THETA LIFTING OF UNITARY LOWEST WEIGHT MODULES AND
THEIR ASSOCIATED CYCLES

KYO NISHIYAMA AND CHEN-BO ZHU

ABSTRACT. We consider a reductive dual pair (G, G’) in the stable range with G’ the
smaller member and of Hermitian symmetric type. We study theta lifting of (holomor-
phic) nilpotent Kg-orbits in relation to theta lifting of unitary lowest weight modules
of G'. We determine the associated cycles of all such representations. In particular, we
prove that the multiplicity in the associated cycle is preserved under theta lifting.

INTRODUCTION

Let (G,G’) be a reductive dual pair in a symplectic group G = Sp(2N,R), where N
denotes the rank of G. Let G = Mp(2N,R) be the metaplectic two-fold cover of G, and
Q be a fixed oscillator representation of G ([8]). Often when no confusion should arise,
we shall not distinguish (2 with its Harish-Chandra module.

Let Zy = {1} be the kernel of the projection from G to G. For a subgroup L of G,
we denote the pullback of L in G by L. Then L projects onto L with kernel Z,. We call
an irreducible admissible representation of L genuine if its restriction to Zs, is a multiple
of the unique non-trivial character € of Z,.

Using the oscillator representation {2, Howe associates a given irreducible admissible
genuine representation 7’ of G’ with an irreducible admissible genuine representation 7 of
@G, called the theta lift of © ([8, 11]). We shall write m = 6(x'), as usual. Roughly saying,
7 is the theta lift of 7" if and only if there is a non-trivial morphism

Q—rer asa (g K)x (g, K)-module,

where g (resp. g') is the complexification of the Lie algebra of G (resp. G') and K (resp.
K') is a maximal compact subgroup of G (resp. G').

Throughout this paper, we will assume that (G, G’) is of type I, and it is in the stable
range with G’ the smaller member (cf. [8, 17]). According to [17], theta correspondence
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gives rise to an injection
0. G.— G,

where G, (resp. 6”6) denotes the set of equivalent classes of irreducible unitary genuine
representations of G (resp. G).

We will also assume that G'/K’ is an irreducible Hermitian symmetric space. By the
classification of irreducible dual pairs, our restriction amounts to saying that (G,G’) is
from the following Table 1 (cf. [11]). Note that G = G(p,q) is the group of isometries
of a non-degenerate Hermitian form of signature (p,q) over D = R, C, H, respectively,
and G’ is the group of isometries of a non-degenerate skew-Hermitian form over D. We
have thus labeled the three cases as Case R, Case C and Case H, respectively. Note also
that we have excluded the equality 2n = min(p, ¢) in the first case, to avoid some (small)
technicalities.

TABLE 1. The dual pairs treated in this paper

the pair (G, &) stable range condition

Case R:  (O(p,q),5p(2n,R))  2n <min(p,q)
Case C:  (U(p,q),U(m,n)) m +n < min(p, q)
Case H:  (Sp(p,q),0*(2n)) n < min(p, q)

A particularly interesting subset of é’s is the set of (genuine) unitary lowest weight
modules of G'. Note that this subset includes unitary characters, singular unitary lowest
weight modules and holomorphic discrete series, and there is a vast amount of literature
on the subject begining from the fundamental work of Harish-Chandra [7] and Wallach
[31]. Its classification is also well-known [6, 12]. Their theta lifts will then constitute a
collection of rather interesting singular unitary representations of G.

The purpose of this paper is to investigate this collection of singular unitary represen-
tations. We will be especially interested in geometries underlying these representations
(8§2). In particular, we will show the strong interaction between their K-structures and
the geometry of the associated varieties (cf. [32, 23, 24]). The main application here is
the determination of the associated cycles of this collection of singular unitary represen-
tations. In some sense our results demonstrate that stable range theta lifting commutes
with Vogan’s philosophy of orbit method [33].

We remark that lifting of discrete series representations was investigated by many re-
searchers, in [30, 1, 18], etc.. Among them we mention two works which are more relevant
to our work. In [1, 2], Adams considers the theta lifting of discrete series under the stable
range condition, and shows that most of them are derived functor modules Aq4(A). Thus
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in principle their K-structures can be obtained via Blattner type formula. We shall not
take this approach as it is well-known that these K-type formulas are not very practical
(at least for our purpose). In [19], Li describes a method for computing the K-types of

o(') for 7' € G, which is effective when ' is holomorphic. We shall discuss this method
in parts of §3.

We introduce some notations. Fix a choice of the maximal compact subgroup K of G
(resp. K’ of G'). This determines a Cartan decomposition of the complexified Lie algebra
g (resp. g’) of G (resp. G'):

g=tds, g=tads,

where € (resp. ') is the complexified Lie algebra of K (resp. K'), and s (resp. §') is the
orthogonal complement of £ (resp. ) with respect to the Killing form.

Let Q' C §' be a nilpotent K(-orbit. Then we can define the theta lift of O, which is
a certain nilpotent Kc-orbit O in s (see §2.2). We shall denote O = 6(0Q').

Now let 7’ be a unitary lowest weight representation of G’. It is well-known that
the associated variety of 7, denoted by AV (7'), is the closure of a nilpotent Kg-orbit
Q'hl C g, which will be called holomorphic. Here s’ breaks up into irreducible pieces s’ +

under the action of K. It turns out that the associated variety of 6(n’) is Ol where
Qb = 9(0'™!) is the theta lift of QM.

We assume that 7' comes from the compact dual pair correspondence of (G(k), G’), for
some k. For G' = Sp(2n,R) or U(m,n), all unitary lowest weight representations of G
arise this way [5]. For G’ = O*(2n), this assumption is very minor and it amounts to
excluding a (tiny) subset of unitary lowest weight modules with their levels of reduction all
being 1. See the paper of Davidson, Enright and Stanke (§7, [4]) for a precise statement.
This corrects an assertion made in passing in the classfication article [6]. For such a 7/,
we have Q' = Q' the K. orbit of “rank” r in s’ . Here r = min(k,[) and [ is the real
rank of G'. See [23].

In our approach to the geometry of Q! = §(Q'™), an important role is played by

certain affine variety X, i, which fits into an affine quotient map ¢ : X, ;1) — Ohbol.
More precisely the variety X, ,4x is the closure of the theta lift of the trivial orbit of &'
with respect to a larger dual pair (G(p, ¢+ k), G"). In fact X, ,4x is a spherical G(p, C) x
G(q + k, C)-variety and one may consider the space of covarients

Mlo] = (0 ® C[Xpq14]) ",

where o is an irreducible finite dimensional representation o of G(k, C).

To fix notations, let ¢ be an irreducible finite-dimensional representation of G(k,C)
which appears in C[WW,]|. Here W}, is a certain complex vector space canonically associated
to the dual pair (G(k),G’), and for our three cases it may be identified with the space
of complex matrices My ,,, My ymn and Moy, respectively. We assume that 7’ and o are
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related by the formula:
G(k,C
" = ®Lol, Lo = (o ®CWi]) "7, (0.1)

where ;. is a certain character of K'.

On the geometry side, our approach will yield the K¢ = G(p,C) x G(gq,C)-module
structure of M[o], in terms of K{-module structure of L] (Theorem 2.4). This fits in a
general notion of lifting of covariants (§1.4). On the representation side, we will show that
the K -types of O(7’) can be described by the K’ -types of 7’ in more or less the same way
(Theorem 3.9). We highlight here a relevant key fact which may be of independent interest.
Namely, Howe’s maximal quotient for a unitary lowest weight module is irreducible under
our assumption of stable range (Corollary 3.6). This result was obtained by H.-Y. Loke
by a different method.

By comparing certain Poincaré series for 7 = 6(n’) and M[o], we conclude that (the
graded module of) m and M[o] have the same multiplicity along their common support
Ohel. We thus obtain the associated cycles of all such 7’s. The main result is the following

Theorem (Theorem 4.7). Let 7' be a unitary lowest weight representation of G arising
from the compact dual pair correspondence of (G(k),G’), for some k. Assume that 7 is
genuine with respect to the dual pair (G(p,q),G’), and let m1 = 6(n’) be the theta lift of 7'.
If the associated cycle of ' is

AC (1) = m [0,

then we have

AC (1) = m [OQbl], where Q" = 9(Q"™h).
Moreover we have

dim o if k<l
My = . .
dim o*=t0)  if k> 1 and G'/K' is of tube type,

where o is related to 7' through the formula (0.1).

The multiplicity for the non-tube case is given in Theorem 4.7 as well. We remark that
for 7’ a holomorphic discrete series representation, the multiplicity m,, may also be given
by the dimension of its lowest K '_type. For example this will be so if £ > 2n for Case R
(k > m+n for Case C, and k > n for Case H, respectively), and so one gets an equality of
dimension of certain space of fixed vectors of ¢ with the dimension of the lowest K’ -type
of /. In fact more is true. See Proposition 4.10 immediately after Theorem 4.7.

Our theorem generalizes considerably results of a previous paper [24] for 7’ a unitary
character (see also [28]) or a holomorphic discrete series with a scalar minimal K "-type.
In any of these cases, the associated cycle of §(7’) is multiplicity-free.
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Here are the outline of contents and some words on the organization of this paper. In
§1, we review some standard results on affine quotients and introduce a general notion
of lifting of coherent sheaves and covariants in the context of double fiberation (by affine
quotients). In particular we prove a result on preservation of multiplicity (Proposition
1.9), which may of be some independent interest. In §2, we investigate geometries un-
derlying theta lifting of holomorphic nilpotent orbits. We lift the affine quotient map

(' : Wy, — O to an affine quotient map ¢ : X, .1 — O and we determine the mul-
tiplicity and the Kc-module structure of the space of covariants M[o] over Ol In §3,

we develop the representation side. The main result is the description of K-structure of
the theta lift 0(7’) (actually the maximal quotient) of all unitary lowest weight modules

7', in terms of the K'-structure of 7. We also show (Proposition 3.12) that the associ-

ated variety of §(7') is contained in the closure of the theta lift @ = 6(Q’). Here 7’ is
any (genuine) admissible representation of G’ and the associated variety AV (7') of 7' is
assumed to be irreducible, hence the closure of a single nilpotent K-orbit @'. In §4, we
investigate certain Poincaré series of 0(n’), and we then apply the results of §2 and §3
to obtain the formula for the associated cycle of #(n’). The computations of the generic

fibers of ¢ : X, ;+x — OBl are done in the Appendix.

