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Lecture 1: Classical estimation

Thanks...

Estimation of Gaussian processes

To Carl de Boor for making corrections and suggesting changes Compression of Gaussian processes

Smoothing

Statistical theory



Principal components

Stochastic process X = (X1, ..., X7) with covariance matrix X

Z](S’t) = E(Xth) - E(XS)E(Xt)

Matrix of principal components

® = COI(SOD P23y (P'n)

® diagonalizes the covariance matrix

D = 38", D = diag(A?).

Principal component analysis

X' =9o"Xx
1. The coordinates X7,..., X/ are uncorrelated.
2. If X is multivariate normal, the coordinates X7, ..., X/ are

independent.

Principal components

X Gaussian process:
X ~N(u,X%), f(r)x e 2@—W B @—p)
e Level sets of the density are ellipsoids
z€R", (x—p)TE"'(x— pu) = Constant.

e The principal components are the principal axes of this ellipsoid.

Interpretation
Suppose A2 > A2 > ... > A2
e First principal component ¢4, ||¢1|| = 1:
Var(XTu) < Var(XTpy),Vu, ||u|| =1,
i.e. projection with maximal variance.
e Second principal component 2, ||¢2|| = 1:

Var(XTu) < Var(XTps),Vu, ||lul| = 1,u L ¢;.

o Etc.

Karhunen Loeve Decomposition
Decomposition into principal components
e (X¢),t=0,...,T —1,is aGaussian Process X ~ N(0,X).

e Analysis
X’'=®TX, Cov(X') =D = diag(\?)

e Synthesis
X =®X', )(,'c = Mg Zk,s

with Z white noise, Z;, i.i.d. N(0,1).

e Karhunen-Loeve decomposition

Xt = Z )\kgok(t).
k



Principal Components

X, 0 <t <T — 1, azero-mean Gaussian stochastic process with
covariance X.

Assume X < oco.

e Covariance X
- Orthonormal eigenfunctions ¢

i 2
- Eigenvalues A;

e Karhunen-Loéve (KL) Expansion

Xt =) Zegw(t)
k

e KL Components:

Z, = (X?¢k>
Zi ~ N(0,A2)

Example
Stationary process on the circle

e Covariance X
Y(s,t) =v(s6t), 0<s,t<T

e Orthonormal eigenfunctions (T" odd)

¢o(t) = 1/VT
¢a2(t) = /2/Tcos(2wkt/T), k=1,2,...,(T—1)/2
p2k+1(t) = /2/Tsin(2wkt/T), k=1,2,...,(T —1)/2

e Eigenvalues

A2 = ¢plSpr, k=0,1,2,...,T — 1.

Representation of Gaussian stochastic processes as superpositions of
independent components

1. Analysis: Find the orthonormal eigenfunctions ¢, and the independent
components Zj.

2. Synthesis: Synthesize the process from the independent components
using the orthonormal eigenfunctions.

Estimation for Gaussian Processes

n:Xt+UZt, 0St<T

Y observed

X as before

Z white noise, Z ~ N(0,I)

Z independent of X

Problem: Recover X from data Y. Estimate X = T'(Y)
Find X such that MSE is minimum

T—1
MSE(X,X)=E|X - X|2=E ) (X; — X,)?
t=0



The solution is given by
T(Y) = E{X|Y}

This is the classical regression problem!

Why? We want to choose T'(Y') such that E|| X — T'(Y)||? is minimum. In
other words, we want to minimize

/(T(y) — z)?p(z, y) dzdy

where p is the joint distribution of (z, y).

[@w) - o2pe) deay = [ | [@@) - 0>p(ely) dz] ay
The solution is to minimize the integrand for each value of y.

T(y) = argmin,, /(:L' — u)’p(x|y) dx
and the solution is

T(y) = / zp(zly) dz = E(X[Y = y).

