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I.1. Historical survey

1911: Discovery of superconductivity

1933: Meissner effect

1935: London theory

1950: Ginzburg-Landau theory

1957: BCS theory

1986: Discovery of high T, superconductors
1991: Superconducting fullerenes

2000: MgB,
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U’ Discovery of superconductivity

1911: H. Kamerlingh Onnes (Leiden)
First basic property: “Perfect conductivity”
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Nobel prize: 1913

U' Meissner effect

1933: Meissner and Ochsenfeld

Second basic property: “Perfect diamagnetism”
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U' London theory

F. London and H. London
Proc. R. Soc. London Ser. A 149, 71 (1935).

First attempt to develop a theory to describe
the electrodynamics of a superconductor:

# absence of resistance

#* Meissner effect

Fritz London (1900-1954), for many years a
professor at Duke University, was the first to
suggest that both superconductivity and
superfluid flow in liguid helium are
manifestations of quantum effects operating
on the scale of macroscopic objects.
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Ginzburg-Landau theory

e 1950: Ginzburg and Landau
They introduced the order parameter ¥:
¥Y=0whenT=>T,
Y=0whenT<T,
Y is related to the density of superconducting electrons ng as

¥ =n,/2

¥ is in general a spatial varying function

GL theory was able to explain the distinction between type-I
and type-IIl superconductors

S




g

e 1956: Cooper

Superconducting electrons are coupled two by two and such
a pair has a lower energy than two individual electrons.

— “Cooper-pairs”

BCS theory

e 1957: Bardeen, Cooper and
Schrieffer
— Microscopic theory

Nobel prize: 1972
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High T, superconductors

J.G. Bednorz and K. A. Miiller,
Z. Phys. B 64, 189 (1986)

IBM Zurich Research Laboratory,
Riischlikon, Switzerland.

Nobel prize: 1987
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High T, superconductors

Y: separates the CuO-layers
1973 : Nb}Ge Ba: hole doping

T.=232K
Intermetallic material with A15 structure

Spring 1986 : La-Ba-Cu-O
Bednorz and Miiller
T, =36K; about 10K higher than any
previously known superconductor.

November 1986 : Y-Ba-Cu-O
P.C.W. Chu (University of Houston)
T.>90K
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High T, superconductors
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Discovery of MgB,

1. Nagamatsu et al., Nature 410, 63 (2001).
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MgB,
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Phase transitions and the GL theory

Type-1 and type-I1l superconductors

Molecular dynamics: London approach

Numerical solution of GL-equations
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|.2. Basic properties

» Perfect conductivity: zero resistance
* Meissner effect: perfect diamagnetism
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U" London equation

F. London and H. London, Proc. R. Soc. London Ser. A 149, 71 (1935).

First attempt to develop a theory to describe the electrodynamics of a
superconductor: =» absence of resistance
= Meissner effect

A free electron in an electric field: m % =¢E.

} = nge; with n, the electron density.

0 (= = .. m .
—(Aj)=E with A=-"5 => Zero resistance!
ot n,e
0 - = P Lol
5r0tAj:r0tE 37[,.(”1\]473]:0
T 108 ¢
-—— (Maxwell eq.)
London equation: co
- 1= - 1 -
rotAj+—B=0 or (because B=rotA): j=——4
c cA
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U' London equation

Next we will show that London’s equation gives that inside a superconductor:
j=0 and B=0

rot B = 4—”} (Maxwell equation) = rot rot B = 4—ﬁrot i
c c

= grad (div E), AB

- 1= .

rot Aj+—B=0 :London equation
C

1 mc’

B=0 with A= 5 the London penetration depth
L 4rn.e

AB -

This equation accounts for the Meissner effect.
Example: for a superconductor which occupies the half-space x < 0: B (x) = Boef‘ A
with B, the magnetic field at the surface.

. . _ cB, —xl/ 2y
From the London equation: J, (x)= & J
L
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U' London equation

It was assumed that all electrons participate in the superconducting current
=> ), depends on temperature 2 n,(7).