Acknowledgement: Part of this work was done while the first-named author was visiting
the Institute for Mathematical Sciences (IMS), National University of Singapore in 2002.
He would like to thank IMS for its support and warm hospitality during the visit.

1. GENERALITIES ON AFFINE QUOTIENTS

1.1. Preliminaries on affine quotients. Let H be a reductive linear algebraic group
over C which acts on an affine variety X. As usual let X//H denote the affine quotient
of X by the action of H, which is by definition Spec C[X]*. Here and throughout this
article, C[X] denotes the regular function ring on X and C[X]¥ the ring of H invariants.
The natural inclusion C[X]# — C[X] then induces a projection map ¢ : X — X//H,
called an affine quotient map.

We have the following well-known

Proposition 1.1. (1) For anyy € X//H, the fiber (" (y) of y contains a unique closed
H orbit. Hence X//H may be identified with the set of all closed H orbits in X.

(2) Let Z C X be an H-stable closed subvariety. Then its image ((Z) is closed in X//H,
and dz : Z — ((Z) is an affine quotient map, i.e., ((Z) ~ Z//H.

1.2. Module of covariants and multiplicities. Let X be an irreducible affine variey
and ¢ : X — X//H be an affine quotient map. We write I = C[X]¥. Denote by Irr(H)
the set of equivalent classes of irreducible finite dimensional representations of H. For

o € Irr(H), consider
Lio] = (c @ C[x])", (1.1)
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which is a finitely generated I-module. We shall refer to L[o] as a module of covariants
over I. If we denote by F' the quotient field of I, then we have F ®; Llo] = F? for a
non-negative integer d. We call d the multiplicity of the I-module L[o], and it will be
denoted by rank; L[o].

The following lemma is standard and so we omit its proof.

Lemma 1.2. Let ( : X — X//H be an affine quotient map. Then we have
rank; L[o] = dim (o ® C[C‘l(y)])H < 00,
where y is a general point in X//H.

We shall need the following result, which follows from the lemma above and the Frobe-
nius reciprocity.
Proposition 1.3. Let ( : X — X//H be an affine quotient map, and assume that a
generic fiber (1(y) is a closed H-orbit. Then the multiplicity of the module of covariants
Lio] = (¢ @ C[X] " over I = C[X]H is given by
rank; L[] = dim o~
where x € ("(y), and H, denotes its stabilizer.

Remark 1.4. Since the orbit H - x C X is a closed affine variety, the stabilizer H, is
necessarily reductive.

1.3. Lifting of coherent sheaves. Let K¢ and K(. be reductive algebraic groups over
C, and suppose that K¢ x K¢ acts on an irreducible affine variety =. Let

X=E//K¢, and Y =Z//Kc (1.2)
be the corresponding affine quotients. Thus we have a double fibration map by affine
quotients:

/1 K¢ //Kc

X = Y. (1.3)

Note that if we put R = C[Z], then we have C[X] = RXt and C[Y] = RKc.

Denote by Oy the sheaf of regular functions on Y. For a finitely generated C[Y]-module
L, we let L=0y ®c[y] L be the corresponding coherent sheaf on Y. The functor L +— L
gives an equivalence of categories between the category of finite generated C[Y]-modules
and the category of coherent sheaves of Oy-modules on Y. Its inverse is the functor of
taking global sections. We also write ranky L = rankcpy] L.

In the following, we shall be mainly concerned with coherent sheaves which are equi-
variant with respect to some group actions. For instance, since K acts on Y, we may
consider a K{-equivariant coherent sheaf L. This simply means that L is a finitely gen-
erated (K, C[Y])-compatible module.
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Definition 1.5. For a finitely generated (K(, C[Y])-compatible module L or a K{. equi-
variant coherent sheaf L on Y, we put

M = (C[2] ®cpyy L)¥E,  or M = (2 xy L)//K¢. (1.4)

Then M is a finitely generated (K¢, C[X])- compatible module, and M is a Kc- equivariant

coherent sheaf on X. We call M a lift of L, and M a lift of L via the double fibration
map (1.3).

We have the following commutative diagram.

Mo o T e T
O .

Lemma 1.6. If the quotient map = — Y is flat, then we have

rank=(Z Xy Z) — ranky L.

Remark 1.7. In general, we only have an inequality rank=(= xy Z) < ranky L.

Proof. We need to prove that rankcpy) L = rankcg) C[=] ®cpyy L. Since C[Z] is flat over
C[Y], the assertion is immediate. O

Lemma 1.8. Assume that a generic K-orbit is closed in =. Let L be a K{-equivariant

coherent sheaf on = and E//K(’C the corresponding (quotient) coherent sheaf on X =
=// K¢, then we have

ranky (£//KL) = rankz L.

Proof. Put R = C[Z], then we have RXt = C[X]. We are to prove that rankyp £ =
rank REL L5t for any finitely generated R-module £. Put d = ranky £. Then, by definition
of the multiplicity, there is an exact sequence

0— R{— L — N—0: exact,
where N is an R torsion. Since taking K¢ invariants is an exact functor, we have
0 — (REe)! — e — NKe — 0: exact.

So it is enough to prove that N K¢ is an RE¢ torsion. Since N is an R torsion, Z = SuppN
(the support of N ) is a proper closed subvariety in =Z. Clearly we have SuppN KC ~ 7 // K¢.
By the assumption, there exists a closed Kg-orbit in Z\Z. This implies that SuppN K¢
cannot be the whole X = Z//K{. Hence N KC is an R™¢ torsion. O
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Combining the above two lemmas, we obtain the following

Proposition 1.9. Let = be an irreducible affine variety on which K¢ x K¢ acts. Put
X = Z//KL and Y = Z//K¢. For a Kl-equivariant coherent sheaf L on'Y, let M =
(2 xy L)}/ KL be the lifted sheaf, which is a Kc-equivariant coherent sheaf on X . Suppose
that a generic Kg-orbit is closed in = and the quotient map = — Y s flat, then the
multiplicity is preserved by the lifting:

ranky M = ranky L. (1.5)

1.4. Lifting of covariants. We keep the setting and notations of the previous subsection.
Thus we have an irreducible affine variety = on which K¢ x K(. acts, and X = Z// K¢,
Y =E//Kc.

Now suppose that H is a reductive algebraic group over C, and suppose that there is
an irreducible affine variety Z on which H x K. acts. We further assume that Z//H ~ Y
as a K(-variety. We will define the lift of the quotient map Z — Y as follows.

Let V = (2 xy Z)//K{. Note that since we consider = xy Z in the scheme theoretic
sense, it may not be irreducible or reduced. The same remark applies to V. We have the
following commutative diagram:

v /K¢ =%y 7 //Kc A

l//H l//H l//H
X s = // K¢ v

This is clear if we show that the map V' — X is an affine quotient map. To see this, we
compute
CIVI* = (C[E] ®cpy) C2]) & = (C[E] @cyy) C[2]7) =
Since C[Y] ~ C[Z]" by assumption, we get C[V] = C[Z]*¢ = C[X], which is equivalent
to saying that V' — X is an affine quotient map. We shall thus say that the quotient map
V — X is lifted from the quotient map Z — Y.
For o € Irr(H), we put

Lol = (c®C[2))", Mo = (c@C[V])";

They are finitely generated modules of C[Z]# ~ C[Y] and C[V]¥ = C[X], respectively.

Let L[o] be the associated Kl-equivariant coherent sheaf on Y, and M|o] the associated
Kc-equivariant coherent sheaf on X, as before. Then we have

Proposition 1.10. M[a] is lifted from Z[a] in the sense of Definition 1.5.
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Proof. We put S = C[Z]. Note that C[Y] ~ S by assumption. We have
= (ceC[V ) = (0 ® (C[E] @y C2])%e) "
~ (0@ (C[E] ®gn 5))" " = (CIE] @gn (0 ® 5))
~ (C @sn (0@ )" ~ (C[E) @gn Llo]) ¢

K{xH

The assertion follows. O

2. GEOMETRY OF THETA LIFTING

2.1. Review of structures for dual pairs. We review certain structural results related
to our dual pairs [11].

Let Wgr ~ R?" be a real symplectic space which realizes G = Sp(2N,R) as a symplectic
group on Wg. There is a canonical complex structure on Wg and we can view Wg as (the
underlying real vector space of) a complex vector space W ~ CV. The symplectic form on
Wk is then given by the imaginary part of a canonical positive definite Hermitian form on
W. By this identification, a maximal compact subgroup K of G is realized as the unitary
group U(W) ~ U(N) on W = CV.

We may choose maximal compact subgroups K and K’ of G and G’ respectively, in such
a way that K - K’ is contained in the standard maximal compact subgroup K ~ U(N) of
G.

In view of Table 1 of the Introduction, we sometimes write G = G(p, ¢), namely G(p, q)
will denote one of the groups O(p, q),U(p,q) or Sp(p,q). Note that G(k,0) ~ G(0,k) is
compact. We shall write G(k) = G(k,0) in short, if there is no possibility of misunder-
standing. In the sequel, we are mainly concerned with non-compact cases, though results
on compact cases will be used heavily. This is a basic technique in the theory of dual
pairs.

From the pair (G,G’), one defines another three dual pairs, which form so-called di-
amond dual pairs (see [11, §5]). Namely, take the commutant of K in G and denote
it by M’. The pair (K, M’) is a compact dual pair, and M’ is of Hermitian symmetric
type and for the cases we are concerned it is isomorphic to G’ x G’ containing G’ as the
diagonal. Also, take the full commutant of K in K, and denote it by L’. Then L’ is a
maximal compact subgroup of M’, and it is isomorphic to K’ x K’ and contains K’ as a
diagonal subgroup. Similarly, define M as the full commutant of K’ in G, and L the full
commutant in K.

Let us summarize the somewhat complicated situation by the following diagram (Fig. 1).

An explicit description of the diamond pairs for our three cases is given in [11, (5.3)].
In the table there, L (resp. L') in our notation is written as M"Y (resp. M'(LD).
For convenience of readers, we reproduce the table here (Table 2 below) with additional
remarks.
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F1GURE 1. The diagram of a diamond pair.

SN /\

L=L"xL" G — & =K' x K'

N \/

K=K"x K~ =G xG

TABLE 2. Three diamond dual pairs.

