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1. Introduction

(a) A braid is a set of n strings stretching between two paral-
lel planes. Berger (2002) observed that many invariants of
knots and links have their counterparts in braid theory. His
review demonstrated how integrals over the braid path can
yield topological invariants.

(b) Braids can be organised into groups, this group is denoted
by Bp.



(c)

(d)

When o is the plane, the braid can be closed, say, « i.e.
corresponding ends can be connected in pairs, to form a link,
i.e. a possibly intertwined union of possibly knotted loops in
three dimensions. The number of components of the links
can be anything from 1 to n, depending on the permutation
of strands determined by the link.

Alexander (1928) observed that every link can be obtained
in this way from a braid. Different braids can give rise to
the same link, just as different crossing diagrams can give
rise to the same knot. Birman (1976) defined a link to be
the union of o« > 1 mutually disjoint simple closed polygonal
curves, embedded in E3 . The case a = 1 is referred to as a
knot.



The Jones polynomial which was discovered by Jones in 1985 is
defined, a priori, as a braid invariant and then shown to depend
on the class of the closed braid (1987). Therefore, the closure
of a braid o € By, is the oriented link a obtained by tying the top
end of each string to the same position on the bottom of the
braid.

(e) Consider n strings, each oriented vertically from a lower to
an upper “bar’. If this is the least number of strings needed
to make a closed braid representation of a link, n is called the
braid index. That is, the braid index is the fewest number of
strings required to represent the link by a braid. The braid
index is equal to the least number of Seirfet circles in any
projection of a knot, (Yamada 1987).



Jones(1987) gave a table of braid word and polynomials for knots
up to 10 crossings. Jones polynomials for knots are given in
Adams (1994) and for oriented links up to nine crosings by Doll
and Hoste(1991).



2. The Global Index

von Neumann algebra is a branch of algebra directly related to
quantum theory and to statistical mechanics. In the work of
Murray and von Neumann, the dimensions of certain geometric
hilbert spaces are measured by a von Neumann algebra. This
notion is used in this work. A W?*-algebra is a weakly closed
self-adjoint unital algebra of operators on a hilbert space, H. A
von Neumann algebra is a factor if its centre consists only of the
scalar multiples of the identity.



The factor is type 114 if it admits a linear functional, called a
trace, tr . M — C, which satisfies the following conditions:

i tr(zy) = tr(yx)Ve,y € M

i tr(1) =1

iii tr(xax™) > 0, where z* is the adjoint of z.

The type 111 has a trace and each projection e can be written
as the sum of two projections ey, eo.



If N is a subfactor of M, the number j?mN(H) is called the
impy (H)

(global) index of N in M and written [M:N]. The index is
defined in general as dimn(L2(M,tr)) where N is the subfactor
of M and tr is the trace of M. Let N C M be a 114 factor and

let p € NN M be a projection. The index of N at p is
[Mp : Np] = [M : N]p.

Before giving the propositions, we recall the rules of calculation
associated with dim,; [see Dixmier (1969), Jones (1983)]



Rules
i dim (H) > 0
i dimy(H) = (dimyp(H)) ™t
iii If e is a projection in M’, dim;.(eH) = tryp(e)dimy;(H)
iv If e is a projection in M, dimys.(eH) = (trys(e)) " Tdimy (H))
v If M ® 1 is the amplification of M on HQ H,

dimy(H® H) = dimqc(H)dim s (H)
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vi dimp(H) = 1 iff M is standard on H i.e. there is a cyclic
trace vector for M, dimy; = oo if M is infinite.

Proposition 2.1: Let N1 and N, be subfactors of the finite
factors M4 and M- respectively. Then N1 ® N> is a subfactor of
M1 ® M»> and [M1 ® M> : N1 ® No| = [Mq : N1][M> : N»].
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Proof: M ® M, is standard on H{ ® H»
and by commutation theorem for tensor products
(N1 ®Np) "=N; "®@ Ny .

Supposing e1, eo are projections,

tr(e1 ® 62)(N1®N2) 1 =try, (e1)try, (e2).

Therefore, [M1 ® Mo : N1 ® N»]

= dimN1®N2(L2(M1 & MQ)tT(Nl@NQ) (e1 ® en)

= [dimp, (L2(My, tryy, (e1))]ldimy, (L2 (Ma, try, 1(e2)))]
= [M7 : N1][M> : N>].
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Proposition 2.2 : The index at p and the global index are re-
lated by the formula

[M1®M2 : N1®N2]p = [Ml : Nl] [MQ : NQ]ter(p)trNi(p>trM2(p)trNé(p)'

Proof: By (iv), dimg,(pH) = ter(p)_l.