< Different form for London equation:

B=rot A -rot(/\}')+l§:0:>rot[/\._]:+l;ij:0_)].:_
c c

Ac
. rotE:—la—B:Mfot E+18—A :0—>E:—16—A
c ot c ot c Ot

Equalities are valid up to a gradient-term, i.e. rot (grad) = 0.
In fact it corresponds to the following gauge choice: div A=0

Theory is valid in the limit & = 0 or extreme type-1I materials.
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Overview

l. Introduction to superconductivity

Historical introduction

Basic properties & early phenomenological theories
Phase transitions and the GL theory

Type-1 and type-Il superconductors

Molecular dynamics: London approach

Numerical solution of GL-equations

o gk wbdPE
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Ginzburg-Landau theory

= Developed by Ginzburg and Landau in 1950.

= Based on the ideas of Landau’s theory of second-order phase
transitions.

= Gor’kov showed in 1959 that the
GL equations can be derived from V.L. Ginzburg L.D. Landau
the BCS theory in the limit
T,—T<<T,.
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= Order parameter: wave function of Cooper-pairs in the Bose condensate
‘I’(r) : characterizes all particles of the condensate
* Near the critical temperature T ~T, 2> \P(;) is small

GL-theory: derivation

F=F,+ a|?|? + ¥%b|y|* + ... F-F,
A
and a and b can be expanded in r = (T-T)/T.. ab>0
a<0
b>0
For T>T,: |¥| =0 and thus we must have a > 0. > ¥

For T <T,: |¥| # 0 and consequently a < 0.
Therefore to first order int: a = ot with a > 0.
b > 0 because |¥| must be finite.
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GL—theory: Equilibrium & Thermodynamics

o Y=0 ; T>T,
quilibrium 3_F:o—>‘i’(af+b|\y|z):0

o W =-2Eofef 5 Ter
pop el I
’ 2b &
L r T -T
thermodynamic critical field of a bulk superconductor: H_ = - LT
Thermodynamics:
2
specific heat: C=-T 0 I«; .
oT c —Pm
T o2 3n’
C -C = —77 Electron Fermi liquid
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GL-theory: external magnetic field

When an external magnetic field is applied:
H(r) - because of the Meissner effect.

¥(r) > order parameter is a spatial varying function.

2

Energy: I;— : energy of magnetic field per unit volume.
V3

— 2
|V‘I’| : energy due to spatial variation of ¥ (if variation is slow).

iV s —inV — 27 because ¥ is wavefunction of Cooper-pairs.
C
= 2e-\,| . H
—inV - =24 || +
c 8
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Boundary condition

I [
7 (—lV - A) ==y
boundary  p boundary
b
Superconductor
0 R
— "X
b<O0
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GL-theory: comments

All constants appearing in the GL theory have a microscopic
interpretation (from the derivation from BCS):

a/b = n, : total electron density
a=(122°/12 (3))(m7?/ p})

‘P(;) = (7((3)110/8”2 )1/2 (A(;)/TC) : A(;):superconducting gap

Universiteit Antwerpen
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pure superconductors:

r-r| (1Y
1> > —=
T E

c

GL-theory: region of validity

T/Eg: thermal fluctuations (~ 10-3)
Thus: GL theory is valid up to T..

dirty superconductors:

T-T, nY T, This condition is less stringent, but it also
1> > — | = . . .
T E, practically rules out the fluctuation regime.

¢

- Thus, fluctuations are unimportant in the thermodynamics of bulk superconductors.

- But in high-T, ceramics the fluctuation regime is relatively large. This can be due to
the small correlation length (~ 30A) or the relatively large value of T /E;.

- In thin films and filaments the role of fluctuations increases.
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U Ginzburg-Landau formalism

condensation energy (<0) interaction energy (>0)

internal magnetic field
a \\y(;)\z + g \\}1(;)\4

F.=F,+[dr . IR LA l
v (1) —ihV == A(r)} W) +—(h(r)— H)?
c 87

+
2m*

kinetic energy operator for

hz
2mé]
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Cooper pairs: m*=2m, e*=2¢

1- ;—) , length scales: &=n/y-m*a

coherence length

applied magnetic field

g:L\/Z | £
4e 4 —a

penetration length
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Ginzburg Landau equations

