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1. PRELIMINARIES

Much of the literature on multiplicity free actions is set in the framework of alge-
braic groups. We begin by summarizing the basic definitions and results we require
concerning such groups and their representations.

1.1. Algebraic groups. The general linear group GL(n,C) can be viewed as an
algebraic group. Its structure as an affine variety arises via identification with the
zero set for the polynomial function p(A, w) = det(A) —w on gl(n,C) x C. One calls
G a reductive complex (linear) algebraic group when

e (linear) G is an algebraic subgroup of GL(n,C), and
o (reductive) C™ is a direct sum of G-irreducible subspaces.

The classical examples are
GL(n.C),SL(n,C),0(n,C),SO(n,C), Sp(2n,C)

and direct products of these groups. The torus (C*)" is a direct product of copies
of GL(1,C) = C*. A reductive complex algebraic group is connected (in the Zariski
topology) if and only if it is irreducible as an algebraic variety. The classical examples
are all connected except for O(n,C), which has two components. We will assume
that our algebraic groups G are connected unless noted otherwise.
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1.2. Regular functions. C[G] denotes the ring of regular functions on G. This is
the coordinate ring of G as an affine variety. More concretely

C[G] is the algebra generated by the matrix entries of G’ and det .
A function f : G — Cis regular if and only if f is the restriction of a regular function
on GL(n,C). So
C|G] = C[GL(n,C)]/I(G), where I(G) = {f € C|[GL(n,C)] : f(G)=0}.

Examples 1.2.1. For g = [a;;] € GL(n,C) let z;(g) = a;;. Then
e C[GL(n,C)] = Clzj, det™],
° (C[SL(TL, (C)] = (C[Z@'j],
o C[(C)"] = Clz11, 211"+ - - s Zum, 2

TL’VL]'

1.3. Algebraic groups as Lie groups. As an algebraic group, G carries the Zariski
topology. As a set of n x n complex matrices, G also has a subspace topology from
gl(n,C). In fact, G is a smooth submanifold of gl(n,C), viewed as a real vector space
of dimension (2n)%. In this way G is seen as a (real) Lie group with Lie algebra

g={Acgl(n,C) : e c G forall t € R}.

Moreover g is closed under multiplication by ¢ and hence is a complex Lie-subalgebra
of gl(n,C). Alternatively one can define the (complex) Lie algebra g for G as

g={Ac€gl(n,C) : felI(G) = AfecI(G)}

where i
Aflg) = = flg(I +tA)).
t=0
When G is reductive, g is a complex reductive Lie algebra. This implies that
g=s3)ed

where 3(g) denotes the center of g and the derived subalgebra g’ = [g,g| is semi-
simple, a direct sum of simple ideals. g’ is the Lie algebra of the commutator subgroup

G = (G,G).

1.4. Structure theory. A maximal connected solvable algebraic subgroup B of G
is called a Borel subgroup. The following facts concerning such subgroups are well
known:

e Any two Borel subgroups are conjugate in G.

e Given any Borel subgroup B, there is an opposite Borel subgroup B~ with the
property that B~ B is Zariski dense in G and contains an open neighborhood of
I.

e B is the semidirect product B = HN of its commutator subgroup N = (B, B)
with a maximal torus H in G. The group N is a maximal unipotent subgroup
of G.
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The Lie algebra b of H is maximal abelian subalgebra of g. For o € h* let
go={Y €g : [X,)Y]=0a(X)Y for all X € h}.
Then
A=A(g,h) ={a€bh” : go#0}
is the set of roots for g (relative to ). Each root space g, is one dimensional and
=05 P
aEA

There is a subset AT of A, called the positive roots, such that N has Lie algebra

Now
e A=ATU(-AT),
e b =h @ nis the Lie algebra of B, and
e N~ has Lie algebra n™ = @ . x+ 9-a-

For each o € A" there are elements X, € go, X_o € g_a, Hy € b which form an
sl(2)-triple:

[Ho, Xo] = 2Xo, [Hoy X o] = —2X_,, [Xa,X_ o =H,.
For each av € A we have a root reflection
Sa: B =0 su(A) = A — (A a)a
where
(A, a) = AN(Hy).

The Weyl group W = W (g, b) is the subgroup of GL(h*) generated by {s, : a € A}.
It is a finite reflection group that acts by permutations on the set A.

Example 1.4.1. The standard Borel subgroup in G = GL(n,C) is
21
B, = O . *x :ZjE(CX ,
Zn
the group of invertible upper triangular matrices. We have
B,=H,N,

where H,, denotes the diagonal matrices in GL(n,C) and N,, denotes the unipotent
upper triangular matrices. The opposite Borel subgroup for B, is

By = H,N;

where B, and NNV, are the invertible and unipotent lower triangular matrices respec-
tively.
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The Lie algebra b,, of H, is the set of all diagonal matrices. Letting ¢; € h* denote
the functional

gi(diag(z1, ..., 2n)) = 2i
one has
roots A = {e; —¢; : i # j} and positive roots AT = {e; —¢; : i < j}.
For a = ¢; —¢; € AT we have
Xo=Ey, X_.=FE; H,=E;—E;.
The root reflection s, satisfies s, (ex) = €-(k) Where 7 € S, is the transposition that
interchanges ¢ with j. Thus the Weyl group is isomorphic to S,,.

1.5. Rational representations.

Definition 1.5.1. Let (0,V) be a representation of G.
1. (o,V) is said to be rational (or regular) if it is finite dimensional and its matrix
coeflicients
g—elo(gv), peViveV
all belong to C[G].
2. (0,V) is locally rational (or locally regular) if dim (V) = oo and for any finite
dimensional subspace F' of V' there is a ¢(G)-invariant subspace W with F' C
W C V for which o|W is rational.
We let G denote the set of equivalence classes of irreducible rational representations
of G and sometimes write V, for the representation space of o € G.

Note that subrepresentations of rational (or locally rational) representations are
rational (resp. locally rational).

Example 1.5.2. As G = C* is abelian, its irreducible representations are given by
characters p : C* — C*. For such a character to be rational we require p € C|[G| =
C[z,1/z]. So p is holomorphic on C* and hence determined by its restriction to the
unit circle T. One concludes that

(CT=A{pn : neZ}

where p,(z) = 2". The character

gives a representation of C* which is not rational.

This example illustrates the:

Weyl Unitarian Trick: Rational representations of G are determined by holomorphic
extension from a maximal compact connected subgroup K of G (viewed as a real Lie

group).



NOTES ON MULTIPLICITY FREE ACTIONS 5

It now follows from the representation theory for compact Lie groups that rational
representations are completely redumble Moreover, the Unitarian Trick establishes
a bijection between G and the set K of unitary equivalence classes of irreducible
unitary representations of K. So one can work entirely in the compact group setting,
should one so prefer. Maximal compact subgroups for the classical groups GL(n.C),

SL(n,C), O(n,C), SO(n,C), Sp(2n,C) are
U(n),SU(n),O0(n,R),SO(n,R),Sp(2n) = U(2n) N Sp(2n,C).

Each rational representation (o,V’) of G is smooth. That is, ¢t — o(e’*)v is a
smooth map R — V for each v € V', X € g. Thus we obtain a derived representation

tX)

o(X)v = 4 o (e

of the Lie algebra g on V.

(Note that we are using the same notation for the representation o on both the
Lie group and the Lie algebra.)

When there is no ambiguity, we will denote the action of G' (or g) on V by

o(glv=g-v (or o(X)v =X -0).

1.6. Highest weight theory. Let B = HN be a Borel subgroup in G and (o, V)
be a rational representation. By the Lie-Kolchin Theorem, there are non-zero o(B)-
eigenvectors. That is, there are vectors v # 0 in V' such that

o(b)v =¢(b)v forall b€ B,
where ¢ : B — C* is a regular character. As N = (B, B), we have ¢|y = 1 and
hence
e {veV : visa B-eigenvector} = V¥ the N-fixed vectors in V, and
e 1) is determined by ¥ |y € H.
Highest weight theory asserts that

o is irreducible <= dim(V") = 1.

For each o € é, there is a non-zero B-eigenvector v, € V,, unique up to scalar
multiples. This is the highest weight vector for o.

The corresponding character ¢/ : B — C* can be differentiated to give a functional
A on the Lie algebra b, with A(n) = 0. We have X - v, = A(X)v, for all X € b. As
noted above, A is determined by its value on the Lie algebra § of H.

The functional X in h* is the highest weight for 0. We can extend A to b (or b™)
by taking A(n) = 0 (resp. A(n~) = 0). Thus v, is, up to scalars, the unique vector in
V with

X v, = A X)v, for all X € b.
Highest weight theory asserts, moreover, that

o is determined up to equivalence by its highest weight.



6 C. BENSON AND G. RATCLIFF

Given a representation of G with highest weight \, we will denote the correspond-
ing representation as V). (Keep in mind that this all depends on the initial choice of
a Borel subgroup.) For an element b in the subgroup B, we will denote the corre-
sponding character by b — b

The highest weights for GL(n,C) (with respect to the standard Borel subgroup)
are

{diag(hy, ..., hy) = dihy + - +dphy + di,... dy € Z withdy > dy > - > dy}.

1.7. The contragredient representation. Given a representation of G on V', we
define the contragredient representation of G on V* by:

g-Ew)=E&(g v forEe Vi veV.

If V has highest weight vector v with highest weight A\ with respect to some Borel
subgroup B, then V* has a highest weight vector v* with weight —\ with respect to
the opposite Borel subgroup B~.

1.8. Decompositions and multiplicities. Let (p, W) be a rational representation
of G and o € G. The o-isotypic component of W is

W = Z{V : V is a p(G)-invariant subspace of W with p|V ~ o}
= Z{T(Vg) : T:V, — W intertwines o with p}
Then
W ~m(o,p)Vo=V,®---®V,
—_—— —
m(a,p)

as G-modules where the multiplicity m(o, p) of o in p is given by
m(o, p) = dim(W?)/dim(V,) = dim(Homg(V,, W)).

(Homg(V,, W) is the space of linear maps V, — W intertwining o with p.)
The multiplicity m(o, p) can also be characterized using highest weight theory. Let
B be a Borel subgroup of G and A be the highest weight for 0. Then

m(a, p) = dim (W5?)

where
WBA={weW : b-w=bw}

is the space of highest weight vectors with weight .
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1.9. Group actions. We use the notation
G:X
to indicate that there is a rational action of G on a variety X,
GxX—-X, (gx)—g-uz.

That is, the map G x X — X is a group action and a morphism of algebraic vari-
eties. The variety X may be affine or, more generally, quasi-projective. That is, the
intersection of a closed with an open set in CIP".

It follows that if f € C[X], the regular functions on X, then

z— flg™' )
is a regular function. Thus we obtain a representation p of G on C[X],
(9-f)z)=flg" =)
Lemma 1.9.1. The representation p of G on C[X] is locally rational.

Remark 1.9.2. In these notes, linear actions G : X are our main concern. That is,
X will usually be a vector space on which G acts by a rational representation. Then
C[X] is the algebra of polynomials on the vector space X and one can give an easy
proof of Lemma 1.9.1. Let Py (X) denote the space of polynomials on X homogeneous
of degree k. For any finite dimensional subspace F' of C[X], we have F' C W where

W = ipk(X)

for n sufficiently large. Now W is a finite dimensional, G-invariant subspace and we
have a rational representation.

Now for o € G define the o-isotypic component C[X]7 as:
CIX]7 => {T(V,) : T € Homa(V,, CIX])}.
Lemma 1.9.3. We have an algebraic direct sum

ClX] =E&pcix).
oeG
Thus
ClX] = P m(o, CIX)V,
e
as G-modules, where the (possibly infinite) multiplicity m(o, C[X]) of o in C[X] is

m(o, C[X]) = dim(Homg(V,,C[X])) = dim (C[X]B’A) ,
where X is the highest weight for the representation o.

We can now introduce our principal objects of study.
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Definition 1.9.4. G : X is a multiplicity free action if m(o, C[X]) < 1 for each
oced.

Given an action G : X and an algebraic subgroup H of GG, one has

(1.9.1) H : X multiplicity free = G : X multiplicity free.

Indeed, if G : X fails to be multiplicity free, then some representation o € G occurs
in C[X] with multiplicity greater than one. Thus all irreducible constituents of o|y
occur with multiplicity greater than one. So H : X also fails to be multiplicity free.

1.10. Section 1 notes. The material in this section is standard and there are many
excellent references. One is the book [14] by Goodman and Wallach. See Chapter
1 and Appendix D in [14] for further details on foundational material concerning
algebraic groups and Lie groups. See Section 11.3 of [14] for proofs of the assertions
concerning Borel subgroups. Our treatment of the isotypic decomposition for C[X]
follows Section 12.1 in [14].

2. MULTIPLICITY FREE ACTIONS

These notes are mainly devoted to the study of linear multiplicity free actions.
In this section, however, we consider actions G : X in the more general context
of algebraic varieties. Our main purpose is to describe some noteworthy non-linear
examples.

2.1. Borel orbits. There is a simple criterion for multiplicity free actions.

Theorem 2.1.1. If a Borel subgroup B in G has a (Zariski) dense orbit in X then
G : X is multiplicity free.

Proof. Suppose that B - z, is dense in X. Let 0 € G occur in C[X] (that is
m(o,C[X]) > 0) and let X\ be the highest weight for . Let fi, fo € C[X] be two
B-highest weight vectors with weight A\. One has

[0 we) =0 (o).

As f; is regular and B - z, dense in X, we see that f; is completely determined by
the value f;(x,). In particular, f;(z,) # 0 (as f; # 0) and we can write

o fQ(xo)
So the space of A-highest weight vectors in C[X] is one dimensional and hence
m(o, C[X]) = 1. O

Since any two Borel subgroups are conjugate in GG, the criterion in Theorem 2.1.1
does not depend on the choice of Borel subgroup B.

Suppose that B - x, is dense in X. Since B is connected, it follows that X must
be an irreducible variety and that B - x, is a Zariski open set. Thus X\(B - z,) is a
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closed set which contains no open subsets in X. We conclude that there is only one
dense open B-orbit in X.

Conversely, if G : X is a multiplicity free action with X an urreducible affine variety
then X contains an open (hence dense) B-orbit. We will prove this result for linear
multiplicity free actions later in these notes. (See Theorem 3.2.8 below.) One special
case of the converse admits, however, a direct proof. This is the case where G is an
algebraic torus G = A = (C*)". In this case the Borel subgroup is A itself and one
has the following.

Proposition 2.1.2. Let X be an irreducible affine variety and A be a torus. If A+ X
is multiplicity free then there is an open (hence dense) A-orbit in X.

Proof. One can choose weight vectors fi,..., f. in C[X] that generate C[X] as an
algebra. Since A : X is multiplicity free the weights {A;,..., A} for fi, ..., f. must
be linearly independent. Choose a point z, € X for which f;(z,) # 0 for 1 < j <r.
Define a map p : C[X] — C[A] by

(pf)(a) = (a- f)ze) = fla™" - xo).