Sequence Space View
Y =X+ 07,
Change of basis:
(Y,or) = (X,¢r) +0(Z, ¢r)
Y = Ok t+ozg
e z;, Gaussian white noise sequence, zj i.i.d. N(0,1)
e o noise level

o 0, = (X, ¢1) coordinates of X
- The Oy’'s are i.i.d. N (0, %)

- The 6;’s are independent of the zi’s

Wiener’s Filter

In our setup, MSE Estimation Problem:

Solution:

Howtoget E{X|Y}

E{X|Y} =) wi(Y,dr)¢x

k=1

Wiener Filter weights

o Isometry

Signal Power A2

W = & ; =13 2
Signal+ Noise Power  X\{ 4+ o

IX =Y =16 — y|*

and, of course,

e Solution

e From

obtain

E|X - Y|* = E|l6 — y|

Orx(y) = E(Okly) = E(Ok|yr)

Yk = O +
N(0,22 + 02) N(0,)22)
)\2
E(0 - _ "k
(Oklyr) N 4oz Uk

E(X|Y) =) wkyk dx
k

2k

N(0,02)



Wiener’s Weights

lambda’: squared eigenvalues

Wiener Weights
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Synthesize noisy data:

sigma = .003*sqgrt(n);

Y = X + sigma*randn(l,n);
Apply Wiener’s filter:

FY = my _dct(Y);
Weights = lambda. 2
FR = FY.*Weights;

R = inv_my dct(FR);

./ (lambda. "2

+ sigma.” 2);

70
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Example
po(t) = 1/VT
¢2k—1(t) = +/2/T cos(2wkt/T), k=1,2,...,(T—1)/2
¢2(t) = /2/Tsin(2wkt/T), k=1,2,...,(T —1)/2
pr—1(t) = (=1)'/VT
Synthesize a Gaussian process:
X =) AeZipr(t)
K
n = 64;
k = 0:n-1;
lambda = 1./(1 + k."2);
figure; plot(lambda.”2)
Z = randn(1l,n);
Xp = lambda.*Z;
X = inv_my dct(Xp);
20
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Reconstruction
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Shannon and Wiener

NORBERT WIENER

FRE E T
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Encoder/Decoder pair

e Encoder

X — {0,1}%
i.e. maps a point in R™ into a bitstring of length L.

e Decoder
{0,1}Y — X

i.e. maps a bitstring of length L into a point in R™.
Terminology
e The 2L elements X (b) (b is a bitstring) are the codewords

e The collection of all codewords is the codebook.
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Compression of Gaussian Processes

Rate-Distortion Theory, Shannon 1948.

Lossy data compression of continuous-valued stochastic processes. “ How
many bits are required to approximately represent sample paths of a stochastic
process?” That is to represent Xy, ..., X,.

X, t=1,...,n, azero-mean Gaussian stochastic with covariance X.

28

Central Question

Let N (D, X) denote the minimal number of codewords needed in a codebook
C = {X} so that

E)r(r}leré X — X||i2(T) <D.
Encoding using closest-point mapping:

X* =argming .| X — Xz, (1)

Number of bits required ~ log(IN (D, X)).
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Baby Example
We want to use one bit to encode X ~ N (0, 0?)
e The bit should distinguish whether X > 0 or not

e To minimize the mean squared error, the symbol should be at the
conditional mean of its region.
1 -2 4 2
€ 20 €r = —0.
V2rmo T
e Solution: send bit =1, if X > 0 and decode with .7979¢; otherwise, send
bit = 0 and decode with —.7979¢;

X(1)=E(X|X >0)=2 @

31

e Formal solutions are difficult to evaluate.

e Actual calculations of rates have been carried out in only a few very simple
cases; e.g. X Gaussian process.

30

Rate-Distortion Theory
Shannon proposed that in an asymptotic sense
log(N(D,X))/R(D,X) — 1, asn — oo
where R(D, X) is the rate-distortion function for X
R(D) = inf I(X,Y) st E|X = Y1, < D,

with I(X,Y’) the usual mutual information

I(X,Y) = //p(w y) log IZ()’Z(/;)d dy

Here the minimum is to be understood over all the conditional probability
distributions py | x .

