

(2)
¢, 1., isindependant of’, Ve, € E',Vs <t
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When
El = a(fe*ﬂOS,Ve* c E' Vs <1)

then the second property 2 follows from the gaussian
assumption and the non correlation{oy  with the

variables generating®. The stochastic pr’ocesses
¢ 1, uptoan equivalence, form a family of Wiener

processes, indexed lay. Moreover

min(t,s)
Ege*llo tgé*lIOs =< / Q(T)dTG*v é* >
’ ’ 0
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Consider a basis, ; of £/, call

wi(t) — 56*,1. ]j(o’t)

Then, It Is easy to check that

fe*:uo’t = sz(t) < ey, e >
i

the convergence taking placeid((, A, P),for anyt.
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Set
C; — J_le*,i

whereJ denotes the isomorphism frofito £’. Next
define
w(t) =Y wit)e;

This I1s a formal sum 1.
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Note that

El sz‘(t)eiHQ = Z:E(wz-(i&))2 =

N t
_ Z/ < Q(T)es i, ex > dr
i=1 70

So the formal limit converges ih*(Q), A, P; E), if
one has the nuclear property

00
Z/ < Q(T)es iy €45 > dT < 00
i=1 70

UTDallas.edu~ Alain.Bensoussan —p. 11/67



|dentification

In the case when the assumptions (2) hold, we have
constructed a family of Wiener processest). Now

if e,(.) € L*(0,T; E') we have the identification
PROPOSITIONI].

T
en() = Z/O < eu(t), e; > dw;(t) ©)
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Generalizing Da Prato-Zabczyk [1], we call the
formal sum
w(t) = g w;(t)e; (4)

a cylindrical Wiener process, with covariance operator
Q(.). We define the generalized stochastic integral

which is well defined as an elementbi(Q, A, P).

UTDallas.edu~ Alain.Bensoussan —p. 13/67



Generalized stochastic integrals

Now the formal sumw(t) converges in a bigger space
thanF. Indeed take any sequeneg> 0, with
> . a; = 1 and let us define

E{ = {6 = Z )\ZGZ‘ Z >\@204@ < OO} (6)

then we have the
PROPOSITIONZ.

w(t) € L*(0,T; L*(Q, A, P; E)) (7)
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It follows that the stochastic integral (5) is well

defined whenever, (.) belongs taL?(0, T; E;). Note
that
E, C E’, with continuous injection

So the generalized stochastic integral is an extension
of the ordinary stochastic integral, with integrands in

L*(0,T; E"). However, the choice af; is arbitrary,
and does not play any role in the definition&pf, ).
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Moreover

T
B /O < e. (1), dw(t) >= 0 (8)

E( /O < e (1), dw(t) >)? =
) )
E/o < Q(T)es(T;w), ex(T;w) > dr.
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All properties of stochastic integrals extend
PROPOSITIONS.

E| /O < eo(T) Uy (1), dw(r) > |E =0  (10)

E (/OT < ex(T)Us4(7), dw(T) >>2 ]58_ —
' - (11

E {/: < Q(T)e(T;w), ex(T;w) > dﬂé’s}
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Martingale
Consider the stochastic process

I(t:w) — /0 < eu(P) oy (7), dw(r) >

PROPOSITION4. Up to an equivalencd,(t) is a
continuous process, and & martingale.
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If 71, are&’ stopping times, then

E[/OT < e(t) 1 (1), dw(t) > [€7] = 0

2

E[(/OT < e (), ., (t), dw(t) >> ET] =

E[/T2 < Q(t)ex(t), ex(t) > dt|E™]
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Finally, the stochastic integral can be extended to
adapted processes such that

T
/ e« (t)|]*dt < +o0, a.s..
0

We shall note

I(t) :/0 < el (1), dw(T) >
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Ito’s Formula

A scalar stochastic processt), continuous, adapted
to £ has an Ito differential

whenever
B(t) = By + /OtOé(T)dT — /Ot < ey (7), dw(T) > .
(12)
By, £" measurable
(13)

E‘ﬁQ‘Q < +0Q.
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Ito’s Formula

a(t) is adapted and?/ (t)]?dt < +o00. (14)

e.(t; w) is adapted with values iR’

T (15)
& 2 0.9
E/O e, () 2dt < +
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THEOREM1. Assume (12) to (15).Let(x,t) be a

C*! function, then the process3(t),t) has a Ito
differential given by

LOP(B(1),7)
0 oT

+ [ ¥(B(7),7) < ex(T), dw(r) >

(16)
Extensions are natural for functiogigzx, t) W|th
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Linear Evolution Equations

Consider the natural framework for linear evolution
equations introduced by J.L. LIONS [2]. We start with

a triple of Hilbert spaces, with continuous embedding

VCcHCcCV.
Let us consider a family of linear operators

A() € L0, T; L(V; V) (17)