We claim that p is injective. Indeed, for f = f™ = f{"*--- f one has

(pF)(a) = 4™ - a™ [ () = 0™ f (),
and hence

(pf)(a) =Y cma™ f ()

for f =5 cnf™ € CX]. If (pf)(a) =0 for all a € A, then linear independence of
the A;’s implies that c,, = 0 for all m.

Thus every regular function on X is determined by its restriction to A - z,. It
follows that A - x, is open and dense in X. O

2.2. Quasi-regular representations. We continue to let G denote a reductive com-
plex linear algebraic group. The left and right actions of G on X = G

e g-x = gx, and
e g-x=xg"
give rise to the left and right reqular representations
* L(g)f(x) = f(g~'x), and
o R(g)f(x) = f(xzg) respectively
of G on C[G]. For any algebraic subgroup H of G we let
ClG/H] = C[G]"™),  C[H\G] = C[G)H™

and define the left (resp. right) quasi-reqular representation of G as the restriction of
L to C[G/H] (resp. R to C[H\G]). The representations L and R of G on C|G/H]
and C[H\G]| are equivalent via the intertwining operator

T:C[G/H] — CH\G], T(f)=Ff, (f(x)=Ff@™).
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In fact the homogeneous space G/H is a smooth quasi-projective variety with
coordinate ring C[G/H]. If H is a reductive or normal subgroup then G/H, is an
affine variety. We remark that one can have C[G/H] = C even when dim(G/H) > 0.
This situation occurs whenever G/H is a projective variety, in particular when H is
a Borel subgroup of G. In any case, the left action G : (G/H) is rational and gives
rise to the left quasi-regular representation. Similar remarks apply for H\G and the
right quasi-regular representation.

The isotypic decomposition for the quasi-regular representations is given by Frobe-
nius Reciprocity:

Theorem 2.2.1. As a G-module we have
C[G/H] = €D dim(V,})V,.
ocG

In particular, C[G] = &,dim(V,)V,.

Proof. Lemma 1.9.3 applies here since G : (G/H) is a rational action. It suffices to
show that Homg(V,, C|G/H]) = V. For this, one verifies that

©: V' — Homg(V, CIG/H]),  ®(&)(v)(9) =&(a(g™")v)
is an isomorphism with inverse
A : Homg(V,,C[G/H]) — VE, AT)(v) = (T(v))(e).
l
Corollary 2.2.2. The action ofg on G/H (or on H\G ) is multiplicity free if and
only if dim(VH) <1 for all o € G.

Note that if H; and H, are algebraic subgroups of G with H; C H, then V2 C
VHi Thus if G : (G/H;) is a multiplicity free action then so is G : (G/Hs).

The proof of Theorem 2.2.1 shows that the o-isotypic component in C[G] for the
left regular representation is

CIGI"* ={T(v) : v€V,, T € Homg(V,,C[G])}
={2()(v) : veV,§eV]}

where ®(£)(v)(g) = £(o(g71)v), a matrix coefficient. The right regular representation
preserves C[G]7F, since L and R commute. As a module for G x G, C[G]F is
isomorphic to Vy« ® V, = V> ® V. Indeed, the map

U VeV, - ClGI7", T(a,v) =o(a)(v)
intertwines ¢* ® o with the left-right regular representation

(LR)(91,92)f (x) = f (91 "2 g0)
of G x G on C|G]. This gives the Peter-Weyl Theorem:
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Theorem 2.2.3. The left-right action of G x G on G is multiplicity free. As a

G x G-module we have
ClG) = Po o

2.3. Maximal unipotent subgroups. Let B = HN be a Borel subgroup in G.

For each o € G we have dim(VN) = 1, by highest weight theory. Theorem 2.2.1 now
shows:

Theorem 2.3.1. The action of G on G/N is multiplicity free. Moreover, each irre-
ducible representation o € G occurs exactly once in C[G/N].

The Borel-Weil Theorem provides an explicit model for the irreducible representa-
tion with specified highest weight A € h* inside C[G/N~].

Theorem 2.3.2. The irreducible representation with highest weight A € h* is given
by the left reqular representation of G on

Ry={f €C[G] : f(gb)=b"f(g) for allbe B™}.
Moreover, a highest weight vector in Ry is given on the dense subset NHN~ of G by
fa(nhn™) = ™.

Proof. First observe that Ry is a L(G)-invariant subspace of C[G/N~]. If f € Ry is
a B-highest weight vector then

f(nhn™) = f(h) = (™" f)(e)
and also f(h) = h™*f(e). Thus f has weight A and f = f(e)fr. So Ry is L(G)-
irreducible with highest weight A\ and highest weight vector f). (Il

Corollary 2.3.3. The span of R\R,, is Rxi,.
Proof. The span of Ry\R,, is a G-invariant subspace of Rx4,,. (]

Remark 2.3.4. It follows from Theorem 2.1.1 that G : (G/B) is also multiplicity
free. But VB = {0} unless o € @ is the trivial representation. So C[G/B] = C
and this is an uninteresting example. Alternatively, one can note that G/B is a flag
manifold, hence projective, hence compact. So every regular function on B\G is
constant.

2.4. S-varieties. Let B = HN be a Borel subgroup in G with opposite Borel sub-
group BT = HN- = N H. Fori =1,...k, let 0, € G act on the space V;, and
let v; € V; be a B™-highest weight vector with weight —\;. Let v = vy +--- 4+ v, €
Vi® - @ Vg Then

X=G-v,
the Zariski-closure of the orbit of v in V1 & - - - @V}, is a G-invariant subvariety, called
an S-variety.
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Since N~ - v = {v}, we see that
B-v=NHN" -v

is dense in G - v and hence also in X. It follows from Theorem 2.1.1 that G : X is a
multiplicity free action. In the present context, however, we will show directly that
G : X is multiplicity free by exhibiting the decomposition for C[X].

Theorem 2.4.1. The multiplicity free decomposition of C[X] is
ClX] = PR,

where A = {a1 1 + -+ ax\p :© a; € N}
(Throughout these notes, N denotes the non-negative integers, including zero.)

Proof. We can lift an element £ of V;* to V, and define a function fe on G by fe(g) =
£(g-v) = &(g - v;). Then for b € B~ fe(gb) = &(gb-v;) = bi&(g - v;) = b~ fe(v).
Thus fe is in the G-irreducible space R), defined above. Hence {{|x : £ € V;*} is
equivalent to the G-irreducible Ry,.

Note that C[X] is generated by the restriction of elements of each V* to X. So
by Corollary 2.3.3, we conclude that the irreducible components are products of the
subspaces R, . U

Thus we see that, for any finitely-generated semigroup A of highest weights of G,
we can construct a multiplicity-free action of G on an S-variety X whose polynomial
ring decomposes into irreducibles with highest weights in A.

There is another characterization of S-varieties:

Theorem 2.4.2. Let X be an irreducible affine G-variety with a G-open orbit, such
that the isotropy subgroup of any point in the open orbit contains a maximal unipotent
subgroup. Then X is an S-variety.

Proof. One can find a (rational) representation ¢ of G and a G-equivariant embedding
of X into V. [39]

So assume that X C V, and let v € X be any point in the open G-orbit. Choose
a Borel subgroup B with N C B such that N C stabg(v). Then we can write
v = v + - + v, where each v; is a weight vector with weight \;, and the \.s are
distinct. Since v is stabilized by N, each v; is a highest weight vector.

Thus our variety X is the closure (in V') of G - v, where v = vy + -+ + vg. O

2.5. Spherical pairs. Suppose that H is a reductive algebraic subgroup of G. We
say that (G, H) is a spherical pair if dim(V) <1 for all ¢ € G. Equivalently, the
actions of G on G/H and H\G are multiplicity free. In this section we will summarize
some results concerning spherical pairs, without proof.

Let U and K denote maximal compact connected subgroups of G and H. These
are compact real Lie groups. Recall that the irreducible rational representations of G
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and H correspond to irreducible unitary representations of U and K via the Unitarian
Trick. So R

(G, H) is spherical <= dim (V) <1 forall o € U.
We say that (U, K) is a compact Gelfand pair in this case. It is known that (U, K)
is a Gelfand pair if and only if the algebra L'(U//K) of integrable K-bi-invariant
functions on U is abelian with respect to convolution.

The preceding remarks show that the spherical pairs (G, H) are precisely the com-
plexifications of the compact Gelfand pairs (U, K). It is well known that (U, K) is
a Gelfand pair whenever U/K is a Riemannian symmetric space. The classification
of irreducible symmetric spaces of compact type produces ten families of examples,
listed in Table 1, together with seventeen exceptional cases. In entries 8 and 9, U(n)

U K G H
I [SOmR) {1} SOm,C) {1}
2 | SU(n) n SL(nC) (1}
3 | Sp(2n) {1} Sp(2n,C) | {I}
4 | SUM) SO(n,R) SL(n,C) | SO(n,C)
5 SU(Zn) Sp(2n) SL(2n,C) Sp(2n,C)
6 |SUp+q) |SUP) xUld)) SL(p+4q,C) | S(GL(p,C) x GL(q,C)
7 | SO(p+q,R) | SO(p,R) x SO(¢,R) | SO(p +¢,C) | SO(p,C) x SO(g,C)
8 | SO(2n,R) U(n) SO(2n,C) GL(n,C)
9 | Sp(2n) U(n) Sp(2n,C) GL(n,C)
10 | Sp(p +q) Sp(p) x Sp(q) Sp(p+4¢,C) | Sp(p,C) x Sp(g,C)

TABLE 1. The classical compact Riemannian symmetric spaces

is embedded in SO(2n,R) and Sp(2n) via

A+iB l_—g’%}

In each entry of Table 1, G is a simple complex algebraic group (and U is a
simple compact Lie group). This means that the adjoint representation for G on its
Lie algebra g is irreducible. Hence dim(g”) < 1 for spherical pairs (G, H) with G
simple. In particular, the center of H is at most one dimensional.

The spherical pairs (G, H) with G simple were classified by Krdmer. In addition
to the examples that arise from symmetric spaces, there are six further families and
six exceptional cases. These are listed in Table 2

2.6. Section 2 notes. Theorem 2.1.1 is due to Servedio, [44]. The converse was
proved by Vinberg in [47].

The structure of G/H as a quasi-projective algebraic variety is discussed in Sec-
tion 11.2.1 of [14]. We refer the reader to Chapter IV in [18] or Chapter 1 in [13]
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U K G H
1 [SU(p+aq) (p#4q) | SU(p) x SU(g) SL(p+¢,C) (p#q) | SL(p,C) x SL(q,C)
2 U@2n+1) T x Sp(2n) SL(2n+1,C) C* x Sp(2n,C)
3 |SU@2n+1) Sp(2n) SL(2n+1,C) Sp(2n,C)
4 | Sp(2n) Sp(2n —2) x SO(2,R) | Sp(2n,C) Sp(2n —2,C) x SO(2,C)
5 1 SO(2n+ 1,R) U(n) SO(2n+1,C) GL(n,C)
6 SO(4n—|—2 R) SU(2n +1) SO(4n +2,C) SL(2n+1,C)
7 | SO(10,R) Spin(7) x SO(2,R) SO(lO C) Spin(7,C) x SO(2,C)
8 (9,R) Spin(7) S0O(9,C) Spin(7,C)
9 | SO(8,R) Ga SO(8,C) GS
10 | SO(7,R) Gy SO(7,C) GS
11 | Eg Spin(10) E§ Spin(10,C)
12 | Gy SU(3) GS SL(3,C)

TABLE 2. Spherical pairs with G simple, not arising from symmetric spaces

for information concerning Gelfand pairs (U, K). In particular, for the fact that Rie-
The classification of Riemannian
symmetric spaces, including the exceptional cases, can be found in Chapter X of [17].
In [14], Section 12.3, it is shown that symmetric spaces yield spherical pairs (G, H) by
showing that there is an open Borel orbit in G/H. This approach involves a complex
version of the Iwasawa decomposition.

mannnian symmetric spaces yield Gelfand pairs.

S-varieties were introduced by Vinberg and Popov [49].
of spherical pairs (G, H) with G simple appeared in [32].

Kramer’s classification
This classification was

pushed further by Brion [8] and by Mikityuk [35] to encompass all spherical pairs

(G,H) with G semi-simple.

This results in eight additional families of examples.

The classification of spherical pairs can also be found in Vinberg’s recent survey

article [48].

3. LINEAR MULTIPLICITY FREE ACTIONS

We now restrict our attention to linear actions G : V. That is, G is a reductive
algebraic group acting on a complex vector space V' by some rational representation.

3.1. Connectivity of G. We generally assume that our groups G are connected
unless stated otherwise. Proposition 3.1.3 below shows that this entails no great loss
of generality. For Lemma 3.1.1 and Proposition 3.1.2 we assume G is connected and
B denotes a Borel subgroup.

Lemma 3.1.1. Let h € C[V] be a highest weight vector for B with prime decompo-

sition

Then each irreducible factor p; is a B- highest weight vector.
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Proof. Let 1 : B — C* be the weight for h. Then for b € B,

and each b-p; is an irreducible polynomial. By uniqueness of the prime decomposition
for h we conclude that, for each j, b - p; is a non-zero multiple of one of the prime
factors. That is, b-p; € UF_,C*p;. But B acts continuously on this space, and B is
connected, so B must act by a scalar on each p;. (Il

Proposition 3.1.2. If G : V is not a multiplicity free action then the multiplicities
{m(o,C[V]) : 0 € G} are unbounded.

Proof. As G : V' is not multiplicity free we can find a pair of linearly independent
B-highest weight vectors hy, hy in C[V] with common weight ¢ : B — C*. In view
of Lemma 3.1.1 we can remove any common irreducible factors and assume hq, hs
are relatively prime. For each N and 0 < k < N, h¥hY = has weight 9. Moreover,
{hknYY % . 0 < k < N} is a linearly independent set in C[V]. Thus the irreducible
representation with highest weight ¥V occurs in C[V] with multiplicity at least N. O

Proposition 3.1.3. Let G be multiply-connected with identity component G,. Then
G : V is a multiplicity free action if and only if G, : V' is a multiplicity free action.

Proof. If G, : V' is multiplicity free then so is G : V, in view of (1.9.1). Conversely,
suppose that G : V is a multiplicity free action but that G, : V' is not multiplicity

free. Let
cvl=&p P
A

denote the decomposition of C[V] into distinct G-irreducible subspaces and {g1, ..., gs}
be a complete set of coset representatives for G, in G. Proposition 3.1.2 ensures that
for any N there is some 0 € G, with m(o,C[V]) > Nf2°. As the Py’s are G,-
invariant, each copy of ¢ in C[V] is contained in some Py. Let W denote a subspace
of some P, on which G, acts by a copy of o. Sir/lge G, is normal in G, g;- W C Py is

Go-invariant with G, acting via a copy of o; € G,, where
ai(9) = o(9:99; )
As P, is G-irreducible, we must have
(3.1.1) Py =Pagw
jeJ
for some subset J of {1,...,¢}. Thus P, is equivalent to > _._; 0; as a Go-module.

