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The basic Refs are Downey and Hirschfeldt’s book, Lerman’s
book, Moschovakis’ book and Sacks’ book.
http://www.mcs.vuw.ac.nz/~downey/



We say P = (P, <) is a partial order if < is a self-reflexive
transitive binary relation on P.

Definition

A partial order P = (P, <) is locally countable if for every p € P,
{q € Plg < p}| < Ro.

An antichain in a partial order is a non-empty set in which any
two different elements are incomparable.




Counting the antichains.

Theorem (Sacks)

Every maximal chain in the Turing degrees has size ¥4 and is of
measure 0.

Theorem (folklore)
Every maximal antichain in the Turing degrees has size 2%°

How big can be a size of a chain and an antichain in the Turing
degrees? Is there an antichain in the Turing degrees which is
not of measure 0?




Main Question I

For any locally countable X1 partial order P = (2*, <p), does
there exist a nonmeasurable antichain in P?




Higher recursion theory | I

x <p y if x is Al(z) definable. x <j, y is a N}-relation.

Theorem (Harrison )

For any real z and countable Z] (z) setZ c 2¥, ifx € Z, then
X <p Z.

Corollary

IfP= (2 <p)isa Z] locally countable partial order, then for
any x,y € 2, x <p y implies x <p y.




If x is not Al, then u({y|x <p y}) = 0.

Hence we have the following proposition.

Proposition

For any locally countable Z] partial order P = (2, <p), every
chain in P has measure 0.




@ Assume ZFC + V = L, there is a locally countable A;
partial order P = (2¥, <p) for which there is a chain of
measure 1.

Q@ Assume ZFC + MAy,, for any locally countable partial
order P = (2¥,<p), every chain has measure 0.




Randomness theory | I
Definition (Martin-L6f)

(i) Given areal x, a £9(x) Martin-Lof test is a computable
collection {V,, : n € N} of ¥9(x) sets such that
w(Vp) <277

(i) Given areal x, a real y is said to pass the ¥9(x) Martin-Lof

testif y ¢ (N,co, Va-

(iii) Given areal x, a real y is said to be n-x-random if it
passes all ¥9(x) Martin-Lof tests.




Definition

Given a string o0 € 2<%, areal x and a set S C 2<%,
QolkxeSifo<xando e S.

Q olbx¢ Sifo<xandVr = o(r ¢ S).

Definition

Given reals x, y and a number n > 1, x is n-y-generic if for
every Y(y) set S C 2<v, there is a string o < x so that either

oclFxeSorol-x¢S.




Randomness theory Il I
Theorem (Miller and Yu)

For every z € 2%, every 1-random real Turing reducible to a
1-z-random real is also 1-z-random.

Theorem (van Lambalgen )

For any number n > 0 and real x = Xg ® X1 (Or x = X1 & Xp), X IS
n-random if and only if Xy is n-random and x1 is n-xo-random.

So if x = xp ® x4 is n-random, then xo <7 X.

Theorem (Kurtz and Kautz)

For every 2-random real x, there is a 1-generic real y so that
y <t X.




Proposition

If X C 2¥ and u(X) > 0, then there are two reals x,y € X so
thatx <7 y.

We use Jockusch’ proof.
w(X No]) > 2711,
Y={xelo]lx=xXxo®x3 &Xxp € XN o]} O

So we have the following proposition.

If X is an antichain in the Turing degrees (or h-degrees) and
measurable, then p(X) = 0.




Higher randomness theoryI

Given a real zand a number n > 1,
Q Areal x € 2@ is }(z)-random if x ¢ A for each M}(z) set A
for which p(A) = 0.
@ Avreal x € 2@ is ¥ }(z)-random if x ¢ A for each ¥}(z) set A
for which p(A) = 0.

© Areal x € 2@ is Al (z)-random if x ¢ A for each A}(z2) set
A for which p(A) = 0.




Calculating the complexity | I

Proposition (Sacks)

The predicate, (A) > r, is N1, where A ranges over I} sets
and r ranges over rationals.

Aset Cis d — X} ifitis a difference of two X! sets.

The predicate, (AN B) > r, is A}, where A ranges over !
sets, B ranges over 1 and r ranges over rationals. In other
words, the predicate, 1(C) > r, is A}, where C ranges over
d — X1 sets, r ranges over rationals.




Calculating the complexity Il I

Given two predicates P(z, i), Q(z, i) for which

VzVi-(P(z,i) & Q(z,i)) and a real x (or a string o € 2<¥) , we
use (P, Q, z,i) < x(i) (or

Y(P,Q,z,i) < o(i) ) to denote:

(x()=0— P(z,i) & (x(i) =1 — Q(z,1)))
(or
(oc(i)=0— P(z,0) & (c(i) =1 — Q(z,1))).

Note {z|X(P, Q, z, i) < o(i)} is uniformly d — £1 when & ranges
over 2<“ and i ranges over w if both P and Q are d — £1.