< A(t)v,v >> al[v||*,a > 0. (18)
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Let £ be another Hilbert space, and
B(.) € L*(0,T; L(E; V")). (19)

We consider two L.R.K;,(w) on H, and¢, ()(w) on
L*(0,T; E"), with covariance operator, and

Q(.) € L>(0,T; L(E; E))

We assume that

T
e () (W) = /O < ey(t), dw(t) > (20)
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Recall thatw(?) is the cylindrical Wiener process
w(t) =) wi(t)e;

and has values 1/#;. We want next to define the
cylindrical process

/O ' B(s)du(s)
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For anyv(.) € L?(0,T;V), we define

T T
/ < v(t), B(t)dw(t) >= / < B*(t)v(t), dw(t) >
0 0
where the right hand side is well defined since

B*()v(.) € L*(0,T; E")
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Also

/O < o(t), B#t)dw(t) >= E5-( ) =

— Z/O < v(t), B(t)e; > dw;(?)

1
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We have the estimate
2

E (/OT < v(t), B(t)dw(t) >> dt =

E/T < B(HQ#) B (t)u(t), v(t) > dt
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In particular taking
'U() — U]J((),t),v - V
we obtain

< v,/o B(s)dw(s) >:/O < vlp(7), B(T)dw(T) >
(21)
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JAXS usual,fot B(s)dw(s) can be viewed as an element

of
Vi = {Z hyon Z)\?Ozi < 00}

wherev; Is an orthonormal basis &f. We just write

/OtB(S)dw(s) — Z”i < v;, /OtB(s)dw(s) <

1
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We state the

THEOREMZ2. Assume (20),(17),(18),(19) . There
exists a unique L.R.k, (w) on L*(0,7; V') and a
unique familyy;, (¢; w) of L.R.F. onH, such that

yn(t) € L0, T; L(H; L*(Q, A, P))

T
/O Yo () (t; w)dt = yg, (w) (22)

with an extension of the left hand side equation from
L*(0,T; H)to L*(0,T;V"). Equation (23) holds.
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un(t) + /O Yaiom(T)dr = Cut < I /O B(r)dw(r) >

Vh € V. Vt, a.s.
(23)
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Moreover, letp andg; be defined by

-+ A(tp=0.(t), p(T)=0  (24)

—q,+ A (1) =0, q(t)=nh (25)
then one has the relations

yn(t) = th(()) —I—/O < q(7), B(t)dw(t) > (26)

T
Vo = Gy + / < p(r), B(r)du(r) > (27)
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Correlation Operator
The correlation operator is defined by

(L()h, 1) = Eyn(t)yw(t) )
It verifies
[I(.) € L*>°(0,T; L(H; H)),II(t) > 0, self adjoint
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THEOREM 3. and

If 0 € L?(0,T;V),0 € L*(0,T; V')

—0' + A*0 € L*(0,T; H)

thenIld € L*(0,T; V), (110) € L*(0,T;V") (29)
(T19)" + T1(—0" + A*9) + AIlf = BQB*0
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Nonlinear Evolution Equations
Consider

— {h = Z)\h\z ), < oo}

then the solution of 23 satisfies
th Hh; € L2(0,T; LX(Q, A, P; Hy))

(30)
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We can treat some natural nonlinearities. Consider
g:H — H, B: H — L(E;H)
such that
lg(h) — g(h)|lx < Clh — '|g, (31)

|1B(h) = B(W)||emm) < Clh— I, (32)
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We consider the problem

t
yh(t)—|—/ yA*(T)h(T)dT:
0

o+ / (h, g(y(r)))dr + / < h, Bly(r))dw(r) >

(33)
Vh € V. Vt, a.s.

wherey(t) is given by 30.
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Statement of results

THEOREM4. We make the assumptions of 2 and
31,32. There exists a unique L.Ryk, (w) on

L*(0,T; V') and a unigue family, (¢; w) of L.R.F. on
H, such that

yn(t) € L0, T; L(H; L*(Q, A, P))

solution of 33.
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Affine Processes

We take
glh,t) = f(t) + G(t)h, G(.) € L>(0,T;L(H; H))
(34)
B(h,t) € L™(0,T: £(E: H))
B(h Q) B (h,t) = K i )(h i)

Ko(.), K;(.) € L>(0,T; L(H; H)), self- adjoint
(35)
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We assume

S sup [k < C

— 0<t<T

We can see that if we take In the definitionféf,
o; = SUpg<s<7 || K (2)]| thenB(h, t) definition
extends tad;. But we do not have the Lipschitz

property 32. Note thaB(h,t) may not be defined for
all h.
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Evolution Equation
We want to study the equation

unlt) + / Ya o ()T = (50, ) + Gt

/O (f(r), hydr + / Yoo (P + / < h, Bly(r))duw(r)

(36)
Vh € V. Vt, a.s.