SF SF
] - o, = =0
S¥ 54

2
[—iﬁ—z—eij ¥ =-a¥ - pY ¥

c

—_ 2 —_
(—ihV——eA) ¥Y =0

C

VxVxdo ]
C

4e

i(\l}‘%\{l —\P%qf‘)—

im mc

¥ [ 4

~. !
Il
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U" Dual point of the GL equations

Dimensionless free energy: F = jdV BBZ +i7 (1 - \‘P\Z)z + ‘(5 —iZ)‘PZ}

The GL equations are obtained by minimizing F with respect to ¥ and B =V x 4
(V-id) w=2cw(1-9f) & VxB=2j
where the current is given by ; = Im(‘{’*§‘{’) - |‘I’|2 A, and

the boundary condition at the superconducting/insulater interface: (§ - iZ) Y| =0.

n

The GL equations are coupled nonlinear second-order differential equations.

K= %/5 - Dual point of the GL equations.
—> Separates type-I and type-I superconductors.

It was identified by Bogomol’nyi [Sov. J. Nucl. Phys. 24, 449 (1997)] in the general context of
stability and integrability of classical solutions of some quantum field theories.
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For x = %/5 the GL equations can be reduced to first-order differential equations.

Dual point

Introducing the operator D=0, +i0, — i(AX + iAy) one can write the GL
equations at x = y as the two Bogomol’nyi equations: DW¥ =0
2 2
B=1-|¥|
These two equations can be decoupled and one obtains that [¥| is a solution of the
second-order nonlinear equation V2 m‘ql‘z ) (‘\}1‘2 _ 1)_

Relation to other fields:

* the equation is related to the Liouville equation.

« it appears in other situations, eg. Higgs, Yang-Mills and Chern-Simons field theories.
It was proven that these equations admit families of vortex solutions.

See e.g. E. Akkermans and K. Mallick, J. Phys. A: Math Gen. 32, 7133 (1999).
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Nonlinear Schrédinger equation.

Gross-Pitaevskii equation

Bose-Einstein condensation of dilute gasses:
o (?, t)
ot

ih = Hy® (r,t)+ NU,

‘P(;,t)r ¥ (r.1)

. Potential due to the mean field
Y (r, t) : condensate wave function of all the other atoms.

N, :number of particles in the condensate

Interaction between the atoms - modeled by a zero-range potential whose
strength is given by the s-wave scattering length a > U, = 4zh’a/m.

Hy,=Hy, +7V,

trap
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Numerical solution of GL-equations

o 0k wDdPE
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e Two characteristic length scales:

- Coherence length &: typical length scale over which the
size of the Cooper-pair density can vary.
- Penetration depth X: typical length scale over which the
magnetic field can vary.
e Ginzburg-Landau parameter « determines type of
superconductivity:

Bulk superconductors

Universiteit Antwerpen
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U' Properties of some superconductors

Superconduetor T. (K) Baa (T) £ (nm) A (nm)
Al 1.2 0.01 550 A0
Nb 9.3 0.21 38 39 Tyoe I
Sn 3.7 0.031 230 a0 [P
Ph 7.2 0.078 83 37
NbsGe 23.2 39 3 a0
NhsSn 17.9 24 3 65
V351 17 23 3 60
PbMogSs 15.2 60 2.2 215
LaMogSeg 11 5
a0 Gedld 55 BiH-180
UPdgAlg 2.0 ~40
UPts 0.46 1.9 12-14 600
K3Cag 10.3 17-32 ~3 240
Rhb3zCen 20.6 38 ~2
Laz_.Ba,Cu04l: x=0.2 30 33 200
YBagCuz O-_s' 93 115 2.5 150

High T, BizSraCas Cus Oyt 110 198 2.9
ThBasCayCngOgt 123 173
HgBayCayCug Og, st at 30 GPa 164 190 1.3 130
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Type-1 < type-Ill superconductors

The difference between the two types of superconductors
refers to the way the superconducting state reacts to an
applied magnetic field.

Universiteit Antwerpen
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Type-1 superconductors

1

®)
\\_ | [

0 o Meissner State

Meissner
State
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Type-I

B=H+4nd My

Inside the superconductor:

B=0=>M=——H
4 i
Meissner
State
The superconductor is an ideal diamagnet: >
He Ho
1
1= "an
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Two critical magnetic fields.

