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1This talk is based on joint work with many people.



Outline

Securitization.
Equilibrium pricing and market completion.

e Risk Processes, preferences, and payoffs.
e The representative agent.
e Existence and uniqueness of equilibrium.

BSDE characterization of equilibrium pricing kernels.
Numerical illustrations.

The general theory in discrete time.
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Securitization



Securitization

Securitization: Transformation of non-tradable risk factors
into tradable financial securities.

Economic problems related to securitization:
— cross-hedging of financial securities;
— optimization and pricing in incomplete markets;

Mathematical problems related to securitization:
— utility optimization in incomplete markets;
— backward stochastic differential equations;

Our focus is on equilibrium pricing in incomplete markets.



The Model



Risk Processes and Payoffs
e The agents are exposed financial and non-financial risk factors.
e The non-financial risk factor follows a BM with drift:

dR; = ardt + bdW[

e The agents can trade a stock with exogenous price process

ft = 0°(R,)dt + dW?
t

and a (weather) derivative written on the external risk factor:

-
H = h(S7,RT) —i—/ o(u, Sy, Ry)du
0

The derivative is priced to match supply (exogenous) and demand.



Preferences

e The agents' preferences are generated by a BSDE:
—dY? = g7(t, Zy)dt + ZydW; with Y7 = —¢&°.
As such they are time-consistent and translation invariant:
Y€)= Y20 V2, u(€)

and
YE (& + F) = Y7 () — T

e H. and Miiller (2007) considered the entropic case

1

273||z||2 and 0°(R,) =0°.

ga(ta Z) =



Market Completion



Market Completion

e With two sources of risk and two assets, our model is potentially
complete.

e However: there is no a-priori reason to assume completeness in
equilibrium.

e H. and Miiller (2007) proved completeness for exponential utility
functions using duality and PDE methods. We rely on probabilistic

methods, in particular the Haussmann formula.

e The issue of completeness does not arise in discrete time models.



Pricing Schemes



Pricing Schemes

e We assume that the agents have no impact on stock prices so
the restriction of any pricing measure on .Z> is given by 6°.

e For any “admissible” pricing measure Q its density is a uniformly
integrable martingale:

A A 1/t
Zzexp(—/( >d< y )—/|H\2ds>
' o \ 0F WE 2)o 7

e The set of pricing rules can be identified with the set of
market prices of external risk OF = (6F)

such that (Z;) defined by the equation above is a u.i. martingale.



Pricing Schemes

e For any such pricing scheme the derivative price process is

BY = EO[H|.#].

e Using the martingale representation property w.r.t. P?:

dBY = kR (ORdt + dWF) + ...dt + ...dWy.

e The market is complete in equilibrium iff the endogenous
volatility process xf is almost surely different from zero.



Utility Optimization



Utility Optimization

e For a candidate process 8F we assume first that the market is
complete and solve the agents’ optimization problems under P

e For a given admissible trading strategy 7 the risk follows:
—dY{(m) = g°(¢t, Z7)dt — Z7 dW;
with terminal condition

Y2(r) = —H? — V2% (x).

e The optimization problem is thus given by:

min Yg (7?
min, o (%)

where the set of admissible strategies S’ depends on the driver, ...



Utility Optimization
e The optimization problem is equivalent to minimizing the
residual risk which follows a BSDE of the form

—dY7(r) = G(t, w2, X¢, Z2)dt — Z2dW,

with terminal condition

Theorem (Existence of optimal trading strategies)

If some form of comparison principle holds, then
M?(z) = argmin, G?(t, m, x, z)
yields an optimal strategy #2 = N?(Z2) where (Y2, Z?) solves

AV = G(t,M?(2%), Xe, Z8)dt — Z3dW,, Vi = —H?



The Representative Agent



The representative agent
e We characterize an equilibrium in terms of a BSDE associated
with the preferences of a representative agent.
e The risk preferences are generated by the BSDE
—dY7b = g(t, 23 dt — ZFPdW,
with the terminal condition
Y3 (1) = —H? — H? — H — v3*%(x)
where the driver g2 is defined by the inf-convolution:

gab(tvz) = ir;f{ga(t,z - X) —I—gb(t,x)}.



The first order conditions

e The first order conditions for optimality are:

b b _ab1 [ St ab2 ¢ S
gjl <t,Zta — 7 ( 0 >—7Tt K’t) = -0y,

S
g2 (ezer -t (5 ) - not) = —of,

e Equilibrium condition is wfb’z = 0; equations independent of x’.

and

e The second equation yields equilibrium condition for 6.



The representative agent
Theorem (Existence and Characterization of Equilibrium)

Let us assume that (in addition to other technical conditions) the
following conditions are satisfied:

Yt_

o There exists a solution (Y, Z) of the backward equation

T T
—H7 - Hb - H+/ G(s,ZS)ds—/ Zs dW
t t
with driver

- S .
G(t, Zt) é gab <t, Zt - W%(Zt) < Ot >> - W%(Zt)stets,
where 7} =

#1(z) is a solution (in x) of the equation

gjlb <t,z—x< %t >> = —0‘?.



The representative agent

Theorem (continued)

o The process Of = 0R(z) defined implicitly by

@ =g (re-a (5 ) W

can be represented in terms of a Lipschitz continuous function
of the forward process:

95 = U(t7 St, Rt)

Then, the process OF along with the market price of financial risk
05 defines an equilibrium pricing measure.