(eXed) M K=KtxK- L=1L"xL"- K'
(O(p, 9), Sp(2n,R)) Up,q) O(p)x0O(q) U(p)xU(q) U(n)
(Up,q),U(r, )  Ulp,a)xU(p,q)  Ulp)xUl(q)  (U@)xU(p)x(U(q)xU(q)) U(r)xU(s)
(Sp(p, ) O*(2n)) U(2p,2q) Sp(p)xSp(q) U(2p)xU(2q) U(n)

M=GxG, I'=K xK'

Recall G = Sp(Wg) and the complex vector space W ~ C¥ which is identical to Wy as
a real vector space. Then there exist a direct sum decomposition Wy = W @& Wy and
correspondingly W = W*@®W ~, which are compatible with direct product decompositions
L =L"x L and K = KT x K~ in the following way. The subgroups L* and K¥* are
contained in the unitary group U(W=*). Moreover the pairs (K*,G’) and (L*, K') are

dual pairs in Sp(Wg). Note that L* D K* is a symmetric pair.

2.2. Lifting of nilpotent orbits. Let us consider the dual pair (G,G") C G. Recall the

lifting of nilpotent orbits defined in [25] (see also [26, 27, 3]):
G'— G =CGlp,q),

§ D0 — O Cs,
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where we assume the stable range condition. To be more specific, we have certain double
fibration map

%74
RN
I s

where ¢ and v are the so-called moment maps. Then for a nilpotent K¢-orbit Q' in s’, the
push down of the inverse image ¢(1p~'(Q7)) is equal to the closure of a nilpotent Kc-orbit
O in 5. We often write this correspondence as O = §(Q), and call O the theta lift of Q'
Here = = ¢~ 1(0/) = W x O is the scheme theoretic fiber, and ¢ : = — Q is an affine
quotient map by the action of K:

0 = 6(0) ~ Z//KL. (2.1)

See [25].

Since we shall fix G’ and vary G = G(p, q), we often use the subscript p, ¢ to indicate
the dependence of the situation on (p, q). Thus we write W =W, , =W, & W,, ¥ =1, ,,
s = 5,4 as well as W, = Wy 0. We also write ¢, = (¢, 4, ) according to the vector space
decomposition W, , = W, & W,. Note that we may sometimes write W, , = W, x W, as
algebraic variaties. Similar notations will be used freely.

Since G'/K' is a Hermitian symmetric space, s’ breaks up into irreducible pieces s’
under the action of K. Consider the orbit decomposition of s’ by the adjoint action of
K{. Any K(-orbit in " is clearly nilpotent. We call these nilpotent orbit holomorphic.
It is well known that s’ is a prehomogeneous vector space, and there exists a numbering
of Kl-orbits O, @), ..., Q) in such away that @, ; C O/ for 1 <4 < [. Here [ is the real
rank of G', and in the cases we are concerned, [ = n, min{m,n}, [§], respectively. As a
consequence, Q) = {0} and @ =5, ie., O is the open dense orbit in s’ . The orbit O
is called regular, while the orbits {Q)} }o<k<; are called singular.

In the sequel, we shall be mainly concerned with theta lifting of a holomorphic nilpotent
orbit @'}, Thus for Q' = (O'}), we have

O = 5, (O K == {0 x () (O} // Kt (2:2)
where 9T is the nullcone defined by 97 = (¢;7)~'(0).

2.3. Lifting of affine quotient map. Let us take a holomorphic nilpotent orbit Q'h!
(of “rank” k) in &', where 0 < k <[, and consider its lift Q' = (Q'h!).

Denote G(k,C) = G(k)c the complexification of the compact group G(k). Note that
Kc = K¢ x Kg ~ G(p,C) x G(g,C) in this notation. It is known that Q2! is an affine
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quotient of Wy by G(k, C):

Q/bel (0< k<),
Wy.//G(k,C) =~

Qhol (k >1).

Let ¢' : Wi — Q% be the quotient map. Our aim is to lift the quotient map ¢’ to a

quotient map ¢ : X, ;45 — Ol We shall specify the variety X, .41 later.
Let us consider the lifting of the trivial orbit

G — G(pa q-+ k)a
§ D0 ={0} — 0(0")=0"Cs=25,41

Here we only assume that & > 0 (in addition to the usual stable range condition for the
original dual pair (G(p,q),G")). We put

Xp,q—i—k =01 C 5= 5p gtk (2'3)

the closure of the G(p, C) x G(q+k, C)-orbit lifted from the trivial one. The consideration
for the variety X, ,+x was motivated by some result of Loke [20].
To describe the variety X, ;41 more explicitly, define the null cone by

Npgrk = 1/’1;,1+k(0) = m;r x m;—}—k C Wtk (2.4)
where M, = (¢,,,)~'(0). By definition, X}, ;1 is the image of the null cone M, 4.1 by
the map ¢, which is an affine quotient map by the action of K¢:

Proposition 2.1. We have

o (0< k<),
Xpg+n// Gk, C) =

Qhol (k >1).
The quotient map
Ct Xpgtk(C Spgre) — O C sy (r = min{k, })
is given by proj|x, ..., where proj : s, ik = Spq D Spr — Spq 05 the projection map.

To prove this, we observe the following

Lemma 2.2.

Ny = Wy Xor Wi
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Proof. Clearly (B,C) € 0, C W, xWy ifand only if ¢ (B, C) = ¢, (B)+¢, (C) =0,
or ¥, (B) = =, (C). Namely the following diagram commutes (note the (—1) twist for
the vertical map Wy, — 5" ):

(B,C) € M, C Wy x W), /2 W, >C
ml H)-w,;l
BeWw, ¢ 54 (B) =~ (C)

This proves that 9, ~ W, xg Wj in the set theoretic sense. It is also easy to see that
they are in fact isomorphic in the category of algebraic varieties. O

Proof of Proposition 2.1. By definition, we have

Xpark = snp,quk//K</C
~ (MY x (W, xo Wy)}//Ke  (by the above lemma); (2.6)

therefore, if 0 < k < 1,
Xpari/] Gk, C) = {9 x (W, xo (Wi//G(k,C)))}//Ke
~ N x (W, xq @'};01)} /] K¢
~ {00 % () Q) } /KL = 1y s (O [/ K ~ O,

The case k > [ can be treated similarly.
Take (A, B,C) € My 44k C W, g4k Then the quotient map

Mgk = Mg/ Ko = Xpgrn
is given by ¢, ¢+x. On the other hand, the quotient map

Wp,q+k ) mp’q_% - snp,quk//G(k’a C) = ‘ﬁ; X (¢;)—1(@/201) = ¢;; ((O)/EOI) - Wp,q

agrees with the restriction of the projection map W, ;41 — W, ,. Thus the quotient map
YL Qo) — =1 (OhOY) /K ~ QP is given by ¢, ,(A, B). We summarize this situation
by the following diagram.

/K¢ //Kc

epg+k(A, B,C) € Xpgire —— (A, B,C) € Ny gy —— WpaC
//G(k,ml //G(k,@l //G(k,«:)l
- K/ -
opgA By e 4 pyes, LK O 5 g (B) =~y (O)

Here Zp = ¢, .(Q'}°"). Accordingly, the quotient map ¢ : X, — Q' is just the
restriction of the projection proj. 0
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2.4. Covariants over a lifted nilpotent orbit. We consider the module of H =
G(k,C) covariants associated to the affine quotient map ¢ : X, 44 — Oh°L
Put Z =%, = @Z);;(@’};Ol), and Z = Wj,. We are in the setting of §1.4. In the notation

there, we have X = Z//K{ ~ O and Y = Z//K¢ ~ O''°. Furthermore Z//H ~Y as
a K{ variety. Note that

V =(Exy 2))/K ~ { (D x (W, xg O})) Xomer Wi} [/ K
N{m+ (Wy x5 W) }//Kc— Ny grn// Ke

p,q+k-

For an irreducible finite dimensional representation o of H = G(k,C), let L[o] =
(c® C[Wk])G(k’C) and M[o] = (0 ® C[X,, q+k])G(k’C) be the spaces of covariants. They are
finitely generated modules over C[O'°] and C[O}")], respectively. Let L[o] (resp. M(o])
be the associated coherent sheave on Q'3 (resp. @h‘)l) We know that the coherent sheaf

M[o] on OF! is lifted from L[o] on @’201 in the sense of Definition 1.5. See Proposition
1.10.

Theorem 2.3. (a) If k < [ (the real rank of G'), or if k > | and G'/K' is of tube type
(namely Case R, Case C with m = n and Case H with n even), then the generic fiber of
the quotient map

C: Xpgrr — O (r = min{k,1})

is a single closed G(k, C)-orbit with a stabilizer St = {1} in the first case and St ~ G(k —
[,C) in the second case. Consequently for an irreducible finite dimensional representation
o of G(k,C), the multiplicity of the space of covariants M[o] = (o0 ® C[X pq+k])G(k’(C) is
given by

dimo (0<k<I),

2.7
dim c¢*=t0) (k> 1 and G'/K' is of tube type). (2.7)

rankc[w} Mio] = {

(b) For the dual pair (U(p,q),U(m,n)) (m # n), we have

rank M (o) = dim (o ® C[Mj_pm— n])GL'“_", (k>m >n),

Clo!
and for the dual pair (Sp(p, q), O*(2n)) (n odd), we have

M(O’) — dlm(O' ® C[(CQ(kfl)])Sp(Q(k—l),C), (2]€ >nn= 2l + 1)

rankc[@]

Proof. (a) The proof (or the computation) for the part on the generic fiber of ¢ will be
carried out in the Appendix. The formula for the multiplicity rank M|o] follows

from Proposition 1.3, and Corollaries 5.1, 5.6, 5.11.

clobe]
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(b) We shall only prove the (U(p,q),U(m,n)) case. The other case is entirely similar.
If k> m > n, Lemma 1.2 tells us

rank M (o) = dim (o ® C[¢™((S, T))])GLk,

where (71((S,T)) is the generic fiber as in Corollary 5.6. On the other hand, by Corollary
5.6 and Frobenius reciprocity, we have an isomorphism

(0‘ ® (C[g_l((sa T))])GLk = (0‘ ® C[GLK*GLk_an—n,m—n])GLk
~ (a ® (C[Mk,n,m,n])GLk_”.
This proves the desired multiplicity formula. O

2.5. Kc¢-structures and gradings. We consider the Kc-module structures of the co-
variants M|[o]. First we will need some notations.

Let H* = H(KZ) denote the space of harmonic polynomials on W* (under the action
of KZ). Put

Irr(Kg; HY) = {7 € Irr(K¢) | Homg, (1, H') # 0}
and
(K& HY) = {o € Ir(KY) | Hom .+ (o, H*') # 0}.