Equation 3.1.1 contains at most /¢ factors, so at least N2¢ distinct Py’s must contain
copies of 0. As there only 2¢ possibilities for J, at least N of these Py’s must be
equivalent as G,-modules. Thus we have shown that for each N one can find N
distinct G-modules that are equivalent as G,-modules. This is impossible since G /G,
is a finite group. O
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3.2. Borel orbits. We will prove the converse of Theorem 2.1.1 in the context of

linear actions G : V. We use the notation introduced in Section 1.4: Choose a Borel

subgroup B = HN in G and let AT C b* be the associated set of positive roots.
Now suppose that h € C[V] is a B-highest weight vector with weight A € h*. Let

(3.2.1) P=P,={geG : g-heC*h}.

This is a parabolic subgroup of G that contains B. We have X - h = A\(X)h for all
X € p, the Lie algebra of P.

e Let L and U be the Levi component and unipotent part of P, so P = LU.
e On the Lie algebra level we can write

P=h® Y ga, where Ap={a€A|()\a)>0}

a€Ap

Now setting
Ap={acA|{(Na)=0}, Ap={acA|Na)>0}={acA| —a¢gAp}

one has
[(=H& D 8o U= ) Ga

aEAL OéEAU
g_o Wehaveu Cn, u” Cn~ and

g=pPhbu =1ldbudpu .
We will make extensive use of the following map (which depends on h). Let
Vo={z€V : h(z) # 0},

a principal open set in V', and define

o Letting u™ =)

aEAyY

X=Xn:Ve—g"

via

Lemma 3.2.1. x is P-equivariant.

Proof. Note that the action of P on V preserves V,. Also P acts on g* via the
coadjoint action

(9- HY) = f(Ad(g™")X).

For g € P one has

L XKW -D) (g-X)(g W)
o™X = = T T e
@ XWE

Thus x(g71 - 2)(X) = (¢7% - x(2))(X) so x is P-equivariant. O
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Lemma 3.2.2. The stabilizer of X in P is Stabp(\) = L. Moreover, Staby(\) = {e}.

Proof. Here X\ € bh* is regarded as a functional on all of g with A(n) = {0} = A(n™).

For X € p one has X - A = 0 if and only if A\[X,g] = {0}. Clearly h stabilizes A

because [h,g] Cn+n~. Also for any a € Ay and any Y = H + > 5., ¢sXp € g,
M[Xa,Y]) = c_aA(Hy) = c_o (A a) = 0.

Thus X, stabilizes A for each o € Ap. So[=h+ ZaeAL g stabilizes .
We have shown that L C Stabp(\). For the reverse inclusion, let

X =H+ Z g X o + Z baXa €
OéEAL aEAU
stabilize X\. Then for § € Ay,
AX, X_g] = bgA(Hp) = bg(A, B).
But (A, 5) > 0, and hence bg = 0. Thus Stabp(\) C L and the stabilizer of A in U is
trivial. 0
Proposition 3.2.3. The image of x : Vo, — g* is A+ p*, a single P-orbit in g*.

Proof. For all z € V, and X € p,

(X -h)(z) _ AMX)h(z)
Thus x(z) — A annihilates p and x(V,) C A+ pt. Note that dim(\ + pt) = dim(u).
As U acts without stabilizer on A we conclude that U - X\ is both open and closed
in A+ p* and hence U - X\ = XA +p+. As P = LU and L stabilizes A we also have
P-X=X+pt. As xis P-equivariant we must have P -\ = x(V}). O

Corollary 3.2.4. X = x(z,) for some z, € V5.

Let
(3.2.2) Y=Y,=x" N ={zeV, : x(2) =A}.

The group L acts on X because x is P-equivariant and L stabilizes .
Lemma 3.2.5. U x X 2V, via (g,2) — g - 2.

Proof. Given z € V, one has x(z) = g- A for some g € U in view of Proposition 3.2.3.
Thus A =g ' x(2)=x(g7' 2),s0 g7 - z€X. Now (9,97 -2) € U x ¥ maps to z.

To see that (g, z) — g - z is injective, suppose that g-z = ¢’ - 2’ for some g, ¢’ € U,
2,2 € ¥. Applying x gives

g-A=g-x(z)=g x()=4g"-A

and thus g~'¢’ stabilizes \. As U acts without stabilizer on X it follows that g = ¢’
and thus also z = 2/. O
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Lemma 3.2.6. There is a unique parabolic subgroup P = P, of lowest possible di-
mension. Moreover, P C Py for all B-highest weight vectors h' € C[V].

Proof. Suppose that h € C[V] is a B-highest weight vector with prime decomposition
b=
The proof of Lemma 3.1.1 shows that P, acts by a character on each irreducible
factor p;. Thus
P,=PF,N---N~F,.
Now assume that h,h’ € C[V] are two highest weight vectors and that P, has
minimal dimension. Let py,...,p, be the prime factors of h and ¢y, ..., qs the prime
factors of h'. Letting h” = p1---p,q1 - - ¢s one has

Py =P, N---NP, NP, N---NP, =PF,NPy.

If P, ¢ Py then Py~ is a proper subset of P, and hence dim(Py») < dim(Fy), a
contradiction. Thus P, C P, as claimed. Moreover if P, also has minimal dimension
then Py, C P, and now P, = Pj,. This shows uniqueness. O

Lemma 3.2.7. Let P = P, = LU be the unique parabolic subgroup of minimal
dimension. Then (L, L) acts trivially on ¥ = %,

Proof. First note that as P acts on h by a character, (L, L) C (P, P) acts trivially on
h. Suppose, however, that (L, L) does not act trivially on X. It follows that there is
some highest weight vector ' € C[X] for the action L : ¥ that is not fixed by (L, L).
Recall that B = HN with N C U and that V, = U - ¥. Thus we can extend A’ to a
B-semi-invariant function on V,. For N sufficiently large, h’Vh' is a regular function
on V. Now hVW' € C[V] is a B-highest weight vector and P C Pj~j by Lemma
3.2.6. Thus P acts by a character on h"h' and hence (L, L) acts trivially on h™VH'.
As (L, L) fixes both h and AN}/, it must fix h', a contradiction. O

Lemma 3.2.7 implies that for the minimal parabolic P = P, = LU, the action of
L on ¥ =% is a torus action.

Theorem 3.2.8. If G : V is multiplicity free then there is an open B-orbit in V.

Proof. Suppose that there is no open B-orbit in V. Let P = P, = LU be the
parabolic subgroup of minimal dimension and ¥ = ¥j,.

We claim that H : X is not multiplicity free. Indeed, if H : ¥ were multiplicity
free then there would be an open H-orbit in 3, H - v, say, by Proposition 2.1.2. Now
as U -X =1V, one has UH - v, open in V, and hence open in V. As U C N, then
B-v,=HN -, is open in V, a contradiction.

As H : ¥ is not multiplicity free we can find two highest weight vectors hq, hy €
C[X] with a common weight for the action L : 3. As in the proof of Lemma 3.2.7,
one can extend h; and hsy to B-semi-invariant functions on V. Now for IV sufficiently
large, h™Vh; and h™Vh, are regular on V and share a common weight. Hence the action
G : V fails to be multiplicity free. O
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Note that B - v, is open in V if and only if dim(b - v,) = dim(B - v,) = dim(V).
Thus B - v, is open if and only if b - v, = V. We obtain an infinitesimal version of
Theorems 2.1.1 and 3.2.8:

Corollary 3.2.9. G : V is multiplicity free if and only if b - v, =V for some point
v, € V.

We will apply Corollary 3.2.9 to the study of examples in Section 4.

3.3. Fundamental highest weights for a multiplicity free action. Let G : V
be a linear multiplicity free action, B = HN a Borel subgroup of G and v, a point
in V with B - v, open in V. Let
ACh*

denote the set of highest weights A for representations o, € G that occur in C[V].
The character B — C* given by A € A will be denoted b — b*.

For A € A, let P, C C[V] be the irreducible subspace of C[V] on which G acts by
a copy of o). Then

(3.3.1) Cv]=Ep A

is the multiplicity free decomposition of C[V] under the action of G. As G preserves
the subspaces P,,(V') of polynomials homogeneous of degree m, each Py is contained
in some P, (V).

Each P, contains a B-highest weight vector hy, which is unique up to scalar mul-
tiples. As shown in the proof of Theorem 2.1.1, we must have hy(v,) # 0 and we can
normalize our choice of hy by the condition

ha(vs) = 1.
For A\, u € A,
b-(hahy) = (b-hy)(b-hy,) = (bAhA)(b“hM) = b>‘+"h>\hu.
Hence
At+peA and hyy, = hahy,.

In particular, A is an additive semigroup in h*.
Next suppose A € A and let

hy :pgnl...pzlk
be the prime decomposition for hy. Lemma 3.1.1 shows that each p; is a B-highest
weight vector. Suitably normalizing the p;’s, we can now say that p; = h,, for some
)\j e Aand A =m A + - + mp.
Now let
N ={Xx € A : hyis an irreducible polynomial}.
We know that A’ # () and that A’ generates the semigroup A. We will show that A’
is a Q-linearly independent subset of h*. Indeed, suppose that \q,..., A\, € A’ satisfy
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a non-trivial linear dependence relation over Q. Clearing denominators we obtain a
non-trivial linear dependence

al)\1+---+ak)\k:0
with integer coefficients a;. Let
L= {j : aj Z 0}

and set m; = |a;| for all 1 < j < k. Then

> mid = my)

JEL J¢€L
and hence
mj m;
[1n =117
jeL jZL

since these are both highest weight vectors with a common weight and take value 1
at the point v,. But this is impossible, since the h);’s are distinct irreducibles and
C[V] is a unique factorization domain.

It now follows that A’ is a finite set with at most dim(f) elements.

In summary, we have proved the following.

Proposition 3.3.1. A’ = {\ € A : h, is irreducible} is a Q-linearly independent
subset of b* with at most dim(H) elements. The additive semigroup A is freely gen-
erated by N'. Writing

A/ = {>\1a"'7)\r}7

the decomposition for C[V]| can be written

Clv] =€p P

A

where the sum is taken over all N-linear combinations A\ = mq i + ---m,.\.. The
highest weight vector in the irreducible subspace Py is hy = hy'" --- hy'".

Definition 3.3.2. The number r is the rank of the multiplicity free action G : V/,
{A1,..., A} are the fundamental highest weights and {hy = hy,,...,h, = hy } are
the fundamental highest weight vectors.

3.4. Section 3 notes. Many results in this section are due to Roger Howe. Propo-
sition 3.3.1 is from [20]. Proposition 3.1.3 appeared in [3] but the proof was shown
to the authors by Howe.

The proof given for Theorem 3.2.8 is due to Friedrich Knop [27] and based on ideas
from [10]. The more standard proof (see [47]) is shorter but requires use of a hard
result of Rosenlicht. For background on parabolic subgroups see Section V.7 in [25].
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4. EXAMPLES OF MULTIPLICITY FREE DECOMPOSITIONS

4.1. GL(n) ® GL(m). Here we consider the action of G = GL(n,C) x GL(m,C) on
C™ @ C™ via the the outer tensor product of the defining representations for the two
factors. Identifying C" @ C™ with the space M, ,,(C) of complex n x m-matrices (via
e; ® ej «— E; ;) one has

(4.1.1) (9,9") v =gu(g)

In fact it will prove convenient to twist the action by composing with the automor-
phisms g — (¢g~1)* on both factors. This gives

(4.1.2) (9,9") v = (97" (g

and the associated representation on C[M,, ,,(C)] becomes

(9,9") p(v) = p(g'vg).

Of course the decompositions for C[M,, ,,(C)] under the two actions (4.1.1) and (4.1.2)
are the same. Twisting by ¢ — (¢~ !)! has the effect of interchanging representa-
tions with their contragredients. So decomposing C[M,, ,,,(C)] with respect to (4.1.2)
amounts to decomposing the symmetric algebra S(M, ,(C)) = C[M,,(C)*] with
respect to (4.1.1).

Recall that the upper triangular matrices in GL(k,C) give the standard Borel
subgroup By with Lie algebra by. The diagonal matrices Hy in GL(k,C) give the
maximal torus with Lie algebra b, = C*. We let

B=B,xB,, b=b,xb, H=H,xH, bh=b,Xbh,,
gj € by, be gj(diag(hy, ..., h,)) = h; and likewise for €’ € hy,. We sometimes use the
shorthand
A= (V) = (p1, -y s V1y - -y Vi)
for the weight A = pye1+- -+ + pnen + 1161 +- - -+ Vel in h*. The dominant weights
have p € 2™, v € Z™ with u; > --- > pu, and vy > --- > v,,. We say that \ is
non-negative and write A > 0 when p; > 0 and v; > 0 for all j.
For any (h,h') = (diag(hi, ..., h,),diag(h} ... hl,)) € H one has
(h, h,) . Zi,j = hzh;ZZ,J

where z;; : My, ,(C) — C is the (¢, j)-th entry function. So z;; is a weight vector

with weight ¢; + ). Hence also 2* =[], ; 2" is a weight vector with weight
Zaij(ei + 5;) > 0.
i’j

As the z%’s form a basis for C[M,, ,,,(C)], it follows that all weight vectors in C[M,, ,,(C)]
are non-negative. Thus the highest weights A\ = (p, ) that occur in C[M,, ,,(C)] all
have

v

220, >

H1
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This explains why we are using the action (4.1.2) in place of (4.1.1).
Let us assume that n > m and set

Vo = {IT’”} € M, (C).

A typical element X in the Lie algebra b for B has the form

o ({4

where A, D are m x m upper triangular, C' is (n —m) x (n — m) upper triangular
and B is an arbitrary m x (n — m)-matrix. The derived action for (4.1.2) gives

ay xowe-[AE] B oo - [£50])

Here At, D are arbitrary m x m lower and upper triangular matrices respectively and
B! is an arbitrary matrix of size (n — m) x m. We conclude that b - v, = M, ,,(C).
Hence B - v, is open in M, ,,(C), so (4.1.2) is a multiplicity free action.
The element X in Equation 4.1.3 belongs to h when B = O and A, C, D are
diagonal,
A = diag(aq,...,ay), C=diag(ci,...,ch-m), D =diag(dy,...,dn)
say. For such X, Equation 4.1.4 shows X - v, = 0 if and only if D = —A. So the

stabilizer , of v, in f is

( -a'l T )

am

&1

\ Cn—m J

If A = (p,v) is the highest weight for a representation that occurs in C[M,, ,,,(C)]
then we must have A(h,) = {0}. That is,

(1 —vi)ar + -+ (fbm = Vin)@m + fm1C1 + -+ finCpm = 0
for all a;, ¢;. Thus we must have
p; =v; for 1 <j <mand p; =0 for j > m.