Type-1l

-M
H < H_,;: material behaves like a 1

type-1 superconductor.

H > H_,: normal superconductor.

H., < H<H_,: Mixed state: the
magnetic field lines (i.e. vortices) fleissnet Mied oS

penetrate the sample. State |

At the core of the vortices the Heq Heo
material is in the normal state.

Universiteit Antwerpen
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Type-1l superconductors

Mixed State

Meissner
State
He.(T)

0 To T

Mixed state:
Abrikosov vortex lattice
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First vortex creation <« first critical field
Magnetic field penetrates an area 7’

Type-II

Hclﬂ/lz ~¢,—>H, zﬂ

Flux = flux quantum: A’
Maximum number of vortices < second critical field
Vortices overlap = almost uniform penetration of magnetic field
Area of superconducting material between vortices ~ 7¢&?
N > ¢
Stabilization energy of a vortex. H,n&" ~¢y > H, ~ ﬂ—gz
H Lz / 87 Thermodynamic condensation energy
H: .
F, = 3 < 7&° Energy cost due to the decreased amount of superconducting phase.
T

2
= i 72> Energy gain because an amount of field does not have to be expelled.

mag —

F=F,  +F —l(ngz -B1?)
T

core mag ~ g

Universiteit Antwerpen
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Type-II

1

F=F +F =—
87

core mag ~

(H:E*-B2°)

The vortex is stable when F < 0.

First critical field

cl

F:0—>BH:HC%:H

[
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Magnetization
— 1 = =
4r
-MA -MA
Meissner X
State ‘ Mgtsstge’ Mixed State R
HC HO HCl HC2 HO
(a) Type-| (b) Type-li
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Mixed state: vortex lattice:

e Abrikosov lattice in type Il (hard) superconductors
A.A. Abrikosov, Soviet Phys. JETP 5, 1174 (1957)

- First experimental observation:
D. Cribier et al, Phys. Lett. 9, 106 (1964)
using neutron diffraction

- Earliest visualization:
U. Essmann and H. Traube, Phys. Lett. A 24, 526 (1967)
using Bitter patterning

Universiteit Antwerpen
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STM image of Abrikosov
vortices in MgB,

Imaging of vortices

Magneto-optical image
of vortex lattice in NbSe,

M.R. Eskildsen et al,
Phys. Rev. Lett. 89, 187003 (2002)

250 nm

Scanning Hall microscopy = s Lorentz microscopy
S.B. Field et al,

K. Harada et al,
Phys. Rev. Lett. 88, 067003 (2002)

- Science 274, 1167 (1996)
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Overview
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o gk wbdPE

N
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U' Vortices in Confined Systems

Universiteit Antwerpen

U" Vortices in confined systems

London approximation

)2 h [M}

v} —2ri-v;+77

&hied = —oHy (1-17)

Universiteit Antwerpen
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Overview

l. Introduction to superconductivity

Historical introduction

Basic properties & early phenomenological theories
Phase transitions and the GL theory

Type-1 and type-I1l superconductors

Molecular dynamics: London approach

Numerical solution of GL-equations

o ok wDdPE
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Theoretical model

¢ Dimensionless Ginzburg-Landau equations:
< 3\ 2
(-iV-A) v =y -lp[w

9 (9 A)= | 3w Fw v v ) -yl ]

2i
. Botlndally conditions: enathscler £
4 © - AO order parameter: %o = N-alp
_ - i vector potential:  ¢fi/2e&
n- (—lv - A) 4 boundary = Z 4 boundary magnetic field scale:

H.,=x\2H, = ch/2e&

Universiteit Antwerpen
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2D formalism

» axial symmetry and fixed vorticity L:
¥(p.0)=1(p)e"

e Restriction to thin disks: d < ¢

e GL equations:

_Lipa_F+<(£_Aj2> = p(1=r?) "

Yo,

: 2
—x? ilap_AJra‘j = £—A fﬂg[ﬁjg ﬂ 2D
op p Op Oz yo, R d

Universiteit Antwerpen

U

2D formalism

e Boundary conditions:

- Vector potential: A =12¢H0p
F—0 2
- Order parameter: 5 5
i P ) B
P, P,

Universiteit Antwerpen
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2D formalism

= Magnetic field created by supercurrents has a
H ~ 1/r3 dependence.