The space H(K() is multiplicity-free as a representation of K} x K{. Furthermore the
decomposition

H(Kg)}Kng(,c ~ (2.8)

S
2. o
o€l (KL HT),r€lr (KL HT)

determines a one-to-one correspondence between o € Irr(KZ;H™) and 7 € Trr(Kg; HT)
(see [10]). Similar notations and statements apply for H~ = H(K).

We shall abbreviate R*(K() = Irr(K(; H*) in the following. Under the assumption of
stable range, one can explicitly check that 7 € R*(K{) if and only if 7% € R™(K(), where
7* denotes the contragredient representation of 7 € Irr(K’). So we put

R(Kg) = R (K¢)" = R (Kg). (2.9)
To summarize, for each 7 € R*(K), there is a unique o € Irr(KZ) such that
Homy+, o, (0 W7, H(KE)) # 0.

We denote this o by o=(7), specifying the dependency of 7 and the sign +. Then, we can
rewrite (2.8) as

HED = S ot 7, and H(KZ) = Y o (r)®T. (2.10)

TER(Ke) TER(KL)
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Theorem 2.4. There is a compatible action of K¢ on Mlo], and it decomposes as a
K¢ = K& x K¢ -module as follows:

Mlo| ~ Z@ Homg: (1, @ 75, Llo]) ® (o7 () Ko™ (13)), (2.11)
Ta, TBER(K(.)

where Llo] = (0 ® C[Wk])G(k’Q, which is a K&-module.
Proof. Note that there is a K¢ x G(k, C)-equivariant isomorphism
Xp gk > {0 x (W, xo Wi) }// K¢ (see (2.6)).

Thus, the covariants M|o] is isomorphic to

= (0 ® C[Xpqss]) 7

(a®<cm+ (W, xo Wy)])“EEHe

~{CP]e (C W]®c[5 (o ® C[W])o®0) } €

~ ( pq®L o))" (2.12)

where H,, , ~ H(K})XH(K) denotes the space of K¢ = K¢ x K -harmonic polynomials
on W = W,,. Note that we have used the isomorphisms C[O}] ~ H(K{) and C[W,] ~
H(Kg) ® Cls”_] (using the stable range condition). Since

Hyg = HIKDRH(KD) = S (o7 (m) Bo () B (2 @ 75), (2.13)

Ta,TgeR(K(é)

we get the desired formula by inserting (2.13) into (2.12). O

Let us discuss certain natural grading on L[o] and its lifted module M[o]. Put

)G(k,(C)

Lio]; = (6 ® CWila(o)+2 (j=0), (2.14)

where d(0*) = deg o™ is the degree of *, which is defined to be the lowest possible degree
in C[Wy] in which ¢* appears. This makes L[o] into a C[@’—}fl]—graded module. Note that
C[Ort°!] naturally inherits a structure of graded algebra because Q2! is a closed cone in
. The same remark applies to C[QR1], C[9tf] and C[N,]. Note also that the degree of
(o (1)Ko (13)) W (75 @ 75) in Hypq is |a| + |3], where |a| (resp. |5]) denotes the degree
of 7% (resp. 73), defined similarly.
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Corollary 2.5. We may assign a (natural) grading on the lifted module M|o] by

Mlola = 3" (Hpoatoyez © Llo),)

d=i+j

i
= Z Homy, (ra ® 75, L[J]dJr%(d(U*),M,WD) ® (" () Ko (15)) (d>0).

Ta,TBER(K()
With respect to this grading, M|o] is a C[O]-graded module.
Thus we obtain the Poincaré series of M|o] as

P(M][o];t) = Zd dim M[o]q - t

$—Ae™)/2 Z Z dim Homy, (Ta ® 73, L[U]j) X

320 70, 73€ R(K()

dimot (7)) dimo ™~ (73) - 3 (al+8)) (2.15)

3. THETA LIFTING ASSOCIATED TO THE DUAL PAIR (G,G’)

3.1. Howe’s maximal quotient. Let (G,G') C G = Sp(2N,R) be a reductive dual
pair, and €2 be a fixed oscillator representation of @, the metaplectic cover of G.

Let us denote by Irr(g/, K’ ) the infinitesimal equivalence classes of irreducible admissible
(¢/, K')-modules, and R(g’, K'; ) the subset of those in Irr(g/, K’) which can be realized as
quotients by (g, K')-invariant subspaces of . According to [11], for each 7’ € R(g, K'; Q)
there exists a quasi-simple admissible (g’ K )-module Q(7’) of finite length satisfying

Q/N ~Q(r') @ ', (3.1)
where
N = ﬂ ker, H= Hom, 7 (€2, 7).
weH

Furthermore () has a unique irreducible quotient, denoted by 6(n’). The representa-
tion Q(7') is called Howe’s mazimal quotient of 7', and 0(7') (or sometimes written as
Ocr—c(m')) the theta lift of 7'

Denote by

H = ﬁf( = HOHI( ’K’ (Q s )K—ﬁnite’
the subspace of K -finite vectors of H. The following lemma is elementary.

Lemma 3.1. Let p = Q(n’) be the maximal quotient. Then we have

H~p* (K -finite dual).
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Let (G,G") C Sp(2N,R) be one of the three dual pairs specified in the Introduction.
For the moment we do not assume the stable range condition.

Recall that the maximal compact subgroup K’ determines a Cartan decomposition
of the complexified Lie algebra g’ of G' : g’ = ¥ @ §’. Under the action of K’ (via the
restriction of the adjoint representation), s’ breaks up into irreducible pieces s’1. Through
the covering map, K’ naturally acts on s’ and §',.

Recall also that an irreducible unitary representation 7" of G is called a lowest weight
representation (or holomorphic) if there exist non-zero K'-finite vectors v in the space of
7' such that '(s'_)(v) = 0. Then the space of such vectors v is irreducible under K. This
is the (unique) minimal K’ -type of 7/, and it determines the representation 7’ completely.

Let A(K’) denote the set of dominant integral weights for K’. For A € A(K'), let 75 ()\)
denote the irreducible finite dimensional representation of K’ with highest weight A, and
L(\) the unitary lowest weight representation of G’ with the minimal K'-type 75 (). We
note that if L()\) is a holomorphic discrete series representation, then we have

L |z =N @ S(s4) =78 (\) @ C[s'_],

K’

where S(V') denotes the symmetric algebra generated by a vector space V. We caution the
reader that this is certainly not true for a singular unitary lowest weight representation.

We recall notations from §2.1. For a natural number k, we consider the compact dual
pair (G(k),G"). Let Q4 be the associated oscillator Harish-Chandra module. We have the
(discrete) dual pair decomposition

Ulgpa ™ > aWELM), (3.2)

AEAL(K')
where

M(R") =[x e AR)LO € Rig, K 00}
We note that in our notation, the highest weight of o, (\) € Irr(G(k)) is not A\. The
above decomposition (the description of the set Ax(K’) and the explicit correspondence
ok(A) < L(N)) is well-known, and is given in [13] for the pairs (O(k), Sp(2n,R)) and
(U(k),U(m,n)). See [6] for the pair (Sp(k), O*(2n)).
We have the compact dual pairs (K*,G") in the symplectic group Sp(Wg"). Note that
K* ~G(p,0), K~ ~ G(0,q). Let QF be the associated oscillator Harish-Chandra module

of the metaplectic group Mp(Wg). Writing

o ()=o), pE MK,
o (W) =oy(v),  vEN(K),
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we have
P _
Vzra > Y, o (R L) (3.3)
MEAp(f{,)
and
— ® K~ * *
Olp o~ Y, o (v)EL@)" (3.4)
veA (K")

Remark 3.2. Assume that (G(p, q), G’) is in the stable range with G’ the smaller member.
Then for p € Ay(K') (resp. v € Ay(K')), L() (resp. L(v)) is a genuine holomorphic
discrete series representation. This is also the reason that we have excluded the case
(O(p,q), Sp(2n,R)), where 2n = min(p, q). See Table 1. The sets Ap(f?’) and Aq(f(’) are
almost equal under the stable range condition (apart from some translation).

The following proposition is also elementary.

Proposition 3.3. For 7’ € R(¢/, K’ ), we have the [?—type decomposition

Hlz~ 37 dimHomy z(L(p) ® L)', 7)o" (u)* B o™ ().

pedy(K')
veAq(K')

Consequently we have

Q)| =~ S dimHomy, g (L(s) ® L), 7)o" (1) 8 o*

pedy(K')
veAq(K')

Proof. We consider the see-saw pair ([16, 9]; cf. §2.1):

G M =G x G
U U
K=K"x K~ G’

By the functoriality of the oscillator representation, we have
Q~0" o0

as K x M’-modules. Thus as K x (¢, [?’)—modules, we have

Q= (ST T wRLw) e (Y of () RLw)")

¥)").

peh, (K1) vEAG(K')
o _ __
~ 37 (0" (W Ro™ (v)) B (L) ® L(v)").
HEAP(R/)
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Since H = Hom(g,f,)(Q, ') % gnite> the first assertions follows. The second assertion then

follows from the isomorphism Q(7")* ~ H. O

Remark 3.4. In [24], an incorrect version of the above Proposition was given (Proposition

4.3). But it does affect the results there as long as one changes some relevant K-types
into their duals.

3.2. Abstract K-type formula. We now assume that the dual pair (G,G’) is in the
stable range with G’ the smaller member. In [24], we consider the theta lift 7 = 6(7’) for
a holomorphic discrete series representation 7/, in particular we give the K -type formula
of m. The result in [24] is stated only for the pair (G,G’) = (U(n,n),U(p,q)), however,
the other cases can be treated by similar explicit calculations. _

Here we pursue in a more sophisticated way to give a unified formula for K-type de-
composition of 7 = #(7’) for any unitary lowest weight representation #’. This unified
description enables us to compare them with certain covariants over the associated variety
of . For this, we will need to recall Li’s construction of the theta lift in the stable range
[17].

We fix a genuine irreducible unitary representation ¢ of G'. Let S (resp. Ve) be the
space of smooth vectors of Q (resp. £). Consider the G x G'-module S ® Ve where G acts
on the first factor, and G acts by © ® &, which is in fact a representation of G’. The
unitary structures on S and Vg give rise to an inner product (,) on S ® V¢. Define a
sesquilinear form (, )¢ on S ® Vg by

(D, D) = //(cp, (Q®&)(h)D")dh.