We have now shown that the only candidates for highest weights of representations
occurring in C[M,,,,(C)] have the form

A = (i, ) where py > -+ > p, > 0.

Note that a representation with highest weight A = (u, i) is equivalent to o* ® o#
the outer tensor product of the irreducible representations of GL(n,C) and GL(m,C)
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with highest weight p. We will show that all such weights A do occur in C[M,, ,,,(C)]
by exhibiting a A-highest weight vector in C[M,, ,,]. For this, let

211 Rk
Ee(z) =| ¢ Fo

2kl Rkk

the leading minor determinant for z € M, ,,(C), 1 < k < m. For (h,h) =
(diag(hy, ..., hy),diag(h] ... hl)) € H one computes

(R, ') - &k (2) = &e(hal') = & ([hikzis]) = (ha -+ o) (B -+ - )€ (2).

Hence & is a highest weight vector with weight (g1 +- - -+, &} +- - - +¢}) = (1%, 1%).
For any py > -+ > piy, > 0

(415) £u — 5?1*#2552*% .. _gﬂni—llfumgtnm
has weight A = (u, 1) and degree

= pa + -+ e

In summary, we have proved:

Theorem 4.1.1. The action of G = GL(n,C) x GL(m,C) on C"® C™ = M, ,(C)
is multiplicity free. For n > m one has the decomposition

C[MnM((C)] = @ By

where

the sum s over all p € N™ with g1 > --- > py > 0. The polynomial £, given by
(4.1.5) is a highest weight vector in P, with weight (p, ) and P, ~ ot ® ot as a
G-module. Moreover

Pr(Mnm(C)) = €D P

=k
We observe the following points regarding this example.

e The action has rank m = min(n,m). Here {(1*,1%) : 1 < k < m} are the
fundamental highest weights and &1, ..., &, are the fundamental highest weight
vectors. Indeed, the determinant of a matrix is an irreducible polynomial in the
matrix entries.

e For the more conventional (untwisted) action (4.1.1), the decomposition of
C[M,,;»(C)] is as in Theorem 4.1.1, but now &, is a highest weight vector for the
opposite Borel with weight (—p, —u).

e The group GL(n,C) x GL(m,C) can be replaced by SL(n,C) x GL(m,C) or
SL(n,C) x SL(m,C) x C*.
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o If we restrict to SL(n,C) x SL(m,C) then the action remains multiplicity free
provided n # m. The Borel subalgebra b’ consists of matrices X as in (4.1.3)
where tr(A) +tr(C) = 0 = tr(D). Equation 4.1.4 shows b’ - v, = M, ,»,(C) when
n > m.

e When n =m,

the action SL(n) ® SL(n) fails to be multiplicity free. Indeed, det : M, ,,(C) —
C is a non-constant (SL(n,C) x SL(n,C))-invariant polynomial. So C[M,, ,,(C)]
contains two copies of the trivial representation of SL(n,C) x SL(n,C).

e When m = 1 this example reduces to the action of GL(n,C) on C™ by the
defining representation (or its twisted form, the contragredient representation

n (C™)*). In this case the decomposition in Theorem 4.1.1 reduces to

Zl,... @Pk Cn

The action has rank one with fundamental highest weight (1!) and 2% is a highest
weight vector in Py (C™).

4.2. S?2(GL(n)). Next we consider the action of GL(n, C) on the symmetric 2-tensors
S2%(C?) via the symmetric square of the defining representation. Identifying S?(C")
with the complex n X n-symmetric matrices

Sym(n,C) = {A € gl(n,C) : A'= A}

our action reads

(4.2.1) g-v=gug'.
As in the preceding example we prefer to twist the action by g — (¢g~!)!. This gives
(4.2.2)

g-v= (gfl)tvgfl, g-p(v) =p(g'vg) for v € Sym(n,C), p € C[Sym(n,C)].

As for GL(n) ® GL(m), twisting ensures that all weights A = (A1,..., A,) that occur
in C[Sym(n,C)] are non-negative. Again we let

AL—A n-1-A
=g g g

for dominant weights Ay > --- > A\, > 0, where & is a leading minor determinant
restricted to Sym(n,C) C M, ,(C).

Theorem 4.2.1. The action of GL(n,C) on Sym(n,C) is multiplicity free. We have
the decomposition

C[Sym(n, C)] @P)\
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where the sum is over all A € N™ with Ay > --- > X\, > 0. The polynomial & is a
highest weight vector in Py with weight 2\. Moreover,

Pr(Sym(n,C)) = € Px.

I\ =k

Proof. The proof parallels that for Theorem 4.1.1. First we note that for the derived
action of gl(n,C) one has

X I=—-(X"+X).

We obtain all n xn-symmetric matrices as X ranges over all upper triangular matrices.
Thus b, - I = Sym(n,C) and hence v, = I has an open Borel orbit. This proves that
our action is multiplicity free.

Suppose that f € C[Sym(n,C)] is a highest weight vector with weight px. For
h = diag(hy,...,h,) € Hy,

F(r?) = (k- f)T) = W' f(I) = hy* - by f(T).

Now for h = diag(£1,...,+1) we have h? = I and hence f(I) = h*f(I) for all such
h. As B,, - I is open in Sym(n,C), f is determined by the value f(I) and we must
have f(I) # 0. We conclude that h* =1 for all h = diag(+£1,...,+£1) and thus each
p; must be even. (Note that H, = {diag(£1,...,%1)} is the stabilizer of v, = I in
H,.)

Since all weights that occur in C[Sym/(n,C)| are non-negative we conclude that all
dominant weights p that occur have the form

=27 = (2\1,...,2\)

for some A\; > --- > A\, > 0. To complete the proof, one checks that the polynomial
&, is a weight vector with weight 2\. Indeed for h € H, and 1 < k < n,

h-&(z) = & ([hihjzis]) = b3 - - hié(2),
so & is a (2F)-weight vector. O

As regards this example we note:

e The action has rank n with fundamental highest weights (2¥) and fundamental
highest weight vectors &, 1 < k < n. It is known that the determinant of a
symmetric matrix is irreducible as a polynomial in the entries z;; with ¢ < j.

e For the untwisted action (4.2.1), the decomposition of C[Sym(n,C)] is as in
Theorem 4.2.1 but now &, is a highest weight vector for the opposite Borel with
weight —2A.

e S?(SL(n)) is not a multiplicity free action because det € C[Sym(n,C)] is a
non-constant SL(n, C)-invariant.
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4.3. A%(GL(n)). We now turn to the action of GL(n,C) on A%*(C"), the skew-
symmetric 2-tensors. Identifying A%(C") with

Skew(n,C) = {A € M, ,(C) : A" =—A},

the action is given by Equation 4.2.1. As in the preceding examples, we will employ
the twisted version, as in Equation 4.2.2.
The leading minor determinant &; vanishes on Skew(n,C) when j is odd and is

a perfect square when j is even. We let v; € C[Skew(n,C)] denote the Pfaffian
polynomial:

211 .- 21,25

vi(z) = Pf | 2

2241 -+ 22525
the square root of the principal 2j x 2j subdeterminant. So deg(v;) = j and I/JZ = &y
for j =1,...,[n/2]. The polynomials v; are given explicitly by the formula

X
—~~
S~—
<
ol
<
[V
o~
Q
S
—
Q
SN—
—
N
Q.
Do
T
=
2
Do
S

for Ay >---> M\, >0.

Theorem 4.3.1. The action of GL(n,C) on Skew(n,C) is multiplicity free. We
have the decomposition

C[Skew(n,C)] @P,\

where the sum is over all A € N™ with A\; > 2 Am > 0. The polynomial vy is a
highest weight vector in Py with weight

X = (A, A A2, Az, Ay Am).

Moreover,

Pr(Skew(n,C)) = € Pi.
A=k

Proof. Let J = [ 01 } and let J be the n x n-matrix

-1 0
j:JEB---EBJforn:2mevenandsz@---@JEBOforn:2m+1odd.
S—— SN——r
m-times m-times

We claim that J has an open B,,-orbit in Skew(n,C). Hence our action is multiplicity
free. In fact, for X € gl(n,C),

X -J=—(X'J+JX)=—(JX — (JX)".



NOTES ON MULTIPLICITY FREE ACTIONS 27

First suppose that n = 2m and let X € b,. Decompose X into 2 x 2-blocks Xj;,
1 <4,7 <m. Now JX has 2 x 2-blocks JX,;, which are arbitrary for 7 < j. Taking

Xy = { 8 g ] gives JX;; = { 8 %’ ] This shows that an arbitrary strictly upper

triangular matrix can be written in the form JX for some X € b,. So b, - J =
Skew(n,C) when n is even. When n = 2m + 1 the same argument shows that for
suitable entries in the first n — 1 rows and columns of X € b, JX contains any
desired strictly upper triangular matrix in its first n — 1 rows and columns. As the
last column of JX is

x2,n
_'Tl,n

Tom,n
_mefl,n

0

we conclude that b, - J = Skew(n,C) when n is odd.
Suppose that p is a highest weight that occurs in C[Skew(n,C)] and that f is
a p-weight vector. Since all weights in C[Skew(n,C)] are non-negative, we have

f1 > -+ >y > 0. Moreover f(J) # 0 as By, - J is open. For h € H,, we have

W F(T) = (h- )(T) = f(hTh).

But

hihoJ
hJh = hahyJ

so that hJh = J for elements h = diag(hy, ..., h,) of the form

[ diag(h1, byt hay hy oo s Bon) for n = 2m
| diag(hy, byt ho, hyty o Ry By o) form=2m +1 -

It follows that A* = 1 for all such h and thus
U1 = o, 43 = May -« -y hn—1 = M and p, = 0 when n is odd.

Thus all highest weights occurring in C[Skew(n, C)] have the form

A= (A, AL A2, A, o A, An)



28 C. BENSON AND G. RATCLIFF

for some >\1~2 <o+ > Apn > 0. To complete the proof one just needs to check that vy
has weight A. This reduces to the calculation

hi 21,1 21,25 hy
(h-v;)(z) = Pf
h2j 2241t 22525 h2j
[ hy 211t 212)
= det . Pf
L ha; 2251t R252j
21,1 21,25
= hy - hoPf : : )
R25,1 22525
which shows that v; is a weight vector with weight (1%). O

Regarding the action A?2(GL(n)) we note:

e The Pfaffian of a skew symmetric matrix is irreducible as a polynomial in the
entries z;; with ¢ < j. Thus A?(GL(n)) has rank m = |n/2] with fundamental
highest weights (1%) and fundamental highest weight vectors v;.

e The untwisted action has the same decomposition but now v, is a lowest weight

vector with weight —\.
e For the trace zero upper triangular matrices b/, one sees, as in the proof of

Theorem 4.3.1, that b/, - J = Skew(n,C) when n is odd. So A?(SL(2m + 1)) is
a multiplicity free action. On the other hand, this fails for n = 2m even. Indeed,
det € C[Skew(2m,C)] is a non-constant SL(2m, C)-invariant so A%(SL(2m)) is
not multiplicity free.

4.4. SO(n) x C*. The group G = SO(n,C) x C* acts on V' = C" in the usual way:

(9,1) - v =tgv.

The decomposition for C[V] = C|zy, .. ., z,] is given by the classical theory of spherical
harmonics. Let

and

A=¢(0)=0{+ -+ 02
the constant coefficient differential operator with Wick symbol p(z, w) = e(w). Since
¢ is an SO(n, C)-invariant polynomial, A is an SO(n, C)-invariant operator. It follows
that the space of harmonic polynomials

H = Ker(A)={peC[V] : Ap=0}

is SO(n, C)-invariant, as is
Hpm =HNPr(V),
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the harmonic polynomials homogeneous of degree m. It is well known that H,, is an
irreducible module for SO(n,C) and

(4.4.1) Po(V) = Hyp & ePp_a(V).

This gives, in particular,

dim(Hon) = dim(Py,) — dim(Pp_s) — (m +n = 1) _ (m +n—3

) for m > 2.
m

m— 2

Now Equation 4.4.1 leads inductively to the decomposition

(4.4.2) Pu(V)= €D Pur  (Pre=Hie")
k+20=m
of P(V) into irreducible SO(n,C)-modules. The modules {P,, : k + 2¢ = m}
appearing in (4.4.2) are clearly inequivalent because their dimensions are distinct.
Equation 4.4.2 now gives a decomposition

(4.4.3) ClV] = P Pes

k>0

of C[V] into irreducibles for G = SO(n,C). This is not, however, multiplicity free
because Hy ¢ >~ Hy ¢ as SO(n, C)-modules for ¢ # ¢'. We use the scalars C* to repair
this defect.

The action of C* on C[V] by scalars commutes with A and hence preserves the
H,,’s and Py ’s. Now C* acts on Py, by the character ¢ — t~(*+20  Hence Py, and
P ¢ are inequivalent as C*-modules when ¢ # ¢'. Thus (4.4.3) is multiplicity free as
a decomposition for the group G = SO(n,C) x C*.

A highest weight vector in P, is given by (21 + i22)%e(2)¥, for a suitably chosen
Borel subgroup in G = SO(n,C) x C*. The multiplicity free action G : C" has rank
2 with fundamental highest weight vectors z; + izy and (2).

4.5. GL(n) ®gLm) A*(GL(n)). The group G = GL(n,C) acts diagonally on
V=Vi®V,=C"® A*(C") = C" ® Skew(n,C).

For consistency with Sections 4.1 and 4.3 we twist the action of G on both V; and
V5. We have seen how to decompose C[V;] and C[V3] under the action of G. Writing
ot = ot for the irreducible representation of G with highest weight 1 > 0 we have

cvil=@Po®,  cwl=Po

as G-modules. Here the second sum is over all A = (A; > - -+ > Ay > 0) (m = [n/2])
and A = (A1, A1y, Ay A ). Thus we can write

CV] =CVi] @ CVa] ~ o™ @ 0.
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Tensor product representations of GL(n,C) can be decomposed using the Littlewood-
Richardson rules. To apply this technique, one identifies each highest weight u > 0
with a Young’s diagram consisting of ;1; boxes on row j. The Littlewood-Richardson
rules ensure that ¢ ® o* has a multiplicity free decomposition. Moreover, the rep-
resentations o that occur in the decomposition are given by diagrams that can be
obtained from that for A by adding k£ boxes, no two of which fall in the same column.
For example, when A\ = (3,2), and k£ = 3, we must add three boxes to the Young’s

diagram for A\ = (3,3,2,2). For n > 5 this produces five diagrams:
1[1] 1]

1[1]1] 11}

1 1 1)1

The three boxes added to the diagram for (3,3,2,2) have been marked with 1’s in
each case. This exercise with the Littlewood-Richardson rules shows

0_(3) ® 0_(3,3,2,2) ~ 0_(6,3,2,2) D 0_(5,3,3,2) D 0_(5,3,2,2,1) D 0_(4,3,3,2,1) D 0_(3,3,3,2,2)‘

In general, the Littlewood-Richardson rules yield
ARE o = Z ot
w

where the sum is over all highest weights p > 0 of the form
p=A+iu A g2, A0 ), St =k 5 < A — A
Note that A can be recovered from p by extracting every other row. This shows that

the representations o* that occur in g(k) ®o? and in o®) @ are distinct for X # .
Moreover, the irreducibles in ¢® @ and c*)®c* are clearly distinct when k # k' as
these have weights |u| = 2|A\|+k and |u| = 2|A\|+k’ respectively. This shows that C[V]
has a multiplicity free decomposition under the action of G. Note that an arbitrary
highest weight © > 0 can be written in the form “u = (A1 + j1, A1, A2 + Jo, A2y ... )7
by letting jy = pos—1 — p2e. We have proved the following.