32

Partial Formal Solution

Lagrange’s method

/] [p(w Wlog LY e y) (@ — ) + v(@)p(a,y)| dedy
p(@)p(y)

e Variational equation (take first variation in p(x, y))
p(zly) = B(z)e 2@v)",

where B(x) obeys
/B($)€_2>1\2(m_y)2 de = 1.

This says that B(x) is a constant equal to B such that B [ e du = 1.

p(zly) = Be A@—v)°

Hence, the conditional distribution of X given Y = y is Gaussian with
mean y and variance A\? = D.
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Example |
X ~ N(0,02).
e Marginals e The variable X* that minimizes the mutual information has the following
p(z) = / p(z|y)p(y) dy. structure
2 P X = X* + Z
Assume X ~ N(0,0¢), this gives N(0, o?) N(0, 0% — D) N(0, D)
1 2 2 2
e 202 = Be ?® /e”‘”’y e p(y) dy. e The rate-distortion function is given by
V2o
_ . _ p(X, X™) p(X|X™)
This says that the Laplace transform of e*¥” p(y) must be Gaussian, R(D) = E | log p(X)p(X")) = E (log Tpx) )
hence e*¥” p(y) must be Gaussian and, hence, p(y) must be Gaussian.
with
e Solution
. p(X|X*) logD (X — X*)2 4 logo? X2
—_ og —M— — — — .
X o= Y *  Z 8T h(X) 2 2D 2 202
N(0,0%) N(0,0% — D) N(0, D)
Hence,
1
RD)=1 2 log(c2/D) o2 > D ,
o2 <D
35 36
Example |l
X = (X1,...,X5) with X; ~ N(0, af) and the X;’s are independent
e The process X* which minimizes the mutual information has the following
structure e Lagrange’s method
Xi = X + Z 1
‘ J(D) =Y —log(c?/D;)+ > D;
N(0,02) N(0,0? — D;) N(0, Dy) (D) Z 5 1080/ Di) + Z
and the X}’s are independent. First variation
. 1
¢ How to allocate the bits? 8J/8D; =0 = — 5D + A
e Overall distortion + Kuhn Tucker conditions.
E|X - X*|? =) E(X;—X;)*=) _D; e Solution:

D; = min(0,0?)
e Overall Rate
1
R(D) = Z 5 max(0, log(c2/D5))

e Minimize R(D) subjectto )", D; = D.
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Reverse water-filling

e The rate-distortion function is given by

A2_ 2
6;=0;—0

R(Dg) = Y  log(0?/0)

o 3 >0 Water level

where
Dy = Z min(6, o’f)

Dy |D; |D3 Dy Ds

A4

X1 X X3 Xy Xs Xe
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Compression of Gaussian processes

Coding to reach R(D) e X ~ N(0,%)

X = (X1,...,Xy,) with X; ~ N (0, 0?) and the X;’s are independent o Z=aTX, Z; i.i.d. N(0,)2)

e X* with minimum mutual information ¢ (t) are the eigenfunctions of the covariance matrix X.
Isometr
X ~ N(0,02 — ) * y
B|X - X'|* = BI|2TX — 87X = E|Z - Z'|)?
e Construction of a codebook. Sample from the process X * described

above and obtain codewords X *(1), X*() ... X*(N), Just studied the coding of Z; i.i.d. N (0, A2)

¢ Random codebook compression, pick k such that e Z* minimizes the mutual information
| X — x*®)|| e Random codebook Z*(1), z*(2) Zz*N),
is minimum. e X* minimizes the mutual information

e Random codebook X*(1) = z*(1) |



Formally,

X*(t) =) Zioi(t), Z7~N(O,pui), pui=2xi-6.