—> finite simulation region with size R, and thickness d..

A(Zap = Rs) =%H0Rs

N
1

A(|z| = ds,p) =5H0p

Universiteit Antwerpen
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2D formalism

» Finite difference representation:
- Non-uniform space grid p;, z;
- In every grid point (i,}):
= Order parameter: f,
= Vector potential: A, ;

- Iteration step k

Universiteit Antwerpen
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2D formalism

2 S-S S =1
U/'fik - 2 (pﬁl/z : ~Pian :
i1/2 ~ Pici2 Pi1 — Pi Pi~ Pia

+<(£_Aj > fik _fik +3(fik71 )2 f,-k =77ffik—1 +2(fi/(,1 )3

P
n VL. 2k* pi+1Af,i+1 - piAj'(,i _ piAj'(,i - pi—lAf.i—l
T Pin = Pn Pl =P Pl =Pl
2k’ Ak‘+1f _A]'(‘i A/Fi _A/Lli L k )2 k-1
- _ - — - _ : - __Aj,i (f, ) =77aAj,i
Zian " Zian\ ZaTE; Z; 72, Pi
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3D formalism

* General solution
» Restriction to thin disks d < A and &
e GL equations:

(~iV-A) vy =y -plw

1, L ,
where - j,, :E('// Vool =V )=l [ 4

Universiteit Antwerpen
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3D formalism

» Finite difference representation:
Cartesian grid (X,y)
In grid point j: X
= Order parameter ¥ | m n
= Vector potential A a

“Link variable approach”
Time derivatives to find [ j k

steady-state solutions of
the GL equations

f g h

Universiteit Antwerpen
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3D formalism

» First GL equation:

v 1|UY, U'Y, Uu"w, 6 UYY, 4Y,
E:_E 2 r tT tT T

ax ax aX ax aX
(=) [ 1), [+ 7,00
where U is the link variable:

Uzt =exp| [ u(r)-dit| (=)

Universiteit Antwerpen
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3D formalism

e Second GL equation

*

jwzl ‘P*[l 0 —AWJ‘P#PG 0 —AWJ ¥

2 iOx,y iox,y

. L 10 UMY, -V,
where the link variable is used: o A |\ — i T
l X

From the supercurrents one calculates the vector potential:

—~ d -
_ASDA:F5(Z)]2D

Universiteit Antwerpen
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* GL functional: G =G, + jd;(a|\P|2 +§|‘{’|4 + ‘P*Z\P]

Expansion method

~

% 2

1 Lo e = . 5

= o (—lhv ——A] - Kinetic energy operator withe =2e; m =2m
m ¢

» Orthonormal eigenfunctions of the kinetic energy operator Z,-y/,. =&y,
N
» Expansion of the order parameter: ¥ = Z CY,
ki

- GL functional: G- G, =(a+¢,)CC, + gA%Cf*C;C,(C,

with matrix elements 4} = Id r A% ;‘// 1 > numerically calculated

See: V.A. Schweigert and F.M. Peeters, Phys. Rev. Lett. 83, 2409 (1999)
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* The sample geometry enters in the calculations only through the
eigenenergies ¢; and the eigenfunctions y,, through the boundary condition.

Expansion method

« Circular symmetry: y,_,,, =exp(il$) f,(p) [ angular momentum
n: Landau level

» Expansion of order parameter over all eigenfunctions with g, < &. (cut-off).

* Thus, the superconducting state is mapped in a 2D cluster of N particles
(x,y) 2 (Re(C), Im(C)), which is governed by the Hamiltonian

G-G,=(a+s)CC, +§Agc,*cjckcl.

« No distortion of the magnetic field:
- No second GL equation.
- Magnetic field = externel field everywhere (A-large, i.e. k=A/E>>1)
- Improve by: solve LGL with effective H.g which is taken as a varational parameter

See: J.J. Palacios, F.M. Peeters and B.J. Baelus, Phys. Rev. B 64, 134514 (2001) q
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