Under the stable range condition, the above integral converges absolutely and further
it defines a non-negative G-invariant Hermitian form (see [17] for details). Let R be the
radical of this form. By introducing an intertwining map to certain induced representation
and making use of Mackey’s Theorem, Li shows that the resulting representation on the
quotient space (S ® Vg)/R is in fact irreducible as a representation of @, where (@ is a
subgroup of certain maximal parabolic subgroup of G. The representation of G on the
space (S ® V¢)/R realizes §(£*), the theta lift of the contragradient of &.

The following proposition is essentially proved by Li [19]. We reproduce his argument
below.

Proposition 3.5. Let (G,G") be a reductive dual pair in the stable range with G’ the
smaller member. Suppose B

I: 7' is a genuine unitary lowest weight representation of G', or

II: ' = &, the contragradient of a genuine unitary lowest weight representation &,
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then we have the K -type decomposition

5% ey iy dim Homg, (L(n), L(v) © 7')(0"* (1) Ko™ (v)*),  Case 1

)

_ ) . 7

K @ jen, (i dim Homg (L(p) ® &, L) (0% () Ro® (1)), Case II
)

Here in Case I, Homg, (L(p), L(v) @7') denotes the space of unitary G'-intertwining maps
from L(p) to L(v) @ @', and a similar notation in Case II.

Proof. We shall only give the proof for Case 1. Case II is similar. N
Denote ¢ = (n’)*. Let 7 be an irreducible (unitary) representation of K. If 7 is a
K-type of 6(n’) then there will be @, ®" € S ® V¢ transforming according to 7 such that

(®,9)e # 0. Write 7 = 74 X 7, where 7 and 7_ are representations of K+ and K~
respectively. We have a decomposition S =S, ® §_, where S, and §_ are the spaces of
smooth vectors of the oscillator representations Q% and Q™ respectively. Without loss of
generality we may assume ® = ¢, ® ¢_ ® v, where ¢, € S;, ¢ € S_, v € V. Similarly
write ¢’ = ¢/, ® ¢ @ v'. Let 7, (resp. (77)*) be the theta lift of 7, (resp. 7_) to G
Both 7/ and 7/ are holomorphic discrete series of G'. Under G', the vectors ¢4, ¢, will
transform according to 7, and ¢_, ¢’ will transform according to (7/)*. With these
notations we have

(@0 = [ (@ (Wos, )@ ()66, )

Note the first factor in the integrand is a matrix coefficient of 7{ while the product of
the last two is a matrix coefficient of the representation (7" )* ® £ = (7" ® 7’)*. Since 7’
is a holomorphic representation, the tensor product 7/ ® 7’ is a direct sum of irreducible
holomorphic discrete series. It therefore follows from Mackey’s version of the Schur’s
Lemma that the integral is not identically zero if and only if 7/ is an irreducible summand

of 7/ ® n’. To summarize, this condition is necessary and sufficient for 7 to be a K -type
of #(7’). Up to this point, everything is in [19].

Now assume that 7 appears in 6(7’). Thus m = dim Homg, (7,7 ® 7’) is a positive
integer and m7/, is a direct summard of 7 ® 7’. Observe that the space S ® V¢ =
St ® S ® Ve contains the following direct summard

(freor)e () er)el=ra (e () )

as a K x G'-module. We now apply the reasoning in the previous paragraph and take
matrix coefficients of the various copies of (7/)* in (m7})* C (7.)* ® £ = (7 ® n’)*, and
we then conclude that 7 appears in 0(7') at least m = dim Homg, (7}, 7 ® 7’) times.

On the other hand, we know from Proposition 3.3 that the multiplicity of 7 in Q(7’)
is equal to dimHom, (7} @ (71)",7'). Since 7/ @ 7’ is a direct sum of irreducible
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holomorphic discrete series representations, we have
/ / / / / / / / /
Horlrlg/71~(,(7'Jr ® (), 7)) = Homg/7l~(,(7'+,7'_ ®@ ') = Homg, (7, 7. @ 7).

See [24], Corollary 4.5 for the first equality.
We thus conclude that 7 = 7. K 7_ will appear in 6(7’) exactly dim Homg, (7}, 7. ® 7’)
o

. . . . ~4 ~_
times. We note that in our previous notations, 7, = o*" (n), 7= = ¢* (v)*, and 7, =

L(p), 7 = L(v). Everything follows. O
We learned the following result first from H-Y. Loke [20].

Corollary 3.6. Let (G,G") be a reductive dual pair in the stable range with G' the smaller

member. Suppose that 7' is a genuine unitary lowest weight representation of G (or

contragradient of such a representation), then its mazimal quotient Q(7’) is irreducible,
i.e., Q') =0(r').

Remark 3.7. Loke considers " which comes from the compact dual pair correspondence
of (G(k),G") for some k. He obtained the above result by examining the relationship of

Q(7") with the maximal quotient of a character of G’ with respect to the larger dual pair
(G(p,q+ k),G") (cf. §2.3), and by using the result that the latter is irreducible [35] and
unitary [17].

Following [24], we give a result on tensor product of a holomorphic discrete series
representation with a unitary lowest weight representation.

We introduce one notation, which is not standard. For any finite dimensional unitary
representation v of K’ with the decomposition

7= 3 () (),
A

define L(y) = >, n(A)L(A).
Proposition 3.8. Let L(u) (resp. &) be a holomorphic discrete series representation
(resp. a unitary lowest weight representation) of G'. Suppose that & has the following

P Z m(7)T,

K'-type decomposition:
relrr(K')

§

where m(7) is the multiplicity of 7. Then

Lip) @&~ Y m(r)L"(u) @) (3.5)

relrr(K')

Proof. Since L(u) is a holomorphic discrete series with the minimal K’ -type 7% (), and &
is a unitary lowest weight representation, we see that for any K'-type 7 of &, L(7% (u) ®7)
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is a direct sum of holomorphic discrete series representation. Thus we have

L(p)| = 75 (1) @ S(s'),

and

L(m(p) @ 7)

7= (M (W) eT)®S3y).

Therefore the left and right hand side of (3.5) are isomorphic as K’-modules.

On the other hand, L(u) ® € is the direct sum of holomorphic discrete representations
of G’ , and each K’ -type occurs with finite multiplicity. General theory for holomorphic
representations tells us that their G-module decompositions (in the Grothendieck group)
are determined by the weight space decompositions with respect to the compact Cartan
subgroup T" C K'. We thus conclude that the isomorphism of the left and right hand
side of (3.5) as K'-modules in fact induces an isomorphism as G’-modules. This proves
the proposition. O

Theorem 3.9. Let (G,G") be a reductive dual pair in the stable range with G’ the smaller
member. Suppose

I: 7' is a genuine unitary lowest weight representation of é’, or

II: 7' = &, the contragradient of a genuine unitary lowest weight representation &,
then the K -type formula of m = O(n') is given by

@ 7! !
0(7')|z ~ Z dim Homg, (7% () @ 7% (v)*, 7’
peAp(K')
veA (K")

) (0 (W B (1))

in Case I, and

9(7?’)’1? ~ Z@ dim HOIHI?,(TI}/(,U) ® &z Tf(/(u))(afd ()X Oj(_(l/)*)

peh,(K')
vEA(K')
in Case II.
Proof. This follows from Propositions 3.5 and 3.8. U

Remark 3.10. In view of the well-known fact that a unitary lowest weight (or highest

weight) representation 7’ of G s completely determined by its K'-structure, the above
result is not surprising. See [23] for an explicit decomposition formula of 7’

K’
3.3. Good filtration and associated variety. In this subsection, we discuss on the

natural filtration on lifted modules.
Let ' € Irr(g’, K') be in the domain of the theta lifting, namely 7’ can be realized as

quotient by a (g’, K')-invariant subspace of 2. Write m = 0(7’), the theta lift of 7’ which is
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an irreducible representation of G=0G (p,q)". By definition of the theta correspondence,
there is a (unique) surjective (g ® ¢’, K x K’) morphism

Q— 7.
Denote the kernel by N, so that we have Q/N ~ 7 ®x’. Through Fock model, we identify

the representation space of 2 with the space of polynomials C[IW]. Then there is a natural
filtration by degree on C[W]. We denote it by

- S el BN =NnE(Q). (36)

Then, V = m ® 7’ inherits an increasing filtration

Fy(V) = Fi(Q)/Fj(N) — Q/N = V.
For this filtration, the Lie algebra action increases the degree by two (as opposed to one).
We shall thus do some adjustment.

We adopt the following notations. For o & Irr(f? ), let dego be the smallest possi-
ble degree of non-zero polynomials occuring in the o-isotypic component ¢ of C[WW], and

R(K 2/N) the set of equivalent classes of irreducible representations of K which occur

in Q/N. Similar notations apply to K. According to [11], there is an integer jo (which
depend on N) with the following properties:

jo = min{dego : o€ R(K,Q/N)} = min{dego’: o’ € R(K',Q/N)}, (3.7)
and there is a one-to-one correspondence between those o € R(K Q/N ) and o' €

R(K',Q/N) with this minimal degree. More precisely take any o € R(K,Q/N) with
degree jo, then o occurs in Hz 7, = H(K) N H(K'), the space of joint harmonics. Let

o’ be the [?’—type which corresponds to o in Hg g/, then o e R([?’, /N) and is of the

minimal degree jo. We fix such a pair (o,0’) of K and K'-types of minimal degree j.
Choose a new filtration of V =7 ® n’ by

G;(V) = Fyjo(V) (7 20). (3.8)

Since ¢’ is contained in 7" with multiplicity one, we have m ~ ((¢/)* ® V)f(/ as a (g, K)-
module.

Lemma 3.11. The filtration of V = 1 @ @’ induces a good filtration of = by taking
def % K' .
Gi(m) = (@) @ G(V)™  (720). (3.9)
Proof. Let us denote the graded module associated with the grading G,(m) by

®
grm = Z gr; m, gr;m = Gj(m)/Gja(m).