We cannot solve (36) in a strong sense.
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We will again use the transposition method, but with
differentq, , and define the solution of (36) In a weak

sense. We defin@ (1), 7 < t as follows

i+ A (g =5 30, Ki(ra)hi + G (1)

q(t) = h

(37)
We also definey, ;,(7) by

Qo) = / (F(5), qun(5)) (@ n(s), Ko(s)qin(s))]

2
(38)
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Study of the Riccati Equation

To fix the ideas, we take= T In 37 and we write
q(.) = qrn(.). Consider ( see 18)

< A(t)v,v > —(G(t)v,v) = aljv|[*~ sup [|G(#)]][v]

0<t<T

Therefore, we may assume that

— < A(t)v,v > +(G(t)v,v) < Blv|*,Yv € H,B € R

€)
Define also

= sup ZHK )12 (40)
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We shall make the following assumption

. exp BT — 1 |
If 3> 0, then < ——
3 h|C

(41)

if 5 <0, then eithed > |h|C orT <
|n|C
This assumption Is a condition of smallness/obr

|h|. At any rate it follows that, whatever be the sign of
£ one has

expB(T —t) — 1 |
5 e @2
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THEOREMDb. Assume that the injection &f into A Is
compact and we make the assumption 41. Then the
Riccati equation

g+ A (g = 5 3@ KDk + G (1)g -
l il

q(T) ="

has a solutiory in L*(0,7;V) N C°([0,T); H),
¢ € L*(0,T; H). Moreover

Bh|
B — C|h|(exp BT — 1)
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Weak solution of 36

THEOREM6. We make the assumption 41. We also
assume that the assumption is valid with= 1.
There exists a unique family,(¢; w) of L.R.F. onH,
such that

yn(t) € L0, T; L(H; L*(Q, A, P))

solution of 36 in a weak sense. The procgsgg) is
given explicitly by the formula

E expyn(t) = Eexp (g, ,(0) €xP|(Yo, 1) + a1 (0)]
= oxpl (Pogn (0), 4(0)) + (30, ) + e (0)]
(45)
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Example

Assume
B(h) = /(h, hiI

defined forh such that h, h;) > 0. Moreover

< A(t)h,h >= ((h, h)),Yh, h.

We write
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So we get the infinite set of equations

The first equation defineg as a positive process
provided the initial condition is positive. For the other
equations the stochastic integral is given.
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Another Example of Affine Process
We take here

H=L%0,1), V=H,(0,1).

We will consider the stochastic partial differential
equation

dy —y’dt = \/y Y hidw(t)
k

y(0,t) = y(1,t) =0 (46)

y(z,0) = ¢(z) =0

wherey” Is the second partial derivative with respect
{0 .
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We can only give a weak meaning to the solution of
(46). We check formally that the solution of

dy — y”dt = Vy+ Z hi.dwy (1)
k

IS positive, provided that the initial condition Is
positive. Indeed, considefy)* then

1 d —\2 ”» =
SE— W) (ﬂ3at)d$—/y y du

from which it follows easily thaty~)?(z, t) = 0.
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Weak solution

The solution will be defined through the Riccati
equation
dq 1

» __ 2
q(0,t) = q(1,1) =0

2
y(x,T) = h(z)

(47)
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If we perform a formal computation of
dexp [ y(z,t)q(x,t)dz we obtain

2E exp/y(x, t)q(x,t)dr =0
ot
which implies
E exp yn(T') = E exp (g, (0) C)

with the usual notation.
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Study of the Riccatl equation
Testing the Riccati equation withwe obtain

R 2 I\ 2 _1/3
ol + [P =5 [ fao

Next we use

1
[ 1Pz < 2lallty + Llato)l

and we obtain easily the inequality

o 1
ot q(t)|?

|
< =
8
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Therefore we can assert the estimate

8|h|?
7 <

provided thafl’|h|* < 8. Under this smallness
condition the relation 48 is well defined.
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Linear Filtering

We consider the linear evolution equation 23, and the
LRF y, () represents the state of a dynamic system at

time¢. This state does not take valueshn but in H;.
However, coordinates on a basisidfare well

defined. |
We define the observation process also by a L.R.F. Let

C(.) € L>®(0,T; L(V; F)).
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Consider a gaussian L.R.F. @A(0,T"; '), denoted
nt.()(w), independent frong;, and¢, (), with
correlation operatoR(t)

T
Engong ) = /O < R(t)fi(t), f2(t) > dt

R(.) € L=(0,T; L(F; F)), RY(.) € L=(0,T; L(F; F"))
(49)
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In a way similar taS,, ) we can write

/O < J(0), db(t) =Y / < i) e > dbi(t) = .