Theorem 4.5.1. The diagonal action of GL(n,C) on C" & A*(C") is multiplicity
free. Moreover
CIC™ @ A*(C™)] ~ @ ot
n=0

as a GL(n,C)-module. That is, every non-negative highest weight occurs in C[C" &
A2(C™)] with multiplicity one.

There is another viewpoint on this example. One can identify V =V, @V, =C"®
A?(C") with Skew(n+1, C) by regarding the first row (or column) of an (n+1) x (n+1)
skew symmetric matrix as an element of C", and the remaining entries as an element
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of A2(C") = Skew(n,C). For z € Skew(n + 1,C), we write 2’ for the element
of Skew(n,C) obtained by removing the first row and column of z. Under this
identification, the diagonal action of GL(n,C) on Vi@ V5 is realized on Skew(n+1,C)
by restricting the action of GL(n + 1, C) to the subgroup GL(n,C) C GL(n + 1,C),

embedded as
110

The fundamental highest weight vectors arising from the separate actions of GL(n, C)
on Vi and V, are 212 and vy (z) for k =1,..., |n/2|, where v,(z) is the Pfaffian of the
first 2k rows and columns of the n X n matrix z’. There are additional fundamental
highest weight vectors, vy (z) for k = 1,...,|[(n + 1)/2]. These are the Pfaffians of
the first 2k rows and columns of the (n+1) x (n+1) matrix z. Note that v1(z) = 212,
so our fundamental highest weight vectors are the 1}’s together with the v’s. For a
highest weight p > 0, a p-highest weight vector in C[V] is

Vf‘lilu‘z(yi)/‘?*#SVél‘S*u‘l . Vﬁlnflfﬂn(y’;n)#n

when n = 2m is even, and

Vf'l —H2 (V:{)HQ_HB Vg3_/1'4 . V’,l’rﬁln72_/ﬁn71 (V, )Mnfl_ﬂln(

m s

Vm+1

when n = 2m + 1 is odd. In particular, this is a rank n multiplicity free action with
fundamental highest weights {(1%) : 1 <k < n}.

4.6. Section 4 notes. The decomposition for action GL(n)® GL(m) is called
GL(n) — GL(m) duality. This decomposition and those for the actions S?(GL(n))
and A%2(GL(n)) were popularized by Howe in [19]. Reference [20] explains how these
results were rediscovered independently by various mathematicians and are implicit
in earlier work of Weyl and Schur. GL(n) — GL(m) duality is equivalent to Schur
duality, which gives the decomposition for (C™)®™ under the action of GL(n, C) x S,,.
In fact, as explained in [20], both dualities can be derived from the First Fundamental
Theorem (FFT) of Invariant Theory.

We refer the reader to Section B.2.6 in [14] for the theory of Pfaffian polynomials.
The irreducibility of determinants and Pfaffians on Sym(n,C) and Skew(n,C) is
proved in Section B.2.7 of [14]. The theory of spherical harmonics can be found in
Section 5.2.3 in [14] as well as many other sources. The Littlewood-Richardson rules
are discussed in Section 1.9 of [34].

Compact forms for the actions Gl(n) ® GL(m), S?(GL(n)), A?(GL(n)) and
SO(n) x C* arise in connection with Hermitian symmetric spaces. In fact, let G/K
be an irreducible Hermitian symmetric space of non-compact type. Here G is a
semi-simple real Lie group and K is a compact Lie subgroup. The symmetric space
structure gives a Cartan decomposition g = € + p for the Lie algebra. The complex
structure on T,(G/K) is viewed as an R-linear map J : p — p with J?> = —I. Now

Pc=p+ Dp-
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where p are the (4i)-eigenspaces for J on the complexification of p. The complex-
ified adjoint action of K on g¢ preserves p. For the classical irreducible Hermitian
symmetric spaces this construction leads to the following actions. (See [17].)

e Type AIIl: G/K = SU(n,m)/S(U(n) x U(m)). The action of K = S(U(n) x
U(m)) on p, can be identified with the action of K on M, ,,(C) via (k, k') -v =
kv(k')*. The group K has a one dimensional center and we essentially have a
compact form of the multiplicity free action SL(n) ® GL(m). More precisely,
the action here agrees with action (4.1.1) twisted by &’ — ((k')*)™* = ¥ on the
second factor.

e Type C I. G/K = Sp(2n,R)/U(n). The action of K = U(n) on p, can be
identified with that of K on Sym(n,C) via k- v = kvk'. So this is a compact
form of S?(GL(n)).

e Type D III: G/K = SO*(2n)/U(n). The action of K = U(n) on p; can be
identified with that of K on Skew(n,C) via k- v = kvk'. This is a compact
form of the multiplicity free action A?(GL(n)).

e Type BDI: G/K = S0,(n,2)/SO(n) xSO(2). The action of K = SO(n,R)xT
on p, can be identified with the action of K on C" via (k,t) - z = tkz. This is
a compact form of SO(n) x C*.

The classification of irreducible Hermitian symmetric spaces includes two excep-
tional cases, in addition to the four families described above.

e Type E III: In this case K = Spin(10) x T and G has Lie algebra eg_14), a
certain real form for the complex Lie algebra eg. One can identify p, with
A% (CP) = C! and Spin(10) acts by the positive half-spin representation. It
is known that (with the scalars included) this action in multiplicity free.

e Type E VII: Here K = Eg x T and G has Lie algebra e7_os), a real form of
e7. In this case p, can be identified with an exceptional Jordan algebra J of
dimension 27. The representation of Eg on J is described in [11]. This action
(with the scalars included) is multiplicity free.

Thus one has:

Theorem 4.6.1. ([22]) The linear action K : p, associated to any irreducible Her-
mitian symmetric space of non-compact type is multiplicity free.

5. A RECURSIVE CRITERION FOR MULTIPLICITY FREE ACTIONS

In this section we present a recursive criterion for multiplicity free actions due to
Knop [27]. Given a linear action G : V' we let
U =yV)cCh”

be the set of all weights for the representation of H on V, listed with multiplicities.
As usual, B = HN is a Borel subgroup and A = At U (—A™) are the roots for G,
as in Section 1.4.
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For a highest weight A\ € W let
Sy={ae€ At : (\a)>0}.

If 2 € V is a A-highest weight vector then g -z = Cz if and only if Sy = 0.

If Sy = 0 for all highest weights A € ¥, then G acts by scalars on every weight
space in V. In this case, we essentially have a torus action. In particular, G : V is
multiplicity free if and only if H : V' is multiplicity free. This happens if and only if
the set U of weights for H : V is linearly independent.

Suppose that A € V¥ is a highest weight with Sy # 0. Let 2, € V be a \-
highest weight vector and let f, € V* be the corresponding (—\)-lowest weight vector
normalized so that f,(z,) = 1. Let P = Py, and ¥ = X, be as in Equations 3.2.1 and
3.2.2. Now P~ = LU™ is the opposite parabolic subgroup to P = LU and P~ = P,,.

From the definition of ¥ one has that z € ¥ if and only if f,(2) # 0 and
(X fo)(z) =AX)fo(z) forall X e g=p+u~. But X - fo = XX)f, for X € p, so

Y={zeV : fo(z) #0and (u™ - f,)(z) = 0}.
Hence Y is a open set in the subspace
W= (u"-fo)*

of V. Recall that ¥ is invariant under the action of the Levi component L of P. As
U-2=V,={2¢€V : fo(z)# 0} by Lemma 3.2.5, we see that there is an open
B-orbit in V' if and only if there is an open L N B-orbit in . Equivalently, G : V is
multiplicity free if and only if L : W is multiplicity free.

We know, moreover, that [=h+ > . AL) Ja where

A(L)={a e A : (N\a)=0}=A\S,.

The positive roots for L are AT(L) = AT\S). Each of the root vectors {X, : «a €
Sy} C u™ acts non-trivially on f,, so the set of weights in u™- f, is {— A4+« : a € Sy}.
Thus the set of weights in W = (u™ - f,) is U\(A = S)).
In summary, we have a recursive algorithm that begins with the pair
(Af = AT, ¥, =)
where
e AT is the set of positive roots for G, and
e U C h* is the set of all weights for the representation of G on V, listed with
multiplicity.
Given a pair (A}, ¥,,) do the following.
e For each highest weight A € U,, let S\ = {a € A} : (A, a) > 0}.
e If S\ = () for all highest weights A € ¥,,, then G : V is a multiplicity free action
if and only if ¥, is linearly independent.

e Otherwise, choose a highest weight A € ¥,, with Sy # 0 and apply the above
steps to the pair (A}, |, ¥pi1) = (A\Sy, T\ (A = S))).
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Eventually all the S)’s are empty and the algorithm terminates at the second step
above.
To illustrate this method, we revisit some of the examples described in Section 4.

5.1. GL(n). Here G = GL(n,C) acts on V = C" as usual. One has
A32A+:{€i—8j Z<]}, \110:\112{51,...,€n}.
We know e; = (1,0,...,0) is a highest weight vector in V' with weight ¢, and so
SEI = {51 —E&2,...,&1 — gn}‘
The coordinate vector z; € V* dual to e; has parabolic subgroup P = P,, with Lie
algebra p spanned by {Ey1} U{E;; : i > 2}. The Levi component is L = GL(1,C) x
GL(n—1,C). The nilpotent u~ = Span{Ey; : j > 2} givesu~z; = Span{za,..., 25}
and hence W = (u’zl)L = Ce;. Thus we have
AT = Aar\Sgl = {5i — &5 2 < 7 < j}, \Ijl = @0\{62, ... ,€n} = {81}.

Since S., = (), the process terminates. One concludes that G : V is multiplicity free
since W, is a linearly independent set.
In practice, it is not necessary to identify L and W at each stage in the induction.
We illustrate this in the next example.
5.2. GL(n) ® GL(n). Here G = GL(n,C) x GL(n,C) acts on V = C" @ C". Now
Ay =A"={e—¢; - 1<i<j<niU{g—¢; : 1<i<j<n}

and

Up=U={e+e; : 1<i<n1<j<n}
A = g1 + €] is the only highest weight in (. One has

Ssﬁrsgl = {51 —€2,...,81 5n} U {5/1 - 5/27' .- agll - 5;}
Thus
Af ={ei—¢; - 2<i<j<njU{e—¢; : 2<i<j<n}
and
Uy ={ey+e1}Uf{ei+¢e; : 2<i<n,2<j<n}
From these roots and weights we can see that L : W is equivalent to the action of
C*xGL(n—1,C) x C* x GL(n—1,C) on C® (C" '@ C™ ).
At the next stage of the algorithm one takes A = €5 + €/, and obtains
Ay ={ei—¢g; : 3<i<jlU{e;—¢; : 3<i<j},

Uy ={e1 +e,ea+e5}Ud{ei+¢; : 3<i,5}

After n steps, the process terminates with
AfF=0, U,={e +e),...,ente,}.

At this point L = (C*)” x (C*)™ and Sy = 0 for all A € ¥,,. As U, is linearly
independent, G : V' is multiplicity free.
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5.3. GL(n) ®gLm) A*(GL(n)). For the diagonal action of G = GL(n,C) on V =
C? ® A*(C") one has

Af=AT={e;—¢g; i<y}, Vo=U={ey,...,e,}U{ei+e; : i<j}
Choose A\ = ¢y, so that Sy ={e; —¢; : 2<j} and
Al ={ei—¢g; : 2<i<j}, U1={a}tU{e+e : i<j}
Next choose A =1 + &5 to obtain Sy = {e2 —¢; : 3 <j} and
A ={ei—¢g; : 3<i<j}, Ug={e,e1+e}tU{ei+e : 2<i<j}
After n steps, the process terminates with A = () and
U, ={e1,61+e2,60+€3,...,6n1+En}

As this is a linearly independent set, one concludes G : V' is a multiplicity free action.
Alternatively, one could begin with A = &; + €5 in the first step. This gives
SA:{sl—ej:3§j}U{52—5j:3§j}and

Al ={e1—etU{ei—¢ « 3<i<j},

Uy ={ey,...,enfU{ar+ef U{ei+e @ 3<i<j}

Next one could choose a highest weight in ¥; that was not available in V', namely
A = ¢e3 + &4. This gives Sy = {e3 —¢j,e4 —¢; : 5<j} and

Ay ={e1 —eg,e3—eafUfe; —¢g5 : 5<i<j},

\112:{51 ...,sn}U{el+52,53+54}U{5i—|—5j : 5§Z<]}

We could then continue in this manner (choosing A = €5 + &¢) or take A = &;. The
latter choice gives S\ = {1 — &2},

A;:{€3—54}U{5i_€j : 5§Z<j}7 and

Vs ={er,€3,...,enf U{e1 +eg,e3+eafU{ei+¢; ¢ 5 <i<j}
For n even, the algorithm could terminate with
U, ={e1,€e3,65,...,en1} U{e1 +ea,63+€4,...,6n-1+En}

This example illustrates how different choices for a highest weight A € ;. can yield
different paths through the algorithm and result in different terminal sets.
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6. THE CLASSIFICATION OF LINEAR MULTIPLICITY FREE ACTIONS

Let (7, V) be a rational representation of some reductive algebraic group G and
consider the question of whether or not this gives a multiplicity free action. The
answer depends only on the algebraic subgroup 7(G) of GL(V). One says that two
rational representations (7, V1), (m2, Va) of groups Gy, G5 are geometrically equivalent
if m(G1) coincides with m3(Gs) under some isomorphism V; — V,. For example,
(m, V) is geometrically equivalent to (7 o ¢, V) for any ¢ € Aut(G). Taking ¢(g) =
(") on G = GL(n,C), we see that any rational representation of GL(n,C) is
geometrically equivalent to its conragredient.

Linear multiplicity free actions have been completely classified up to geometric
equivalence. In this section we present the results of this classification.