=20
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Since the filtration is compatible with the Lie algebra action, it is enough to verify that
S(g) grom™ = grm (in fact, it is sufficient to prove that grz is finitely generated over the
symmetric algebra S(g)). B B

Note that G;(7) = ((0/)* @ G;(V)X = ((¢')* @ G;(V,))X', where V,/ is o’-isotypic
component of V. Now by the standard result of Howe [11],

CW]o = UmENH, 0,

where m0) consists of those operators in the complexified Lie algebra me (of M) which
raise degrees (by 2), and U(m®9) is its universal enveloping algebra. Recall that M is
the full commutant of K’ in G (the ambient symplectic group). Thus we have V, =
UmEOYH, 5 (mod N).
From [11], Fact 3 (on page 540), we have
m®0 &3m0 =5 e m®? =m0 g s,
Therefore we have

gr Vo-/ == gr (u(m(ZO))HO‘,O‘/) = S(Q)Hgﬂ-/,

where we identify H, , with its image in Q/N. Now it is easy to see
grr = ((0') @ gr Vo)X = (o) ® S(g)Hoo )~

— 5(8)((0')" ® Hoor)X = S(g) gry 7.
]

Proposition 3.12. Let m = 0(n') be the theta lift of n'. Assume that the associated
variety AV (1') of @' is irreducible, hence the closure of a single nilpotent K{.-orbit Q.
Then the associated variety of w is contained in the closure of the theta lift O = 60(Q').

Remark 3.13. Note that in the above proposition, we do not need the assumption that 7’
is a unitary lowest weight module, or even 7’ to be unitary. We remark that Przebinda
has proved a similar result about correspondence of complex associated varieties for 7’
unitary. See Theorem 7.9, [29].

Proof. Put I' = \/Ann gr 7 = 1(QV), and I = 1(0), where I(X) denotes the ideal of regular
functions which vanish on X. We shall prove that I(AV (7)) D I. For this purpose, it is
enough to show that f(z) € I implies that f(z) € /Anngr.

Let us recall the moment maps ¢ and ¢ (cf. §2.2). Then

f(z) el <= f(pw)) el (zes,weW),

where Z = I(yy~5(Q/)) = C[W] - ¢*(I') is an ideal generated by *(I') in C[W]. Thus,
there exist h; € C[WW] and g; € I’ such that

flo(w)) = " (f)(w) = Z hi(w)y™(g:) (w).
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For V.= Q/N ~ 7 ® 7', we define the filtration G;(V') as in this section, and consider
its associated graded module gr V. Since g; € I’, a suitable power of g; annihilates gr«’.
By Lemma 3.11, we can assume that grn’ comes from gr V' taking o-isotypic component
(actually, the lemma is proved for m, but the role of 7 and 7’ is symmetric there). This
means there is a sufficient large Ny such that 1*(g;)™° annihilates grV, for all i. Since
the multiplication of ¢*(g;) (on grV') is induced from the action of an element of U(g’),
it commutes with the action of g. This means that ¢*(g;)™° annihilates the whole space
grU(g)V, = erV.

Thus, taking suitable power Ny, ¢*(f)™ annihilates gr V. By Lemma 3.11 again, taking
o’-isotypic component, we see *(f) € Ann gr V,,, which in turn means fN € Ann grn
(we define gr7 as in the proof of Lemma 3.11). This proves that f(z) isin /Anngrz. O

4. POINCARE SERIES AND ASSOCIATED CYCLES

4.1. Canonical decreasing filtration. Let 7’ be an admissible representation of G’ and

consider it as a (g, K' )-module. We also consider the Weil representation (2 as a Harish-

Chandra module. In this subsection, we discuss the relationship between K types and

the grading of m = 0(7’) coming from the good filtration introduced in §3.3. As it turns

out, this boils down to certain canonical decreasing filtration on H = Hom(g,J?,)(Q, ).
Recall we have

H|. = Hom , 7 (€2, )z

[2
o
@]
=
m\
=
=
=
&
=
R
b
>‘\
®
&)
=
+
=
=
D
Q
N
I
S

See §3.1 for the notations here.
The following result is already proved in §3.2, but we include the statement here as we
shall need some explicit formulas later.

Lemma 4.1. Assume that @' is the Harish-Chandra module of a unitary lowest weight
representation. For f € Hom ﬁ)(L(,u), L(v)® '), define o(f) by

PN LW O LYY — 7, e(Duev) =@ (W), @D
and ®(f) = (P, 1)0 (/] )

O(f) 7 () 2L L) L L) e 2EL R ) @, (4.2)
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where P, : L(v) — 75 (v) is the K'-equivariant projection onto the lowest K'-type ()
of L(v). Then ¢ and ® induce the isomorphisms:

,J’;,)(L(u) ® L(v)*, 7')~ Hom(g,yﬁ)(L(u), Liv)®7)

~ Homz (7 (), 7 (v) @ 7).

Hom(
g

Put
V=Q/N~px,

where p = Q(n’) is the maximal quotient. Recall that we have defined a natural (K
-stable, increasing) good filtration on p in §3.3:

pa = Vipraa ® (")) (d>0),
where

o ® o' : a joint harmonics of the lowest degree,
jo = dego = deg o,
Vy = Fj(Q)/F)(N) (see (3.6)).

Since H = p*, this induces a canonical (I~( -stable) decreasing filtration {H?} on H given
by

H? = {95 €H | Pyo @(Fjo+2d(Q)) = 0}7 (43)
where P, : ' — ¢’ is a [A(/’—equivariant projection.

Definition 4.2. For a space V' with a decreasing filtration, we say that degv > difv € V
belongs to the d-th filtered subspace.

Through the isomorphisms ¢(f) < f < ®(f) given in Lemma 4.1, we have the cor-
responding decreasing filtrations in appropriate spaces. We will determine the various
filtrations.

Denote by ||u|| = dego® (), ||v|| = dego® (v)*. Note that as usual, the degree of
o%" () is defined to be the lowest possible degree in (a Fock model of) Q* in which

0% () occurs, and likewise for the degree of 6%~ (v)*.

Lemma 4.3. Let f € Hom L(p), L(v) @ ©'). Then deg f > d if and only if

(9’,17’)(
(1® Py)o f(L(p):) C L(V)dJr%(jof\\qulll’H)*i ® o (Vi > 0), (4.4)

where {L(p);} is the natural increasing good filtration of a holomorphic discrete series,
and {L(v)?} is the decreasing filtration determined by the natural increasing good filtration
{(L(v)*);} of an anti-holomorphic discrete series.
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Proof. Let ¢ € Hom g, 7 (0% ()M L(n)) @ (0™ (v)*®L(v)*),7") C H|z. Then deg ¢ >
d if and only if
Py o G(F(o™ ()R L(1) & F(0™ () BLW)) =0,  (¥i+j < jo+20d).
If in addition ¢ is of the form
u, € 0% (1)*, v, € o5 (v),
p € Homy, o (L(p) @ L(v)", '),

¢ =9 (uy ®vy), where {

this is equivalent to saying that
Py oLl ® (L)) =0, ((lull+20) + (Wl +2) <jo+2d).  (45)
Note that
o™ (1) & L(p)i = Fljpsai(0™ (1) & L(p)),
o (W) R(L(V)); = Flujegy (0" (v)" K L@)Y).
Let p = o(f) « f € Hom(g,’ﬁ)(L(,u), L(v)®7') be the correspondence given in Lemma
4.1. From (4.5), we see that deg f > d if and only if
(1& Py)o f(L(n):) € L) © o, (4.6)

for any 4, j satisfying j < d + 1(jo — ||| — ||v|]) — 4. Since the filtration {L(v)’} is
decreasing, the inclusion in (4.6) is equivalent to

(1® Py)o f(L(n);) € L{v)Hato-lmll=Ivh=i g o' (vi > 0).
U

Finally, let f < ® = ®(f) be the second isomorphic correspondence in Lemma 4.1. We
want to determine the degree of ® (in the decreasing filtration). Recall that

Hom(g/J?,)(L(,u), L(v) @ ') ~Homg (7% (1), 7% (v) @ ')
W U
f — P

Lemma 4.4. deg® > d if and only if
@(Tf(/(,u)) c T}?,(V) ® (W/)d—l—%(jo—\\u\\—HVH)’

where {(7')7} is the decreasing filtration determined by the natural (increasing) good fil-
tration of the unitary highest weight module (7')*.

Proof. By applying the Lie algebra action of s’, we see that the inclusion in (4.4) is in
fact equivilent to

(1® P,)o f(Tf(/(,u)) c L(V>d+%(jO*HuH*||VH) Q0. (4.7)
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We claim that the containment
(1® Py)o f(r¥ () € Lv) @ o’
holds if and only if
(P ®1) o f(r¥(n)) € T8 (v) @ (x').

To see this, we note that the first containment implies a linear inequality of the exponents
of the central character of K’ on the two sides. The same inequality ensures the second
containment, since the central character encodes the degree of the natural filtration in 7.

In view of (4.7), the lemma follows. O

4.2. Associated cycles of theta lifts. From the decreasing filtration on H = p*, we
get an increasing filtration for p = Q(n’), and hence obtain the graded module as follows:

ar() = 3 ralp),

d>0

o ~ _, . _
gry(p) = Z Homgz; (TK (1), 7™ (V) ® grd-f—%(jo—\\u\\—||VH)(7T,)) ® (" (n) Ko™
HGAP([E/)
veA(K')

()").

(4.8)

This in fact defines the Poincaré series for 7 = 6(n’), as the maximal quotient p = Q(7")
is already irreducible in the present case. See Corollary 3.6.

Remark 4.5. By comparing central characters (of K’ ), it is easy to see that summation
in gr,(p) is actually finite.

Let o be an irreducible (finite-dimensional) representation of G(k, C) which appears in

C[Wy]. We also take 7’ to be a unitary lowest weight representation of G’ which comes
from the compact dual pair correspondence of (G(k),G’). To fix notations, we assume 7’
and o are related by the formula:
G(k,C
W’}E/ ~ xr ® L[o], Llo] = (o0 @ C[Wy]) ( ), (4.9)

where Y is certain character of K.
Recall from §2.4 the lifted module M|o] of Lio]:

G(k,C
M(o] = (0 ® C[X,gur]) “7.
Its Poincaré series is given in (2.15).

Lemma 4.6. Let ©' be a unitary lowest weight module, and let o and k be related to
7' through the formula (4.9). Assume that 7' is genuine with respect to the dual pair
(G(p,q),G"), and let m = O(7") be the theta lift. Let jo be the lowest degree of the joint
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harmonics for m @ @' (cf. (3.7)), and j; = dego* (cf. (2.14)). Then the following inequal-
ities hold for the Poincaré series:

Case R: denote ko = (p —q — k)/2 € Z. Then we have
tonlroltio=iV/2 p(rt) > P(Mo]; t) > tloltio=i)/2p(rg) - (¢t > 0),
Case C: denote ko = (p —q — k)/2 € Z. Then we have
tEmrmllrol+io=i0/2 p(r-4) > P(M|o];t) > t(mFmlrol+io=i0/2 p(z. ), (t > 0).
Case H: denote kg = p — q — k. Then we have
tCnlRol 0= 2 P ) > P(M|o]; t) > t®lRol+io=i)/2 p(. ¢y, (t >0).