(50)
whereb;(t) are Wiener processes defined by

bi(t) = ny., Vo.p)

where thef, ; form am orthonormal basis df’.
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The observation is the L.R.F. defined by

T T
Z5() = /O Yo (1) (1) () d +/O < fi(?),db(t) > .
(51)

B = O'(Zf*(.), fe € LQ(O,T; F’))

It Is the s algebra of observations .
We define a L.R.F. o/ by

un(T) = Elyn(T)|B]. (52)
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Kalman Filter
THEOREM 7. The conditional probability of

Yh, (T)7 T 7yhm(T)

given B Is a gaussian with conditional mean

I (1), G (T)
and conditional correlation
El(yn,(T) — 9n,(T))(yn,(T') — 4n, (T))|B] =
(P(T)hi, hy).

P(t) is deterministic.
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Assume
C(.)e L>™(0,T; L(H; F)) (53)

theng, () is solution of the Kalman filter

A A

t
yh(t) + / y(A*+C*R—1CP)(T)h(T)dT —
0 (54)

= Zpepindl,, 7h € VoV, as.
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The operator”(t) is the solution of the
Riccati equation

P(.) € L™(0,T; L(H; H)),> 0, self adjoint

If 6 € L?(0,T;V),0 € L*(0,T; V")

—0' + A0 € L*(0,T; H)

thenPo € L*(0,T;V), (P9) € L*(0,T; V')

(PO) + P(—0' + A*0) + AP + PC*R'CP6 = BQB*¢

P(0) = P
(55)
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Innovation
Consider the L.R.F. 0&*(0, T'; F")

T
Ir. (W) = Z¢, ) (w) — /O Yot £.(t) () db

It IS called the Innovation L.R.F. Then one has the
following result

THEOREMS8. Iy, ()(w) Is B measurable, gaussian,
with
Elf =0

T
Elpyp) = /O < R(t)fi(t), f2(t) > dt

the same as the noise on the observation.

UTDallas.edu~ Alain.Bensoussan — p. 64/67



Bibliography
References

[1] A. Badrikian, Seminaire sur les Fonctions

Aleatoires Lineaires et les Mesures
Cylindrigues,LNIM 139(1970)

[2] A. Bensoussarkiltrage optimal des systemes
lineaires, Dunod, Paris, 1971

3] V.I. Bogachev,M.Rckner and B.Schmuland,
Generalized Mehler semi-groups and
applications. Probab. Theory and Related
Fields 105 (1996),n0.2,193-225

[4] J. Cox, J. Ingersoll, S. Ross, A Theory of the

Term Structure of Interest Rates.
Econometrica (1985) 53, 385-408.

UTDallas.edu~ Alain.Bensoussan — p. 65/67



Bibliography
References

[1] G. Da Prato, J. Zabczyktochastic Equations

in Infinite Dimensions, Cambridge University
Press, 1992

[2] D. Duffie, D. Filipovic, W. Schachermayer,
Affine Processes and Applications in Finance.

Annals of Applied Probability (2003)
13,984-1053

[3] D.Duffie, K. SingletonCredit Risk: Pricing,
Measurement and Management.

Princeton,N.J., Princeton University Press,
2002

[4] W. Feller, Two Singular Diffusion Problems.
Annals of Mathematics (1951) 5217324



Bibliography
References

[1] S. Heston, A Closed-Form Solution for
Options with Stochastic Volatility with
Applications to Bond and Currency Options.

Review of Financial Studies (1993) 6,
327-344.

[2] J.L. Lions Controle optimal des systemes

gouvernes par des equations aux derivees
partielles, Dunod,Paris,1968

[3] M.Metivier,M. and J. Pellaumaibtochastic
Integration,Academic Press, 1980hapter 6)

[4] M. Mikulevicius and B.L. Rozovskil,
Martingale Problems for Stochastic P.D.E., In
"Stochastic Partial Differential EGtiatieimes e



	Introduction
	Feller Process
	Linear Random Functionals
	Gaussian LRF
	Identification
	Generalized stochastic integrals
	Martingale
	Ito's Formula
	Ito's Formula
	Linear Evolution Equations
	Correlation Operator
	Nonlinear Evolution Equations
	Statement of results
	Affine Processes
	Evolution Equation
	Study of the Riccati Equation
	Weak solution of 
ef {eq:38a}
	Example
	Another Example of Affine Process
	Weak solution
	Study of the Riccati equation
	Linear Filtering
	Kalman Filter
	Innovation
	Bibliography
	Bibliography
	Bibliography