By definition,

dile(H) = [Ml : Nl]-

By (iii), dimy,,(pH) = try: (p)dimy, (H) = [My : Naltry, (p).
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Similar result follows for [M> : N»].
Thus by proposition 2.1

[M1 ® Mo : N1 ® Nolp = [M71 : N1]p[M2 : Naolp

_ dilep(pH)dimNQp(pH)
dim g, ,(pH)dim s, ,(pH)'
hence the desired result.
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3. The Braid Index

The question immediately arose by Jones, what posible values
can the index take? The answer is (4c052%\k:3,4,...>. He
represents M on L2 (M,tr) and considers the extension ey to
L2 (M,tr). He defines (M,ey) to be 117 factor generated by M
and ey on L2 (M, tr). The index of M in (M, ey) is the same
as that of N in M. Thus he iterated this extension process and
obtained a sequence of 114 factors, each one obtained from the
previous one by adding a projection. The inductive limit gives a
1141 factor and the projections in the construction are numbered

€1, €2,...
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Lemma 3.1 [Jones, 1983] : Let M be a von Neumann
algebra with faithful normal normalised trace, tr. Let
[e;], 1= 1,2,...,] be a projection in M satisfying

a. eje;11¢; = T1e; for some 7 <1
b. eje; = eje; for [i —j] > 2

J

c. tr(we;) = 7tr(w) if wis a word on 1, eq, ep,...,e;_1
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Then if P denotes the von Neumann algebra generated by the

/
62-8

i P = R (the hyperfinite 11 factor)

i Pr = {es, e3,...,}" is a subfactor of P with [P: P;] =711

1 sec?m

i T<zorT=2>
4

k=3,4,....

17



Remarks:

The index for a subfactor [M : N] = r—1, that is [M : N]~1 =

1
T = ZseCQ%, where 7 is tr(epy), the trace turn into the new knot

polynomials.

Jones, while investigating the index of a subfactor of a type
11, factor, he analysed certain finite dimensional von Neumann
algebra A,, generated by an identity 1 and n projections which
he call e, eo,... en.
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satisfying

I €€i+1€; — ﬁei
1 eiej — ejez- hi |Z —]| Z 2
iv tr(ab) = tr(ba), tr(1) =1

v tr(we,11) = mtr(w) if wisin Ap,

vi tr(a*a) > 0 if a # 0.
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Here, M%)QzT Putting r = 1, t =1+ 2t + t2 and dividing
through by t we have 1—t 14 o4 +thatis24+t+t1=1.

We claim that 2 + e 3 3 —|—e_37TZ = 1, tis a complex number and
IS equal to e 3 . An arbitrarily large family of SUCQQDFOJeCtIOHS
can only exist if ¢ is either real and positive or t = e & for some
k=3,4,5,....

This t now replaces the index T.
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The similarity between relations (ii) and (iii) and Artin’s repre-
sentation of the n-string braid group,

{81, 82, ..y Sn . SiS;41S; = S;415iSi+1,5iSj = SjSq, i — 7] > 2}
was first pointed out by Hatt and de |la Harpe. It transpires that

if one defines g = /t[te; — (1 —¢e;)], the g; satisfies the relations,
and one obtains representations r; of By by sending s; to g; .

If L is a tame oriented classical link, the trace invariant Vj is
defined by

Vi(t) = (— < _\21)

for any («,n) such that a = L.

n—1
> tr(re(a))
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271

Theorem 3.1: Fort=ek k=3, 4, 5,...
vg(t) = (—2(:03%)”_1, if and only if o € kerry (for o € By, ).
Furthermore, for t = €', v5(0) = (—2008%)”’_1

Proof: a= L.
- _( a+D\" .
By definition, V5(t) = ( — tr(rt(a)) and since a € kerry

n—1
it implies that V;(t) = (—(H'l)) .
1

— —
We note that = = (1110)2 or T .

Also by lemma 3.1 (iii), we have 7 = zsec®T, k=3, 4, ... and

1= 40052%, k=3, 4, ...=>Vr 1= 2cost = (1\_/?).
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Hence,
T n—1
Vi(t) = (_2608E> : (1)
Suppose t = ew, it implies that 6 = 2% = % = %. Substituting 6
in (1) we have

V() = (—zcosg)n_l. (2)
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4. Conclusions

We give a formula to calculate the least number of strings needed
to form a braid via von Neumann algebra. Also the index at p
and the global index are related by a formula.
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