Proof. We shall only give the proof for Case R. The other two cases are entirely similar.
Also we assume that ko > 0 since the case kg < 0 can be treated in a similar way.
Now p € A (K’) and v € A (K’) if and only if p = o + 5L, and v = 3 + 1I,,, where
a,BeP, (the set of partitions of n), and I, = (1,...,1) € 77 Also we have the degrees
Il = lo = a1+ -~ + 0y and [[V]] = 8] = i + -+ . For a € Pa, denote by &
(resp. o) the irreducible finite dimensional representation of GL, (resp. O(p,C)) with

highest weight .. Then we have 05" (1) = o), oF~ (v)* = aéq).

Note that

W/’I?/ ~ detfl/2 ® L[o], Llo] = (a ® C[Mkm])O(k,(C)’

where K’ = U(n). Thus we can rewrite

Homgs (- 7, © 5,() = Homg (et 70,769 & g, L)

Therefore the Poincaré series of grm = gr p becomes

= Z dim gr, () - t?

d>0
=Y > dimHompg (det?™ "2 @ 70", 78 © gr, 1, o g Llo])
d>0 a,BEP,
dim (Jép) X aéq)) -
=t do/2. Z Z dim Hom (detﬁf’_q_k)/2 ® Tél"), r};‘) ® gr; L[a]) X
720 a,B€P,
dim(aép) X U(ﬁQ)) it 5(lel+18)
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We put B(a, 3;j) = dim Homgy, (To(én) ® Tﬁ(")*, gr; L[o]). Then, we can express

/2P (1 t) Z Z (o + kolln, B ) dlm( () g 59 )) . it (al+181)/2

j=20 «o,B€Pn
(put o' = a + Koll,)
= > BB dim(og] ., Qo) gt

720 « EPn-i-no]In

< Z Z o, B dlm(a ?) x(;(q)) i+’ | +18l—nro) /2

720 o ,BEP,
—P(M[ ] ) tU1—nro)/2

Here we have used the inequality dim agf)_ oL, < d1ma /. On the other hand, we have

t]0/2P ﬂ- t Z Z FJOHm]) dlm( gp) X Uéq)) . it (lal+181)/2
j>0 a,B€Pn

(pUt ﬁ/ = B — Hoﬂn)
- Z Z B(a, 87) dim(c? K gg@ﬂ ) - a1 4neo)/2

720 aeP,
ﬂlepn —koly,

>Z Z a, 3 j) dim (o) xg@) i+ (lal+|8 +nk0) /2
20 a,8'€Pn

= P(M|o];t) - tlrtnno)/2,
These two formulas prove the lemma. O

Theorem 4.7. Let ©’ be a unitary lowest weight representation of G’ arising from the
compact dual pair correspondence of (G(k),G"), for some k. Assume that 7 is genuine
with respect to the dual pair (G(p,q),G"), and let 7 = O(x') be the theta lift of ©'. If
AC (') = mp [Q], then we have

AC () = mq [Obel] where Q! = g(Q'Mh).
Moreover if o is related to @' through the formula (4.9), this multiplicity is given by the

following formulas:
Case R:
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Case C:
dimo (0 < k <min{m,n}),
my = { dim g@le—n (k>m=n),
dim (0 ® C[Mk_n’m_n])GLk_” (k >m >n).
Case H:
dimo (2k < n),
my = { dim g%PCFE=D.0) (2k > n; n = 2l),

dim(a ® (C[C2(k—l)])5p(2(k—l),<c) (2k > n; n=20+1).

Proof. Since 7’
This is computed in [23] (see also [34]), and it is as given in the current theorem.
By Lemma 4.6 we have

7 = Xx ® L[o], we see that m is equal to the multiplicity rankgmr L[o].

. P(m1)

lim ——————
t11 P(Mlol;t)
This means that the dimension of the support of a finitely generated C[s] module gr 7 is
equal to the dimension of QP! which is the support of M[o]. We know that the associated
variety AV (7) of 7 is contained in QP! by Proposition 3.12. Since they have the same
dimension, we conclude that AV (r) = Q. Now, the same formula (4.10) implies that

grm and M|o| have the same multiplicity m, along their common support Qh°l. This
multiplicity is given in Theorem 2.3, and it is the same as m,. O

=1. (4.10)

Remark 4.8. Note that M|o] is lifted from L[o] (Proposition 1.10). It is easily checked
that the hypothesis in Proposition 1.9 is satisfied when G'/K’ is of tube type. Thus in

this case the equality rankgr M|[o] = rankgser L]o] follows directly from Proposition 1.9.

For the non-tube case, one may also prove the preservation of multiplicty along this line,
with a bit more work.

Corollary 4.9. The Gelfand-Kirillov dimension of m is GKdim 7 = dim Q!, which is
equal to the following numbers for Cases R,C,H, respectively:

1
np+q—2n+r—1)— §T(T - 1), r = min{k,n}.
(m+n)p+qg—m—n+r)—1r% r = min{k, m,n}.

n(2p+2q—2n+2r+1) —r2r+1), r = min{k, [n/2]}.

As remarked in the Introduction, if 7" is a holomorphic discrete series representation,
the multiplicity m,, may also be given by the dimension of its lowest K’-type. This of
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course implies an equality of dimension of certain space of fixed vectors of o with the
dimension of the lowest K'-type of /. We prove a proposition in that direction.

Recall the complex vector space Wj canonically associated to the compact dual pair
(G(k),G"). As usual, let Hj, denote the space of G(k,C)-harmonic polynomials on Wy,
which has a dual pair correspondence as a G(k,C) x K{-module (see §2.5). Write

o
Hk}G(k;,(C)xK(’C = Z o (1) K 7. (4.11)

T

Recall also the see-saw pair (cf. §2.1):

L(k) G
U U
G(k) K’
Let
@
C[WkHL(k,(C)XK/C = Z pr(T)® T (4.12)

T

be the corresponding decomposition. Note that L(k,C) D G(k,C) is symmetric pair.
Proposition 4.10. Assume that the following conditions hold:

k> 2n, if G'=Sp(2n,R),
E>m+n, if G'=U(m,n), (4.13)
k>n, if G'=0*(2n).

Denote [ the real rank of G', as before. Then there is an isomorphism of G(l, C)-modules

oy (1) * 0 ’G(z,c) ~ i) }G(“C)’

for any T occurring in Hy, (or equivalently C[Wy]).
Proof. Under the given assumption on k, we have
C[Wi] ~ Hi ® CW,]¢*0 ~ H, @ C[s'] (as G(k,C) x Kg-modules).
Taking the G(k — [, C) invariants, we get
CW|CEHE) & (1,)CELO) & Clg].

On the other hand, we have the decomposition W), = W; & Wy, and so C[Wy] =
CiW) ® C[Wy—] as G(I,C) x G(k —1,C) x K{-modules. Thus the space of G(k —,C)
invariants of C[W}] becomes

C[W,]¢* Y ~ C[W)] @ C[W;,_]¢* Y ~ C[W)] ® C[s'].

Here we have used the isomorphism C[WW;_;]¢*~) ~ CJs'], again by our assumption on k.
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Thus we obtain the following isomorphism of G(I,C) x K{-modules:
(Hi) W19 ~ W, (4.14)
The desired isomorphism follows immediately. O

Remark 4.11. When G’/K' is of tube type, the above isomorphism yields especially pleas-
ant formulas, which we list below. Note that they were proved by Knapp [14].

(‘77(7]{))0%_”7@’0(71,@) = Tén)’om,m (k> 2n;n € Py).

(1O )y 2T @7 (m=n,k > 200, 0 € P).

(k) SP(2(k=1),C) " —(n) o )
(,”) }Sp(Ql(C) =T ’Sp 21@) (n=2l,k = n;n € Pn).

Here for n € P, (the set of partitions of n), 7 ™ denotes the irreducible finite dimensional

representation of GL, of highest weight 7. We use the same notation 0'7(7 ) to denote a

copy of irreducible finite dimensional representation of either O(k (C) or Sp(2k,C) with
n as the highest weight. Finally a ® (3 is defined to be (ay, ..., —Bny ooy —F1).

5. APPENDIX: COMPUTATION OF GENERIC FIBERS
5.1. O(p,q) x Sp(2n,R) (2n < p,q). We have the double fibration map

where the moment maps ¢ and v are given by
(A,B) € My, & M, ,,
0(A,B) = A'B e M,,=s,
(A, B) = ('AA, 'BB) € Sym,, ® Sym,, = ¢’

Take a holomorphic nilpotent orbit @'t! of rank k in ' = Sym,,, where 0 < k < n,

and consider its lift O°' = §(Q'1°!). The closure 0! is an affine quotient of Wy = M,
by O(k,C):

Qhel (0<k<n),
My,../]O(k,C) ~
Qrhol (k>mn).
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Here O(k,C) acts on My, via the left multiplication of matrices. The quotient map
¢+ My, — Ot € Sym,, is given by '(C) = '{CC  (C € My,).

The null cone is

Ny g+ = 1;,;+k(0) = m;r X m;rk
:{(A, B, C) | tAA == O, tBB + tCC == 0} C Mp+(q+k),n

We have the following diagram:

(ALB, AC) € X, un LO (A4,B,C) €m0y LO0O*0WO) Myn>C
//O<k,<c>l //O<k,<c>l //O<k,<c>l
Atpegpl Ay pyes,  LOROXOCO, G s ipp o e

Here =, = ¢~ 1(Qk) and r = min{k,n}.
We consider the generic fiber of ¢ : X, 1 — O C M,,. The fiber of Z € O in
mp’q+k 18

{(A,B,C) €M, 1 | Z = A'B}. (5.1)
If rank Z = n, it implies rank A = rank B = n and one can easily deduce that
{(A,B) e M} x My, | Z = A'B,rank A = rank B = n}

is a single G'L,-orbit. Now assume that 0 < k < n. Note that rank Z'Z < rank !BB =
rank(—‘CC) < k. We assume that Z satisfies the generic condition rank Z'Z = k. Then
we must have rank ‘BB = k. Thus for each fixed B, the set {C € M, | 'BB =
—'CC% is a single O(k,C)-orbit. We have thus proved that the set (5.1) is a single
GL, x O(k,C)-orbit, which is closed (since the map 9, .., — O is an affine quotient
map by GL, x O(k,C)).