6.1. Irreducible multiplicity free actions. The multiplicity free actions G : V
where G acts irreducibly on V' were classified by Victor Kac in [23], building on earlier
work including that of Sato and Kimura [42]. The open Borel orbit criterion provided
the main technique used to achieve this classification.

First suppose that the image G of G in GL(V') contains a copy of the scalars. In
this case, G is reductive but not semisimple. The group G coincides with the image
of G' x C*, where G’ = (G, G) is the commutator subgroup in G, a semisimple group
with finite center. The possibilites for G’, the image of G’ in GL(V), are listed in
Table 3, up to geometric equivalence. That is, for each such G’, the joint action of
G’ and C* on V is multiplicity free.

Semisimple Group G’ Degrees of fundamental | Rank

(G’ x C* : V is multiplicity free)

highest weight vectors
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Bold faced type is used in Table 3 to indicate a subgroup of GL(V'), the notation
indicating the representation involved. The first three entries denote the defining rep-
resentations of SL(n,C), SO(n,C) and Sp(2n,C) on C", C" and C*" respectively.
S%(SL(n)) and A?(SL(n)) denote the images in GL(S*(C")) and GL(A*(C")) of
the symmetric and skew-symmetric squares of the defining representation of SL(n).
SL(n) ® SL(m) denotes the image of the representation of SL(n) x SL(m) on C" ®
C™ (outer tensor product of the two defining representations) and similarly for
SL(n) ® Sp(2m). Spin(7), Spin(9) denote the image of the spin representations
of Spin(7,C), Spin(9,C) on C® and C® respectively. Spin(10) indicates the posi-
tive spin representation of Spin(10,C) on C!. G, and Eg denote actions on C” and
C?7 respectively. The conditions on n and m in Table 1 are imposed to eliminate re-
dundancies caused by isomorphisms in low dimensions. Note that the actions SO(n),
S%(SL(n)), A%(SL(n)) and SL(n) ® SL(m) were discussed in Section 4.

The scalars C* act on P, (V) by the character ¢t — t~™. Thus G' x C* : V
is a multiplicity free action if and only if the representations of G’ on each P, (V)
are multiplicity free. If we remove the scalars, then multiplicities can arise across
different degrees of homogeneity in C[V]. This happens, for example, when G =
SO(n,C) x C*. In fact, most of the actions from Table 3 fail to be multiplicity free
when the scalars are removed. Table 4 lists the irreducible multiplicity free actions
for semisimple groups up to geometric equivalence.

Group

SL(n) (n > 2)

Sp(2n) (n > 2)

A%(SL(2m + 1)) (m > 2)

SL(n) ® SL(m) (n,m > 2,n # m)
Sp(4) ©® SL(n) (n > 5)

TABLE 4. Irreducible multiplicity free actions G’ : V', G’ semisimple

6.2. Decomposable actions. Given linear actions G; : Vi, Gy : V5, one can form
the product action G; X G : Vi @ Vs, If G : Vi, Gy : V, are both multiplicity free
with decompositions C[Vj] = Dea, Pa, then C[V1 @ V3] = C[V1] ® C[V2] decomposes
in a multiplicity free fashion

CvieVl= € PPy
A€AL,NEN,
under the action of G; x GG3. Thus products of multiplicity free actions are multiplicity
free.
One says that an action G : V is decomposable if it is geometrically equivalent to
a product action Gy x G : Vi @ V, with non-zero V;. Otherwise, we say G : V is
indecomposable. Each irreducible multiplicity free action is indecomposable, but the
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converse is far from true. The action GL(n) ®grm) A?(GL(n)) described in Section
4.5 provides one example of an indecomposable multiplicity free action that is not
irreducible.

6.3. Saturated indecomposable multiplicity free actions. The classification of
linear multiplicity free actions was completed independently by the authors [5] and
Andrew Leahy [33]. Given a non-irreducible linear action G : V', one decomposes V'
as a direct sum of G-irreducible subspaces

V=Vi® & Vpn

G : V is said to be saturated if the image G of G in GL(V') contains a full torus
(C*)™. That is, the dimension of the center in G equals the number m of irreducible
summands. Given G : V one can always form a saturated action G’ x (C*)™ : V.
This action is multiplicity free if and only if the representation of G’ on

Pr, (V1) @ @ P, (Vi)

is multiplicity free for each (kq,. .., kn).

The saturated indecomposable multiplicity free actions consist of the irreducible
actions in Table 3 together with the actions listed in Table 5. Each entry in Table
5 denotes the image G’ of the semisimple part G’ of G in GL(V'). In each case, V
has two irreducible summands, V' = V; @ V3, and one simple factor in G’ is acting
diagonally. Thus, for example, SL(n) ®srm) (SL(n) ® SL(m)) denotes the image of
SL(n,C) x SL(m,C) under the representation on V =1V, @ Vo = (C") ¢ (C* @ C™)
where SL(n,C) acts diagonally on V; and V5. Spin(8) @spin(s) SO(8) denotes the
image of the action of Spin(8,C) on C® & C® via the direct sum of the positive
spin representation with the natural representation (via SO(8,C)). The notation
SL(n)* denotes the contragredient to the defining representation. For each group G’
in Table 5 the saturated action G’ x (C*)? : V' is multiplicity free. Together, Tables 3
and 5 classify all saturated indecomposable multiplicity free actions up to geometric
equivalence. In particular, the classification shows that a saturated indecomposable
multiplicity free action can have at most two irreducible summands.

6.4. Non-saturated indecomposable multiplicity free actions. Only one entry
in Table 5 remains multiplicity free when the torus (C*)? is removed, namely

(SL(n) ® SL(2)) ®sw2) (SL(2) ® SL(m)) for n,m >3

In addition, for each group G’ in Table 5 one can consider the joint action of G’ x C*
where C* acts on V =V; & V; via

t- (’Ul, ’UQ) = (t“vl, tbvg)

for some integers a, b. Such actions are multiplicity free in the cases listed in Table
6.
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Semisimple Group G’ Degrees of fundamental highest

(G’ x (C*)?: V is multiplicity free) weight vectors (rank)

SL(n) ®srm) SL(n) (n > 2) 1,1,2 (3)

SL(n) ®srm) SL(n)* (n > 3) , 1,2 (3)

ST.(n) Bs1n A(SL0)) (7 = ) 22,
2,5 (n+1)/2)
n)

SL(n)* DsL(n) A2(SL(H)) (n>4) ,2,...,|n/2],
2, | (n—=1)/2]
n— 1)

SL(n) ®sLm) (SL(n) ® SL(m)) (n,m > 2) .,min(n,m),

,min(n,m + 1)
(n m) + min(n,m + 1))
,2,...,min(n,m),
2,...,min(n,m+ 1)

5\.
5“

SL(n)* ®sLm) (SL(n) ® SL(m)) (n > 3,m > 2)

=) )R~ F R~ FR R~ FR R~
[\3“1\3

min(n, m) + min(n,m + 1))
SL(2) ®sr(2) (SL(2) ® Sp(2n)) (n > 2) ,1,2,2,2 (5)
(SL(m) @ SL(2)) bs12) (SL(2) @ SL{m)) 12.2,2(5)
(n,m > 2)
(SL(n) ® SL(2)) ®sL(2) (SL(2) ® Sp(2m)) 1,1,2,2,2,2 (6)
(n,m > 2)
(Sp(2n) ® SL(2)) @sr2) (SL(2) ® Sp(2m)) | 1,1,2,2,2,2,2 (7)
(n,m > 2)
Sp(2 ) EBSp(2n Sp(21’l) (n > 2) L1, 27 2 (4)
Spin(8) ®spin(s) SO(8) 1,1,2,2,2 (5)

TABLE 5. Indecomposable non-irreducible saturated multiplicity free actions

6.5. Completing the classification. Let G be a connected complex algebraic re-
ductive group acting on V via some rational representation 7. The commutator
subgroup G’ of G is semi-simple and, by lifting to a finite covering if necessary, we
can suppose that G = G’ x A where A is some algebraic torus. Write V' as a direct
sum

V=wWwaoW,o --oW,

of m(G)-invariant subspaces W; which are indecomposable under the action of G'.
Letting 7; denote the action of G on W;, we have 7(G') = G{' X G’ x -+ x G,/
acting on V via the product action, where G;' = 7;(G’).

Theorem 6.5.1. ([5]) G : V is a multiplicity free action if and only if A contains a
direct product of the form Ay x Ay x --- x A, where each A; is a torus of dimension
at most 2 and the actions G’ x A; : W; are multiplicity free for j =1,...,r
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(SL(n) ® SL(2)) ®sr(2) (SL(2) ® SL(m)) |n,m >3

SL( ) EBSL(n) SL( ) n > 3,a 75 b
SL(n)* ®srm) SL(n) n>3,a# —b
(2m) DsrL(2m) A? (SL(2m)) m>2b+#0
SL(2m + 1) @SL(2m+1 A%(SL(2m + 1)) m > 2,a #—mb
SL(2m)* Ggr,(2m) A?(SL(2m)) m>2,b#0
SL(2m + 1)* ®srzm+1) A>(SL(2m + 1)) | m > 2,a # mb
SL(n) ®srm) (SL(n) ® SL(m)) 2<n<m,a#0
SL(n) ®stm) (SL(n) ® SL(m)) m=>2nz>m+2a#b
SL(n)* ®sr(n) (SL(n) ® SL(m)) 2<n<m,a#0
SL(n)" @sr(n) (SL(n) ® SL(m)) m>2,n>m+2,a# b

2
2

(SL(2) ® SL( ) Gsrz) (SL(2) ® SL(m)) |m >3,a#0
(SL(n) ® SL(2 ))@SL (SL(2) ® Sp(2m)) [n >3,m >2,b#0
TABLE 6. Non—saturated multiplicity free actions

One can choose the A;’s in Theorem 6.5.1 to be minimal, in the sense that the
action of Gj' x B on Wj fails to be multiplicity free for all proper subgroups B of
A;. Some factors A; can be trivial and A; X --- x A, need not act on W1 @ ---® W,
via a product action. That is, the A;’s can act diagonally on the indecomposable
G’-summands W;.

Example 6.5.2. As an example, consider G’ = SL(n) x SL(n) for n > 2 acting on
V=WeW,=(C"s&C") @ (C"a C") via

(g, h) - (21, y1, %2, y2) = (971, gy1, he, hip) for g,h € SL(n) and x;,y; € C".
Here G1' = SL(n) ®srm) SL(n) = G, appear in Table 5. Let A = (C*)? act on V
via

(t1,ta,t3) - (21,91, T, o) = (titazy, itoys, titams, titays) for t; € C*.

The joint action of G’ x A on V is multiplicity free. Indeed, if we let A; = C* x
{1} x {1} and Ay = {1} x C* x {1} then we see that the actions Gj' x A; : W, appear
in Table 6. Here, however, one can’t find subtori A; as in Theorem 6.5.1 that act
independently on W; and Wj.

Theorem 6.5.1 completes the classification of multiplicity free actions because we
have exhibited all of the possibilities for the groups G;" C GL(W;) and for the actions
of the A;’s on the W;’s. More precisely, if G : V' is multiplicity free then for each
1 < j < r we must have either:

1. W; is Gj' irreducible and
(a) m;(A;) = C* and Gj' appears in Table 3, or
(b) A; = {1} and G;' appears in Table 4.
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2. W; is a sum of two Gj'-irreducible subspaces and
(a) m;(A;) = (C*)? and Gy appears in Table 5, or
(b) G;' appears together with m;(A;) = C* in Table 6, or
(c) A; = {1} and Gj' = (SL(n) ® SL(2)) ®sr2) (SL(2) ® SL(m)) with n,m >
3.

6.6. Proof outline. The saturated indecomposable multiplicity free actions in Ta-
ble 5 are obtained from the irreducible actions in Table 3 by extensive case-by-case
analysis. Suppose that G = G’ is semisimple and that (7, V') is an indecomposable
action with V' =V} @ V%, a direct sum of two G-irreducible subspaces. Let m; = 7|V}
and G; = m;(G) C GL(V;) for j = 1,2. If G x (C*)? : V is multiplicity free then it
is clear that both G x C* : V] and G x C* : V, must be multiplicity free. Thus both
G; and G4 appear in Table 3.
Define normal subgroups K; and K, of G; and Gg by

(661) Kl = 7T1(Ker(7rg)) and K2 = 7T2(K€I'(7T1)).
The map
(662) F. Gl/Kl — Gz/Kz

given by F(m(9)K1) := m2(9)Ka is a well-defined group isomorphism.

If K; = Gj then it follows that Ky = Gy and we have 7(G) = G; X Ga. In
this case, our action decomposes as a direct product of the multiplicity free actions
Gj X (CX)

Next suppose that the Kj’s are proper subgroups of the Gj’s. Note that K; need
not be connected. We write KJ for the identity component in K;. Since Kj is a
normal subgroup of Gj, so is K. As G; appears in Table 3, Gj is either a simple
group or a product of two simple factors. Thus we can write Gj = KjHj, where
either Hy = G; (when Kj = {e}) or Hj is one of two simple factors in G;. As
Hj = Gj/Kj covers G;/Kj, the derivative of F' yields an isomorphism between the
Lie algebras of Hy and Hs. In fact, Table 3 shows that Hj is simply connected except
when H; = SO(n). Thus, we can realize F' as a group isomorphism H; = Hy or as
a covering of one of the H;’s by the other. We write F' : H; — Hj for this map after
interchanging the roles of G; and Gy when Hy covers H;. If we define a new group
L by L = K] x H; x K3 and a representation o of L on V =V; & V; by

O'(k’l,hl, kg) = (klhl, F(hl)kQ) € GL(‘/l) X GL(%)

then we see that 7(G) = 0(L) = G; @n, Go. That is, H; acts diagonally on V; and
V5 via F.

In summary, we have shown that any saturated indecomposable multiplicity free
action with two irreducible summands is obtained from two entries in Table 3 via
diagonalization along simple factors. Combining pairs of entries in Table 3 which
share a common simple factor yields a large number of indecomposable actions. It is
necessary to examine each of these in turn to determine which are multiplicity free.
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Various techniques can be applied in each case. One can look for an open Borel orbit.
(Many candidates can be eliminated easily because the underlying vector space has
dimension greater than that of a Borel subgroup.) One can apply the Littlewood-
Richardson rules (and variants for the classical groups SO(n,C), Sp(2n,C)) or use
the recursive criterion from Section 5. Table 5 is the end result of this analysis.

fV=Vi®- - -®V,is asum of r irreducible subspaces, then the above reasoning
applies to each pair of groups G; = m;(G), Gj = 7;(G). For the action to be
indecomposable, at least one simple factor in each G; must act diagonally on at least
one V; with j # i. Diagonalization from Tables 3 and 5 produces indecomposable
actions with more than two irreducible summands. The analysis shows, however,
that no such actions are multiplicity free.