Example: Entropic Utilities



(Semi-) Entropic utilities

Theorem (Equilibrium for (semi-)entropic utilities)

e The preferences come from:
1
(z2) = —||z||.
£2) = 5
e The market price of financial risk is of the form:
(62)* = T(Re)

for a bounded function T with bounded 1t and 2" derivative.

e The derivative's payoff is increasing in the external risk factor
and strictly increasing on a set of positive measure.

Then an equilibrium exists. More precisely, the following holds:



(Semi-) Entropic utilities

Theorem (continued)

e There exists a unique equilibrium market price of external risk.
It is given by the second component of the integrand part of
the solution (Y, Z) of the BSDE

Yt:erP—/ zedW; + = / [—(22)% + (62)? — 26221 ds
t
with terminal condition
H? + Hb 4+ nH
prep o R TN pere AR =2 4o,
YR

e The equilibrium market price of external risk is differentiable
with respect to ygr and the number of available derivatives.



Some Numerical lllustrations



Numerical illustrations for entropic utilities

There are two sources of randomness described by two diffusions

R = 4t + 2WF; dsstt = 0°(Ry)dt + dW?

and two agent with dynamic entrpoic utility functions and payoffs

1 T
H = 3or +/ exp {~0.5(R; — Ri)?dt} (i = a,b)
0

where
R*=4; R°=-1

The dividend pays interest at a rate

pr=exp{—(4t—R)"}.
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Equilibrium as a Non-Linear Pricing Scheme

Price per drivative

0 2 4 6 8 10
Number of Derivatives



Equilibrium as a Non-Linear Pricing Scheme

Revenues
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Discrete Time
- The General Structure -



Equilibrium Pricing in Discrete Time

The agents are endowed with random payoffs H?; at any time
t € {1,2,..., T} they maximize a preference functional

Ui L(F1) — L(F)
which is normalized, monotone, .%;-translation invariant
Ui(X+2Z)=U(X)+Z forall Ze F
convex and strongly time consistent, i.e.,

U7 (X) = U7 o U4 (X).

AGENTS MAXIMIZE UTILITY FROM TRADING IN A FINANCIAL
MARKET.



Equilibrium Pricing in Discrete Time

The agents can trade stocks and securities. The holdings in stocks
and securities at time tare denoted

n and 7.

e Stock prices follow an exogenous stochastic process {St}thl

e Securities are in fixed supply and priced to match supply and
demand. Security prices {R;}/_; are endogenous.

e Securities pay a dividend R at maturity so

Rt =R.

WE DERIVE AN EXISTENCE AND UNIQUENESS OF EQUILIBRIUM
RESULT USING A REPRESENTATIVE AGENT APPROACH.



Equilibrium

An equilibrium consists of a trading strategy {(72,92)} for every
agent a € A and a price process {R;} with Rt = R s.t.

e Individual optimality:

T-1
Ui (Ha + Z{ﬁﬁ - ASgy1+ 02 AR5+1})
s=t

T-1
2 Uf (Ha + Z{U? . A55+1 + 19? . ARs-i—l})

s=t
forallac A, t=1,..,T,and (97 {,9%,1),...,(nF,9%).
e Market clearing in the securities market:
Z@? =n forall t=1,..,7—1.

acA

THE PROBLEM OF DYNAMIC EQUILIBRIUM PRICING CAN BE
REDUCED TO A SEQUENCE OF ONE PERIOD MODELS.



Existence of Equilibrium

Theorem (Equilibrium and the Representative Agent)

An equilibrium exists if and only if some representative agent has
an optimal trading strategy.

Theorem (Existence of Equilibrium)

If the agents are sensitive to large losses in the sense that
/\Iim Ui(AX) = —c0 if P[X < 0] >0,
—00

then the optimal utility of the representative agent is attained. In
particular, an equilibrium exists.



Computing Equilibria
- Discrete BSDEs -



Event Trees

Let the uncertainty be generated by independent random walks

t
b= Abl (i=1,..d).
s=1

Then any random variable X € L(.%#:41) can be represented as
M . .
X =E[X|FZ]+ ) l(X)Abpy (X € L(Fe41))
i=1

where the random coefficients £/(X) are given by

€1(X) = E[XAb} 4| F).

THE UTILITY FUNCTION FOLLOWS A BACKWARD EQUATION.



Equilibrium Dynamics

Theorem (Equilibrium Dynamics)

There exist random functions gf and gf such that the equilibrium
price process {R:} and the equilibrium utility processes { H?}
satisfy the coupled system of discrete BSDEs

Re = Ren—8"(Z001,250) + 281 - Abep
H? = Hi—8°(Z81, Z80) + Z21 - Dbea

with terminal conditions

Rr=R and H2 = H°

AN EXTENSION TO CONTINUOUS TIME IS AN OPEN PROBLEM.



Conclusion

Dynamic GE model; preferences induced by BSDEs.
Existence and characterization of equilibrium result.

Equilibrium market price of risk characterized in terms of a
BSDE.

Model is amenable to efficient numerical illustrations.
Continuous time: market completeness is equilibrium is key.

Discrete time: anything goes.



Thank Youl