The fiber (7'(Z) is an O(k,C)-equivariant quotient of the closed subvariety (5.1) by
the action of GL,. Therefore, (~'(Z) is a single O(k, C)-orbit, which is closed.

The case k > n can be treated similarly.

We have in fact proved the following

Corollary 5.1. Putr = min{k,n}. If Z € O satisfies rank Z = n,rank Z'Z = r, then
the fiber ("Y(Z) is a single O(k,C)-orbit. The stabilizer at x € (~Y(Z) is conjugate to

O(k—n,C) (k>n)

Remark 5.2. Clearly, Z € O!! satisfies rank Z < n and rank Z*Z < r. Thus, the con-
dition rank Z = n,rank Z'Z = r is generic (it is easy to see that the set satisfying the
condition is non-empty).
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5.2. U(p,q) x U(m,n) (m+n <p,q). We have the double fibration map

W= Mp+qm+n
E—Mpq@qu mn@Mnm:

where the moment maps ¢ and v are given by

A B
Z = (C D) € Myt qmin

o(Z) = (A'C,D'B) € M, ,® M,, = s,
PY(Z)=("AB,'DC) € My, ® My =8
Take a holomorphic nilpotent orbit @'t°! of rank k in &

" = M, m, where 0 < £k <
min{m, n}, and consider its lift Q' = #(Q'}°"). The closure @''! is an affine quotient of
Wi = Mipin by GLy:

@—201 (0 <k <min{m,n}),

My min//G Ly ~
(n = min{m,n} < k).

Here G Ly acts on My, p1p Via

g(EaF):(gEa tg_lF)a (geGLkaEeMk,maFEMk,n)'

The quotient map (" : My, 1 — O8N C M, ,,, is given by

(B, F)="FE  ((E,F)€ Mymin)-

The null cone is

Ny gk = p_,;Jrk(O) = ‘ﬂ; XNk
A B

:{Z —|c D||tAB=0,'DC + 'FE = 0} C My (qkymin
E F
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We have the following diagram:

//GLm xGLnp //GLpxGLq

Xpgrk ——— Mg ———— Mpmn
//GL,{ //GLkl //GLkl
//GLym XGLy — //GLpxGLq —
@?ol =, @/?0]

A B
t .
(A'C,A'E), (?é)) Ltk (C D) LIRS

E F
| ol ‘|
wonm o (A 0) o

Here =, = ¢~ 1(Qhol), and r = min{k, m,n}.
Let us consider a “contraction map”

fiMpink 2 (g) — A'B € M,, . (5.2)
Then the image of f is a closed subvariety
V,={Y € M, | rankY <71} C My, (r = min{k, m,n}),

which is called the determinantal variety of rank r. If we define an action of g € GL; on
A A Alg - . .
(B) € Mpjni as g - (B) = (Bgl>’ then V, is isomorphic to the affine quotient of
My in i by GLg, and f is a quotient map:
f : Mm—l—n,k - ‘/r = Mm—i—n,k//GLk

The following results can be proved by elementary calculations. We shall be contented

to just state them. Denote G* gV the G-principal bundle over G/H, where V is an
H-module.

Lemma 5.3. We keep the notation above. Let us take Y € V, with rankY = r.

(1) If k < min{m,n}, then the fiber f~1(Y) is a closed G Ly-orbit isomorphic to GLy,.
(2) If k >m =mn, the fiber f~1(Y) is a closed G Ly-orbit isomorphic to GLy,/GLy_,.
(3) If k > m > n, there is a GLy-equivariant isomorphism

fﬁl(Y> = GLk*GLk,anfn,mfna

where GLy_y, acts on My_y m—rn by the matriz multiplication on the left. Thus the fiber
J7HY) contains exactly two GLyg-orbits if m = n + 1; otherwise, there exist infinitely

many orbits in [~H(Y). Among the GLy-orbits in f~X(Y), there exists a unique closed
orbit isomorphic to GLy/GLy_,.
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Corollary 5.4. The generic fiber of the quotient map f : My, 1n i — V, is a single closed
G Ly-orbit if and only if k < min{m,n} or m = n holds.

Now we consider the generic fiber of ¢ : X, ;4x — O C M, , ® M,,. Take (S,T) €
Okel. Instead of investigating the fiber (~((S,T)) C X, 1k, we consider the fiber in
Npgr:

A B
T(s,1) = { g 1; € Wypui| S = A'C,T = D'B}. (5.3)

We use the notations of Lemma 5.3 in the following

Lemma 5.5. Ifrank S = m,rankT = n and rank ST = r, then there exists a Y € M, ,
with rank Y = r such that

Y(S,T) ~ GL,, x GL, x f1(Y) (GLy, x GL,, X GLyg-equivariant isomorphism).
In particular, we have

GL,, x GL, x GLj (k <min{m,n}),
Y(S,T)~ < GL,, x GL,, x (GLy/GLy_,,) (k >m=n),
GLm X GLn X (GLk*GLk,anfn,mfn) (]{7 >m > n)
Corollary 5.6. Let us assume that rank S = m,rankT = n and rank ST = r. Then, we
have ¢71((S,T)) = f~YY) for Y € M,,,, as in the lemma above. More precisely,
GLy (k < min{m,n}),
C(S,T)) =~ GL/GLy_y, (k >m =n),
GLk:*GLk_an—n,m—n (k Z m > TL)

Thus, the generic fiber (71((S,T)) is a closed GLy-orbit if and only if k < min{m,n} or
m=n.

5.3. Sp(p,q) x O*(2n) (n < p,q). We have the following double fibration map
W = M2p+2q,n

N

s = Mgp’gq Alt n D Alt n — s
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where the moment maps ¢ and v are given by
A
0(Z) = A'B € Myoq =5 o ( ; 1,,)
W(Z) = (‘AJ,A, 'BJ,B) € Alt,, & Alt,, = &/ »=\-1, 0

Take a holomorphic nilpotent orbit Q"1 of rank 2k in ' = Alt,,, where 0 < 2k < n,
and consider its lift Q' = #(Q'!!). Note that the rank is necessarily an even integer.
The closure Q2! is an affine quotient of Wy, = My, ,, by Sp(2k, C):

Qhel (0 <2k <n)
Mok /[ Sp(2k,C) ~ § = [n/2]
Qrpel (n < 2k)

Here Sp(2k,C) acts on Moy, via the left multiplication of matrices. The quotient map
¢ Moy, — Qh°l C Alt,, is given by ¢'(4) = ‘AJyA (A € Moy).
The null cone is

Ny gk = p_,;Jrk(O) = ‘ﬁ; XNk
—{(A,B,C) | *AJ,A=0,'BJ,B + 'CJ,C = 0} C My (2gs20m-

We have the following diagram:

//GLn //Sp(2p,C)xSp(2¢,C)

Xpgrk ——— Npgtk Mo,
IS0 spenc) | spiake) |

Qbol //GLn =, //Sp(2p,C)x Sp(24,C) Qhol
(A'B,AtC) <2225 (A B,C) 22, C
Cl prOjl C/l

A'B % (AB) —Y 'BJ,B=—'CJ,C

Here =, = ¢~} (Q/1), and r = min{k, [}.

Let us consider a “contraction map”
f: Mg/ﬁn 5SA— tAJkA € Alt,,. (54)
Then the image of f is a closed subvariety

V., ={Y € Alt,, | rankY < 2r} C Alt,, (r = min{k,[}),
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which is a closed subvariety of the determinantal variety of rank 2r. If we define an action
of g € Sp(2k,C) on My, by the left multiplication of matrices, then V;, is isomorphic to
the affine quotient of My ,, by Sp(2k,C), and f is a quotient map:

f . M2k,n E— ‘/r =~ MQk,n//Sp(Qka C)
Again we state the following results without proof.

Lemma 5.7. We keep the notation above. Let us take Y € V. with rankY = 2r and
r =min{k,l = [n/2]}.

(1) If 2k < n, then the fiber f~1(Y) is a closed Sp(2k, C)-orbit isomorphic to Sp(2k,C).
(2) If 2k > n and n is even, the fiber f~1(Y) is a closed Sp(2k,C)-orbit isomorphic to
(3) If 2k > n and n is odd, the fiber f~1(Y) consists of exactly two orbits. The closed
orbit which is smaller is isomorphic to Sp(2k,C)/Sp(2(k — r),C), and the larger orbit
is isomorphic to Sp(2k,C)/Q,, where Q, C Sp(2(k — 1), C) is the stabilizer of a vector
v # 0 in C2k7);

~ Sp(Qk, C>*Sp(2(k_r)’(c)(c2(k7r).

Remark 5.8. The maximal parabolic subgroup which leaves Cv stable is isomorphic to

Q, x C*.

Corollary 5.9. The generic fiber of the quotient map f : Moy, — V, is a single closed
Sp(2k, C)-orbit if and only if 2k < n orn is even.

Now we consider the generic fiber of ¢ : X, ;4 — Ol C My,o,. Take S € Qhel
Instead of investigating the fiber (7!(S) C X, ,1%, we consider the fiber in M, ;1

1(5) = {(4,B,0) € mp,ﬁk] S =A'B}. (5.5)
We use the notations of Lemma 5.7 in the following

Lemma 5.10. Put r = min{k,[} as above. If rankS = n and rank SJ, 'S = 2r, then
there exists a Y € Alt,, with rankY = 2r such that

Y(S)~ GL, x f1(Y) (GL,, x Sp(2k,C)-equivariant isomorphism,).
In particular, we have
GL, x Sp(2k,C) (2k < n),

T(S) ~ ¢ GL, x (Sp(2k,C)/Sp(2(k —r),C) (2k > n; n is even),
GL, x (Sp(Qk,C)*Sp@(k,r)@@%k_’“)) (2k > n; n is odd).
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Corollary 5.11. Let us assume that rank S = n and rank SJ,*S = 2r. Then, we have
CHS) =~ f7HY) for Y € Alt,, in the above lemma. More precisely,

Sp(2k,C) (2k < n),
¢1(S) ~ < Sp(2k,C)/Sp(2(k — ), C) (2k > n; n is even),
Sp(Qk,C)*Sp(g(k_r)’C)CQ(k_r) (2k > n; n is odd).
(

Thus, the generic fiber (Y(S) is a closed Sp(2k,C)-orbit if and only if 2k < n or n is
even.
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