6.7. Section 6 notes. The articles [7] and [27] contain formulas for the fundamen-
tal highest weight vectors and further detailed information for each action in the
classification. For the irreducible actions, much of this is due to Howe and Umeda

21].
7. INVARIANT POLYNOMIALS AND DIFFERENTIAL OPERATORS

7.1. Polynomial coefficient differential operators. For each f € C[V] we have
the multiplication operator My € End(C[V]),

My(h) = fh.

Let P(V) = {M; : f € C[V]}, so P(V) = C[V]. For each v € V we have the
directional derivative 0, € End(C[V]),

(9oh) (1) = Tim L0210 = J ()

t—0 t

The algebra D(V') generated by {0, : v € V} is the algebra of constant coefficient
differential operators. The embedding V' <— D(V), v — 0, extends to an isomorphism
from the symmetric algebra S(V) to D(V'). Thus

D(V) = 5(V) =C[V7]

as algebras.

We let PD(V) be the subalgebra of End(C[V]) generated by P(V') and D(V'). This
is the algebra of polynomial coefficient differential operators. The product rule for
derivatives shows that the map

PV)®DWV)—PDV), p&L— pL

given by multiplication is a vector space isomorphism. Composing this with the
algebra isomorphisms

ClVe V' =C[V]aClV]=P(V)®DV)
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produces a vector space isomorphism
§:ClVae V'] - PD(V), p+ p(z0).

We say that p € C[V @ V*] is the Wick symbol for the operator p(z,d). The inverse
map
o:PDV)— C[VaV*
of ¢ is called the polarized symbol map.
The above discussion can be made more concrete by introducing coordinates.

Let (z1,...,2,) be coordinates on V with respect to some basis {ey,...,e,} and
(wi,...,w,) be coordinates on V* with respect to the dual basis {ef,...,e:}. We
have

ClV]=Clz1,...y2n], ClV@V]=Clz1,...,2n,W1,..., Wy
The monomials

(= J— Oél“‘ Qn
2% = 2] z,

form a basis for C[V] and the differential operators

o oo, (0 o)
J

form a basis for D(V) as a = (ay, ..., a,) ranges over all multi-indices o € N™. The
operator p(z,0) with Wick symbol
w) = anﬁzawﬁ.
a’ﬂ

is
0) = capz"d’.
a,8

The symbol mapping is not an algebra isomorphism because C[V @ V*] is abelian
whereas PD(V) is not. In fact, one has the Heisenberg commutation relations

[0i, 2] = bi;
in PD(V). To obtain an algebra isomorphism, one can pass to the associated graded
algebras. The algebra C[V @ V*| is filtered by

COV eV )= > PV)P(V).
a+b<k
Then
PDW(V) = 5(CH[V & V)
gives a filtration of the algebra PD(V'). That is

c=Pp® cppWc...cPDP(V)c..., |JPDW(V)=PDV),
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and
PP (V)yPDY (V) ¢ PDEO(V)
in view of the commutation relations. In terms of our basis,
PD®(V) = Span{z°d® : |a|+ |6] < k}

where |a| = a3 + -+ 4+ a@,. The map ¢ : C[V @ V*] — PD(V) induces an algebra
isomorphism from ¢gr(C[V & V*]) = C[V & V*| to

or(PD(V)) = - PDE (1) PDO(V),
k=0

an abelian algebra that is canonically isomorphic to PD(V') as a vector space.

Lemma 7.1.1. PD(V) is strongly dense in End(C[V]). That is, PD(V)|X = Hom(X,C[V])
for any finite dimensional subspace X of C[V].

Proof. Let X C C[V] = C[z,...,2,) be a finite dimensional subspace and T €

Hom(X,C[V]). Let {p1,...,pm} be a basis for X, ordered so that deg(p;) < -+ <
deg(pm). By taking suitable linear combinations, one can ensure that py contains a
monomial m; which

e has degree deg(py) and
® py,...,Pr_1 contain no non-zero multiples of my.

Let f; =T (p,) for 1 < j <m, and let my = z*. Then the operator
1
D1 = fl—ﬁo‘ (Oé' = 051! s Oén!)
a!

has Dl(pl) = fl'
Assume inductively that there is some Dy, € PD(V) with Dy (p;) = fj for 1 < j <

k. Let my, = 2°. Then 9%p; = --- = 3%, = 0, and °pj,1 = 3! Now
1
Di1 = (fer1 — kakJrl)Eaﬁ + Dy,
satisfies Dy11(p;) = fj for 1 < j <k + 1. By induction we conclude that there is an
operator D € PD(V) with D|X =T. O

7.2. Invariants in PD(V). Now suppose that a reductive algebraic group G is
acting linearly on V. For the moment, we do not assume that G : V' is a multiplicity
free action. The group G acts on PD(V') via conjugation:

(9-D)(f)=g-D(g"-f)

In terms of coordinates one calculates:

g- MZj = Z(gil)jﬁMzN g- 8]' = Z(gt)jeae'
l

4
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It follows that the polarized symbol mapping intertwines the action of G on PD(V)
with its action on C[V @ V*| = Clzy, ..., zp, w1, ..., w,] via

g-p(z,w) =plg~ 'z, g'w).

This formula agrees with that for the representation of G on C[V & V*] arising from
G : V and its contragredient G : V*,

90,8 =(9-v,9:§) =(g-v,6097).
Thus we have shown:
Lemma 7.2.1. The G-invariants in PD(V) are
PD(V)¢ = PD(V) N Endg(C[V]) = {p(z,0) : peC[Va V.

Let K be a maximal compact connected subgroup in G. The Unitarian Trick
ensures that an operator D € PD(V) is G-invariant if and only if it is K-invariant.
Now we define the K-average of D via

D”:/K(k-D)dk

where dk denotes normalized Haar measure on K. The operator D belongs to a finite
dimensional subspace PD™ (V) for some m, and the integral converges in PD™ (V).
So D is a polynomial coefficient differential operator. A change of variables and
unimodularity of K shows that k, - D = D" for each k, € K. Thus D € PD(V)C.

Lemma 7.2.2. PD(V)% acts irreducibly on C[V]B* for all dominant weights \.

Proof. For D € PD(V)%, b € B and h a A\-highest weight vector, we have
b-(Dh) = D(b-h) = D(b*h) = b*Dh.
Thus PD(V)¢ preserves the space C[V]Z* of A\-highest weight vectors.
Next let hy, hy be two A-highest weight vectors in C[V] and consider the finite
dimensional G-invariant space

X = Span(G - hy) + Span(G - hy).

Since Span(G - hy) and Span(G - hy) are equivalent as G-modules, there is some
T € Endg(X) with T'(hy) = hy. By Lemma 7.1.1 there is an operator D € PD(V)
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with D|X = T. Now D! € PD(V)% and

thlz/ k-D(k™'- hy)dk
K
:/ k-T(k™ h))dk (as k™' hy € X)
K

= / T(hy)dk (as T is G-invariant)
K

=T(h)

- hg.
This shows that PD(V)¢ acts irreducibly on C[V]P. O
Theorem 7.2.3. G :V is a multiplicity free action if and only if PD(V)¢ is abelian.

Proof. Let G : V be a multiplicity free action and

Clv] = @ Py
AeA

be the decomposition of C[V] into pair-wise inequivalent G-irreducibles. Schur’s
Lemma ensures that any operator D € PD(V)¢ must preserve each Py and acts on
P, as multiplication by some scalar. It follows that any two operators in PD(V)¢
commute.

Conversely, suppose that PD(V)% is abelian. As PD(V)¢ acts irreducibly on
C[V]B* we must have dim(C[V]P*) < 1 for all dominant weights . Hence G : V is
multiplicity free. (I

Thus when G : V is multiplicity free, both algebras C[V & V*]¢ and PD(V)¢ are
abelian. Although 6 and ¢ are not algebra maps, they induce algebra isomorphisms

ClV @ V*9 = gr(ClV & V*°) = gr(PD(V))
between the associated graded algebras. Concretely, this means that although one
generally has p(z,0)q(z,0) # (pq)(z,0), the operators p(z,0)q(z,9) and (pq)(z,0)
have the same top degree terms. Here “degree” in PD(V) is defined using the filtra-
tion PD® (V) from Section 7.1. In particular, 2%9° has degree |a| + |3|.

7.3. A canonical basis for the invariants. Suppose that G : V is a (linear)
multiplicity free action. The trivial representation of G occurs in C[V] on Py(V') = C,
the constant polynomials. As the representation of G on C[V] is multiplicity free, it
follows that C[V]¢ = C. That is, there are no non-constant G-invariants in C[V].
Because of the connection with G-invariant differential operators it is, however, of
interest to study the G-invariants in C[V & V*].

Let
cvl=&p P

A€A
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denote the multiplicity free decomposition of C[V] under the action of G. Then
ClveV]=CV]eClV]= @ ne P,

where the subspaces Py ® Py, are G-invariant in C[V & V*]. Thus
cvaevii= @ (hep)"
AN EA
But
0 ifA#N
C ifa=X
by Schur’s Lemma. The first isomporphism is given by f ® £ — (p — &(p)f).

The element in Py ® Py that corresponds to Ip, under the isomorphism P\, ® Py =
Hom(Py, P,) is

(Pv@ P;)C = (Hom(Py, Py))® = Homg(Py, P\) = {

dx
(7.3.1) =) _fi®f
j=1

where dy = dim(Py) and {f; : 1 <j <d,} is any basis for p) with dual basis {f;}.
Thus we have shown that

ClV e V¢ =P Py P;)° =P Cha.
AEA A€A
So {pr | A € A} is a basis for C[V @ V*|¢. As Equation 7.3.1 does not depend on
the choice of basis {f;} for Py, the basis {py | A € A} for C[V & V*]¢ is canonical.
Applying Wick quantization we obtain a canonical basis for PD(V)¢.

We call the polynomials py the unnormalized canonical invariants. To achieve some
simplification in formulae to be derived below, we also introduce the (normalized)
canonical invariants ]

P = d—ﬁ)\, (d)\ = dzm(P,\))
A
In summary we have proved the following.
Proposition 7.3.1. {py : X € A} and {pr(2,0) : X € A} are canonical vector
space bases for C[V @ V*|¢ and PD(V)C respectively.

7.4. The fundamental invariants. Now let r be the rank of the multiplicity free
action G : V and

={A1,.-- A}
be the set of fundamental highest weights. Recall that A = {ms 1+ --+m,\. | m €
N"}. (See Proposition 3.3.1.)

Definition 7.4.1. The fundamental invariants for G : V are {~y,...,~,} where
Yi = Px;-
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For A € A let |A\| € N denote the degree of homogeneity of Py. That is, Py C
Pi»(V). Then the canonical invariant py is homogeneous of degree 2|A|.
For any weights p, v € h* we will write

= v
when v — 1 is a sum of positive roots.

Lemma 7.4.2. For any A\, n € A there are values ¢, = ¢y, for which

Pa\Pup = Z CuPv,

where the sum is over all v € A with |v| = |\ + || and v < X\ + p. Moreover,
Catp 7é 0.

Proof. The product pyp, is G-invariant and belongs to Pjxj4|u/(V) @ Piaj(u (V*). As
the p,’s form a homogeneous basis for C[V & V*|¢ we conclude that

YOV Z CuPy

w=IAI+|pl

for some values ¢,. Let {f; ;1;1 and {hj};lil be bases of weight vectors for Py and
P, so that fi, hy are highest weight vectors. We know that all other weights in an

irreducible representation space precede the highest weight in the partial ordering
defined above.
We have

1 * 7 %
DaPu = m;flh] &® fz hj‘

The C(V')-components f;h; in this sum are weight vectors with weights A\;+p; < A-p.
It follows that ¢, = 0 unless v < A + u. Moreover, the term fih; ® fih}
contains the (X + p)-highest weight vector hyh,. We conclude that cyy, #0. O

Theorem 7.4.3. C[V & V*|¢ = C[v,...,v]. That is, C[V @& V*]% is a polynomial
ring freely generated by the fundamental invariants.

Proof. Given m € N", let A = miA; + -+ m, )\ € A. Lemma 7.4.2 shows that
Y= A = P DR = aapa+ Y aupy
V<A

for some coefficients a, with ay # 0. As {p,} is a basis for C[V @& V*]¢, we conclude
that {y™ | m € N"} is also a basis for C[V & V*]°. O

Corollary 7.4.4. PD(V) is a polynomial ring freely generated by {D; = v;(2,0) : 1 <
j<r}



NOTES ON MULTIPLICITY FREE ACTIONS 49

Proof. From Theorem 7.4.3 we see that {y™(z,0) : m € N"} is a basis for the vector
space PD(V)%. Also, given m = (my4,...,m,),

DM = DI”l . ..D:”T = f}/l(z’a)ml .. -’}/r(z,a)m’“

differs from 7™(2,d) by an element of PDZN=Y(V), where A = my\; +---m,\,. By
induction on degree in PD(V) we conclude that {D™ : m € N"} is a vector space
basis for PD(V)%. Thus PD(V)¢ = C[Dy,...,D,]. O

7.5. The algebra C[V;]¥X. An alternative viewpoint on C[V &V *]¢ will prove useful.
Let K denote a maximal compact connected Lie subgroup of G and (-, -) be any K-
invariant positive definite Hermitian inner product on V. The conjugate-linear vector
space isomorphism

V-V veov = (,v)
is K-equivariant (but not G-equivariant). In view of the Unitarian Trick we obtain
an algebra isomorphism

(7.5.1) CWwE =ClVe VX =ClVeo V¥ =C[Vae Vi

Here V denotes V with the conjugate complex structure and Vi is the underlying
real vector space for V.

Introducing coordinates (z1,...,2,) on V with respect to an orthonormal basis,
one has C[V] = C|zy,...,2,]. This polynomial ring also carries an inner product,
namely

(p,a)r = (p(0)7)(0) = (7(9)p)(0),
the so-called Fischer inner product. Here p(0) = p(0y,...,0,) for p=p(z1,...,2,)
and for q(z) = >, ca2®, G(2) =D, Caz®
Thus
(2%, zﬂ)f = 0ppal = ba 00! !
for multi-indices a = (a1, ..., an), 8= (01, .., 0n)-
Lemma 7.5.1. The subspaces {Py : A € A} in C[V] are pair-wise orthogonal with
respect to the Fischer inner product.

Proof. This follows from the fact that K C U(V) and U(V) preserves (-,-)r. This
can be seen using an alternative formula for the Fisher inner product:

1 S
(7.5.2) Pa)r=— /10(2)Q(2)e—zhdzdz

7r
In (7.5.2), n = dimc(V), |2|> = (2, 2) and “dzdz” denotes Lebesgue measure on Vg
normalized using (-,-). We see that (k-p, k- q)r = (p,q)z for k € U(V) via a change

of variables in (7.5.2), since both |z|? and dzdz are U(V)-invariant.
To establish (7.5.2) it suffices to verify that

I 42
/zaEO‘ e P dzdz = T"0q,ar ).