1

Recall
X(t) =) Zigi(t), Zi ~ N(0,X))

Process X*
e Covariance with the same eigenfunctions as that of X,

e but the eigenvalues are reduced in size

ui =7 —0)4

e Only finitely many nonzero coefficients. Only coefficients above a certain

water level are described in the coding process.

Kernel Smoothing, |

Statistical model
yi=f(ti)+e, 1<i<n
e y: data (available)

e €: iid stochastic errors

f: object of interest we wish to recover (unknown)

Nonparametrics: f completely unknown

Goal: estimate f from data y

41
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Example: Stationary Process

e Covariance X;; = o (i — j)

e Orthonormal basis of eigenfunctions ¢;(t) is Fourier
Assume J; is non-increasing as frequency index increases.
For a fixed distortion D, we get the water-level 6.
Interpretation

¢ Go into the frequency domain

o Extract low-frequency coefficients

Compare with codebook entries

Kernel Smoothing,

Graph of averages

K (t) is a kernel (usually, symmetric density)

K >0, [K(t)dt = 1.

e Examples:
- Box: K(t) = 14_1/2<t<1/2}
- Gaussian: K (t) = ﬁe_tz/?

Kernel smoother is of the form (f is a weighted average )
w; = K((t — tl)/h)

h is the bandwidth
e Closer points — larger weights
e Small bandwidth — averaging over very few points

e Large bandwidth — averaging over many points

42
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Kernel Smoothing, Il

Assume

Equispaced design: t; = (i — 1) /n

The estimand is periodic

Useful assumptions for getting simple results

Frequency-side picture:

g=kxy

with k; = K (j/nh) and 3_; k; = 1. In the frequency-domain

9; = k;y;

Same structure: damp high frequencies

Spline Smoothing: Frequency Viewpoint

Model
yi=fite

Fit (discrete approximation for simplicity)

argmin Z(yi — g%+ )\Z [(D?g):1?, (D?%9)i = git1 — 29; + gi—1.

Fourier isometry
argmin > (g — gr)* + XD _ |dk|?|gx|?
k

with dy, := 2(1 — cos(27wk/n))
Solution
. Uk
T = L Alde?

Same structure: damp high frequencies.

45
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Spline Smoothing

1
gx = argmin > (v — g(t:))? + )\/ 19" (w)|? du
i 0

Trade-off
e Goodness of fit
o Complexity of the fit

Complexity-penalized fitting

Where does the name come from? Solution is a cubic spline with nodes (t;)

48

Statistical Theory

F=Af:fllwy <C}
Data
Y (dt) = f(t)dt + eW(dt) t € [0,1)

e Y (dt) observed
e W (dt) white noise
o Sobolev norm: || fI3y.» = [ [f(#)I* + |£™)(8)]2 dt

Seek estimator f so that
SIjlrpEIIf — flI3 = min

e Makes no reference to basis — totally intrinsic

e Puts no restriction on estimator — all measurable procedures allowed.



Pinsker’s Solution

e Answer (asymptotic)

f = Z wk,e<Y? ¢k>¢k

k>0

e Fourier Basis:
¢2r(t) = cos(2mkt), k > 0;  ¢2r—1(t) = sin(2wkt), k > 1.

e Pinsker weights:
we,e = (1 — A(e)k>™) 4

Interpretation: Go into Fourier Basis, Throw out High Frequencies.

Conclusion

¢ Intrinsic problems
- statistical estimation

- data compression (rate distortion theory)
e Optimal representations emerge naturally

¢ Solid statistical theory

49
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Minimax Estimation Over Ellipsoid

Sequence Model

<Y7¢k> = <.fa¢k>+€<W?¢k)
Y = Ok tez

e 0, = (X, ¢r), Fourier coefficients

e fEF™(C)
> k(63,4 + 1621]%) < C
k

e Problem is equivalent to recovering 8 € © from

y ~ N(0,€l)

50
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