Attacking the question | I

For any reals x <y, z, there is a I'I] predicate P(z,i) and
d — X1-predicate Q(z, i) so that £(P, Q, z, i) < x(i) and
VzVi-(P(z,i) & Q(z,i)) .

Since x <, z, there are two N} predicates R(z, i), S(z, /) so that
x(i) =0 iff R(z,i)iff =S(z,i). Define P = R and
Q=SA-R O




Attacking the question Il I

If x € 2* is A}-random, then for any N} predicate P(z, i) and
d — ¥ predicate Q(z, i) which satisfies
VzVi-(P(z,i) & Q(z,1)), there is a constant ¢ so that

Vn(u({z € 2°|vi < n((P, @, 2,i) « x(1))}) < 27™°).

Define a A}-sequnece
V, = {z € 2% |Vi < |o|(Z(P, Q, 2, 1) < o(i))}.

Fi={o €2 | u(V,) > 271711}

]

D is a maximal prefix-free subset of F;.




Then

u({z € 2° |30 € DVi < n(Z(P, Q, z,i) < o(i))})

=3 u(Vy) >y 27l

oceD oeD
_ 21y 27 — 2i((D)).
oeD

So y([D]) <27 -




Attacking the question Il I

For any real z and A; -random real x, if x is not 1-z-random and
Y >n X, then y is not A}(z)-random.

Define a d — £1-sequence

F, ={z e 2<Ni < |o|(Z(P, Q, z,i) < o(i))}.

Define a A}-sequence {G,}:

G, = F, if u(F,) < 2-1°I+¢ and G, = 0 otherwise.

A computable collection of ¥9(z) sets {V;}c., so that
n(Vi) <27 and x € (e, Vi- Fix a c.e. collections of z-c.e.

prefix free sets {V;};c., so that [V;] = V; for each i. O




Define a A}(z)-sequence Hi; so that H; = Upe Vive G,. Then

uH)< 3 u(Gy)

‘76‘7i+c
< Z - lo|+c _ — ocC, Z o— lo| — (VI+C) <2 I
UEV:+:: 06V1+c

Since {H;}jc. is @ A}(2) sequence of d — ] sets, H = ;. H
is a A}(z) set and p(H) = 0. But for each /, there isa o € V; for
which ¢ < x and so F, C H;. Hence y € F, C H; for each i.

Thus y € H. So y is not A}(z)-random. O

Given a set X C 2¢, define Up(X) = {y|3x € X(x <p ¥)}.



Lemma

Suppose X C 2“ which only contains A; -random reals, if
u(X) = 0, then p(Un(X)) = 0.

Define R = {x|x is A}-random.}. Take a maximal set X C R so
thatvx e XVy e X(x £y = Vz(z<px & z<py =

z is not A}-random)). O

There exists a nonmeasurable antichain in the h-degrees.




Solving the question I

For any locally countable X1 partial order P = (2*, <p), there
exists a nonmeasurable antichain in P.




Beyond recursion theory'

Proposition

Assume ZFC + V = L, there is a locally countable A} partial
order on 2 in which every antichain has size 1.

Assume ZFC + MAy, . If a partial order P = (2“, <) is locally
countable, then there exists a nonmeasurable antichain in IP.




Applications to some specific orders'
There exists a nonmeasurable antichain in the Turing degrees.
There exists a nonmeasurable antichain in the K-degrees.




Possible generalizations | I

Given a set X C 2¥, define U(X) = {y|3x € X(x <7 y¥)}.

Proposition

There exists an antichain X for which p(X) = 0 and U(X) is not
of measure 0.

Can U(X) be measurable? or non-measurable?.

Question (Jockusch)

Does there exist an antichain X in the Turing degrees for which
w(X)=0and uU(X))=1?

Proposition

For any antichain X in the Turing degrees, if u(U(X)) > 0, then
w(X) = 0.




Possible generalizations Il I

We say that a set X C 2 is a quasi-antichain in the Turing
degrees if it satisfies the following properties:

Q Ixe X3y e X(x #1 y).
Q Vxe XVy(x=71y—yeX).
Q VxeXVyeX(xZry—x%£r1Y).

It is not hard to see that there is a nonmeasurable
quasi-antichain in the Turing degrees.

Question (Jockusch)

Is every maximal quasi-antichain in the Turing degrees
nonmeasurable?




Possible generalizations lll I

We say that a partial order P = (2¥, <p) is locally null if for
every x, u({y|y <p x}) = 0. We have the following proposition.

Proposition

For any measurable locally null partial order P = (2*, <p),
every chain in P has measure 0.

Corollary

Every chain in any N1 locally countable partial order is of
measure 0.

Is it true that for any locally countable I'I] partial order
P = (2%, <p), there exists a nonmeasurable antichain in P?




Thanks