50 C. BENSON AND G. RATCLIFF

For this, use polar coordinates z; = rjeieﬂ' to write

2 - ©° I a;j+a’+1 2

o ; ; v —od N0 —p2

/zazae P dzdz = | |/ / r; i)l ¢ "5 df;dr;.
i=1Jo Jo

The integral in 6; is zero unless a; = o, in which case one has

% 20,41 42 > ds
27r/ ri e lidry = 27r/ s%e f— = ma;l.
0 0 2
U

Using isomorphism (7.5.1) we can regard the canonical invariants p, as elements
of C[Ve]® = Clz1, ..., 2n, 21, - .., Zn)K. We have

P = 53 6EE = 5l

where {e;} is any orthonormal basis for Py (with respect to (-,-)). Note that each
px € C[Vg]¥ is real valued and non-negative.
We later require the formula

2k

z
(753) Z d>\p>\ = |k‘_'|
A=k

Indeed >, _; dapa(2,2) = >, le(2)]? where e ranges over an orthonormal basis for
Pr(V) obtained by concatenation of orthonormal bases for {Py : |A| = k}. The sum
is, however, independent of the basis and we can use {z®/va! : |a| = k} to compute

Z dapy = Z 29Z%/al = o Z JE = |2|* k!
IA|=Ek la|=k |a|=k

as stated.
On C[Vg] = Clz1,..., 2n, 21, .. ., Zn] we consider the Hermitian inner product

(p,q). = (»(0,9)7)(0) = (7(3,9)p)(0).
This “doubled Fischer inner product” is determined by
(2°7°,2%F%), = ba.adppalf.

Proposition 7.5.2. {p, | A € A} is an orthogonal basis for C[Vg|X with respect to
the inner product (-,-).. Moreover (px,pr)x = 1/d,.
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Proof. Let {e;}, {f;} be (-, -)-orthonormal bases for Py, P,. Using Lemma 7.5.1 we
compute

<p>\>p/t>* = (p)\(aa 5)]_?”(2, E)) (0)

1 2
d)\du ; ‘<ei7 f]>.7:‘
_ 5>\,Md>\

drd,

b
dy

O

7.6. Section 7 notes. Theorems 7.2.3, 7.4.3 and Corollary 7.4.4 are from [21]. An
action whose invariants form a polynomial ring is said to be coreqular. The coregular
actions for simple groups are classified in [24] and [43].

The Fischer inner product is also called the Fock inner product, especially in con-
nection with Equation 7.5.2. Fock space F is the Hilbert space completion of C[V]
with respect to (-,-)z. This can be identified as the space of holomorphic functions
on V square integrable with respect to the Gaussian measure e”*dzdz [12]. The
inner product (-, -), can be regarded as the restriction of (-,-)r ® (-,-) z+ from F ® F*
to C[V @ V] = C[V] ® C[V]*. One can identify F ® F* with the space of Hilbert-
Schmidt operators on F. Now (-, -) induces the Hilbert-Schmidt norm. There is also
a connection with the Berezin star product, as explained in [1].

8. GENERALIZED BINOMIAL COEFFICIENTS

We continue to assume that G : V is a multiplicity free action. As in the previous
section, {py | A € A} are the canonical invariants. We view these as living in C[Vg]¥.

8.1. The polynomials ¢,. Let A = 0 - 0 = 0,01 + -+ + 0,0, and consider the
operator 1" : C[Vg] — C[Vg],

(Tp)(2,%) = (®p) (2, —2) = e 2 (p(z,—7)).

Note that 7" is an involutive automorphism. Indeed, writing (Mp)(z,z) = p(z, —%)
one has

(8.1.1) T=Moet=e“oM=T"
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Definition 8.1.1. Let ¢y = T'(py) = (—1)Ple=2p, for each A € A.

The two formulas in the definition for gy agree because py(z, —z) = (—1)Mp(z, ).
Lemma 8.1.2. {q\ : A € A} is a vector space basis for C[Vg]¥.

Proof. First note that g, € C[Vg] is K-invariant because p, is K-invariant and A is
a U(V')-invariant operator. Moreover

g = (=1)Ppy + 7y
where py € Py5 (V) and 7y is of lower degree. As {py} is a basis for C[Vg]¥, so is
{ar} O

8.2. The generalized binomial coefficients. As gy belongs to C[Vz]¥, it can be
written as a finite linear combination of the canonical invariants p,.

Definition 8.2.1. The generalized binomial coefficients [;\} are defined for \,v € A

0= 30" .

vEA

The proof of Lemma 8.1.2 shows that

A A A
L\] =1, LJ = 0 when |\| = |v| but A # v and {J =0 for [v| > |Al.

So in fact

- g - Lo

[VI<IAl v[<[Al

The terminology “generalized binomial coefficient” is motivated by Example 8.4.1

below. Our immediate goal is to develop some combinatorial properties of these
coefficients and to relate them to eigenvalues for operators in PD(V)¢. We begin
with the following.

Proposition 8.2.2.
AT (D for A =v
s -(5 ke

Proof. First note that as gy = T'(px) and T2 = I one has
A A
= = —1) — —_1)
(8.2.1) m=T(n) =) (-1) u T(p) = (-1) { 1%,

v
v v
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an interesting formula in its own right. But now

NI WD SEE (Z(—n"" B q,,>

p a p . v
S ZE S (T A
ullvl) ™
v u
and the result follows from the linear independence of {g, : A € A}. O

Proposition 8.2.3. For A\ € A and k € N

A* A
(8.2.2) TP= D upy
' e
and
A A
(8.23) po-c Y Pl
‘ .

Proof. We have

14

S H Py = ar = T(px) = (~1)Me5p,

= (DN Y1

Equating homogeneous components of degree 2(|\| — k) on both sides of this equation
yields (8.2.2). Applying the operator T" to both sides of (8.2.2) yields (8.2.3) since

T(AFpy) = (1) Fe 2 AFpy = (=1)*AF ((=1)Me™2py) = (=1)FA%gy.

The next theorem is the key to all subsequent results in this section.

Theorem 8.2.4 (Yan’s Pieri Formula). Forv e A, k € N,

| |2k

z A
E dl/pl/ - Z |:I/] d)\p)\‘

[A|=|v|+E

Proof. First note that for polynomials p,q € C[Vk] one has

<sz7 q)* = <p7 6j >*7 <§jp7 Q>* = <pa 6](])*
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and hence (|z|*p, q). = (p, Aq).. Now using Proposition 7.5.2 and Equation 8.2.2,

[ 5 (e /Mpe ).

Dy =
|
k' I\ =|v|+k <p)\>p)\>*
> da(py, (AF/E)pa).pa
IA|l=|v|+k
A
Z dA ly} <pu7pu>*p>\
IA|l=|v|+k
dy l)ﬂ
= Z - Dx-
A=lvl+k

Corollary 8.2.5. For |A\| = |v| + k one has

A . 1 €1 €2 Ek—1 A
ARl |
where the sum is over all (1, ...,ex_1) with |g;| = |v| + 7.

Proposition 8.2.6. The generalized binomial coefficients are non-negative real num-
bers.

Proof. Corollary 8.2.5 shows that it suffices to prove m > 0 for |\| = |v|+ 1. Let
{f1,.-., fa,} be an orthonormal basis for P, with respect to the Fischer inner product.
Since z;f; € Pp+1(V) = ®|/\\=IV|+1 Py, we can write

afi= > hHi,J)
IA|=]v|+1

where f)(i,7) € P\. Hence also

n dy n
2Pdp, =) ) afimfi= ) Zquyfw

=1 j=1 [A|=|N|=v]+1 i=1 j=1
The sum 3\ _ vz pj1 Pa ® Py is direct in C[Vg] = C[V] ® C[V] and each Py ® Py
is a K-invariant subspace. Since |z|%d,p, is a K-invariant polynomial, it follows that

n dy

SN A 5)fu(, ) € PA® Py

i=1 j=1
is K-invariant for each |A| = |v|+ 1 =|XN/|. But

= x| {0} for X#£N
(PA@P)\/) _{(Cp)\ fOI‘)\:X
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via Schur’s Lemma, as in Section 7.3. We conclude that > ;" Z?;l G, 5) (i, g) =
0 for A # X and that >, Z;l;l |£r(3,5)]2 = capy for some ¢, € C. As py and

S Z?;l |f2(4,7)]* are both non-negative real valued polynomials on Vi, we must
have ¢y, > 0. Hence

2Pdupy = Y capa

IX=|v|+1

for some values ¢y > 0. Theorem 8.2.4 now implies [ﬂ =cy/dy > 0. [l

8.3. Eigenvalues for operators in PD(V)¢. The operators p,(z,) in the canon-
ical basis for PD(V)% act by scalars on each subspace Py C C[V]. This is a conse-
quence of Schur’s Lemma, G-invariance of p,(z,0) and the fact that the decomposi-
tion C[V] = &P, is multiplicity free.

Definition 8.3.1. For v,\ € A let p,(\) € C denote the eigenvalue of p,(z,0) on
P)\- That iS, p(zv a)|PA = ﬁV(A)IPA‘

Proposition 8.3.2. d,p,(\) = m for all \,v € A.

Proof. Note that
pu(za 6)]))\(2, z) - ﬁu()‘)pA(za z)
as px(2,Z) € Py ® Py. Now using Theorem 8.2.4,

dypy(2,0)e*’ = d,p, (2, 7)e’

= dyp, (2 Z|
B> [ }mzz)

k  I\=|v|+Ek

—Z{}d)\p)\zz

But we can also use Equation 7.5.3 to write

e 12 = Z |]{;i|‘ = Z Z dApA(Z,E) = Zd,\px(z,i).

k |\=k
Thus
dyp,(2,0)e" = " d,dp,(Mpa(2,%).
A

Comparing these two expressions for d,p,(z, 8)6'2‘2 gives d,p,(\) = [i‘] as claimed.
l

Together Propositions 8.2.6 and 8.3.2 yield:
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Corollary 8.3.3. The eigenvalues p,(\) are non-negative real numbers.

8.4. Examples. Here are two examples to illustrate the circle of ideas developed
above. Even the most basic example is of interest in this context.

Example 8.4.1. GL(n): Consider the usual action of G = GL(n,C) on V = C".
We have maximal compact subgroup K = U(n) and the standard inner product
(z,2'y = z-Z is K-invariant. C[V] decomposes as

CV]=Cla ..., 2] = D Pm(V

under the actions of G and of K. Using the orthonormal basis {z*/va! : |a| = m}
for P, (V) (with respect to (-,-)z) we compute the canonical invariant pn,(z,%) €

Clva]®
e =g 3 T = S (2 )1epe = gl
Substituting : ) 1
m+n —
A = dim (P (V) = ( o )
one obtains ) (n— 1)
Pm(2,%) = m| e

The fundamental invariant is v = p; = |2|?>/n and the above computation shows that
C[Ve)® = C[y], illustrating Theorem 7.4.3.
Next we compute

SR PR Y [ (m
i = o = — = dmPm-
(m —k)! (m —k)! k! k ) m! k
Now Theorem 8.2.4 implies
m|  (m
E|l  \k

for k,m € N. This fact motivates the terminology “generalized binomial coefficient”
The polynomials {g,, | m € N} are given by

in(2:7) = Y (-1 (Z)pk<z,z> = S0 () e = L)

k k

196 =23 (V)i

is the generalized Laguerre polynomial of order r and degree m, normalized to have
value 1 at z = 0.

where
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Now according to Proposition 8.3.2 the operator dypy(z,d) € PD(V)Y has eigen-

value
. m

on P, (V). One can see this directly because

m 240%, z'falk m 2 ml ok m\ .,
dipi(2,0)(27") = > N (21") = o A ) = ot k)™

laf=k

for m > k.
For this example Proposition 8.2.2 asserts that

(8.4.1) é(—nk(’g) (’;) = Smg(—1)™.

Equivalently, the lower triangular matrix A with entries A4, = (—1) (Ts) (0<m,k <
N say) is self inverting: A% = A. One can verify (8.4.1) directly as follows.

—(1-(1-2)"= Z(—l)k <7g> (1—2)"=> (-1 (Z;l) 2. <I;>xé

ol

Example 8.4.2. ( ) ® GL( ): Recall the (twisted) action (4.1.2) of G = GL(n,C)x
GL(n,C)onV =C"®C" = M, ,(C). Restricting to the maximal compact subgroup
K =U(n) x U(n) we have

(k’l, k’g) = Eﬂ)k‘;

where k* = k' = k~L. The inner product (z,w) = tr(zw*) on V is K-invariant. The
decomposition
(C[Mn,n((c)] = @rea by
under the action of K, given in Theorem 4.1.1, is indexed by partitions A = (A} >
Let ¥ C V denote the set of matrices of the form h = diag(ds, ..., d,) withd; € RT.

Proposition 8.4.3. ([6]) For A € A, py € C[Vg]¥ is determined by its restriction to
Y via the formula

p)\(h) = C)\S)\(d?, ce ,di)
where sy is a Schur polynomial in n variables and cy is a positive constant.

The Schur polynomial sy arises as the character of the representation o;) of GL(n, C)
with highest weight A,

sa(z1, ..., ) = tr(aé(dz’ag(xl, ey X)),
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and is given explicitly by the determinantal formula

det [xj] +n_j}
(842) S)\(.Tl, ce ,.Tn) = W

The Schur function s(xy is the k’th elementary symmetric function e;. Thus the
fundamental invariants v, = p(ix) € C[Vg]¥ are determined, up to normalization, by

Yi(h) = Ckek(d%a RN di)
on the cross-section X.

It is useful to identify partitions A € A with their Young’s diagrams. Given two
diagrams A, v € A, we write v C A when v is a sub-diagram of A. That is, v; < A,
for all j. If |[\| = |v| 4+ k then C,, will denote the number of sequences (g, . .., ex) of
Young’s diagrams such that

e v=¢c7Ce C---Cep1Cer=A, and

o gj|=v|+jforj=1,... k.

That is, €; is obtained from ¢;_; by adding a single box O to some row. Note that
Cw =0if v ¢ X\. When v C A, C,, is the number of standard tableauzr of shape
A —v. That is, the number of ways to assign the values 1,2, ...,k to the boxes of the
skew-diagram A\ — v so that values increase as we move along rows from left to right
and as we move down columns.

Proposition 8.4.4. The generalized binomial coefficients can be expressed as
Al 1dye,
for |\ = |v|+ k.
Proof. Note that the polynomial v(z) = |2|?> = tr(z2*) is given on ¥ by
yh) =di+ -+ d) = spy(di, ..., d2).
Consider the case where |A| = |v| + 1. Theorem 8.2.4 and Proposition 8.4.3 yield

A
d,CyS(1)Sy = Z Lj]d,\c,\s)\.

IA|=|v|+1
On the other hand, the classical Pieri formula asserts:

S(1)Sv = Z S\

[Al=lv|+1
vCA

Comparing these expressions gives

A 3”# ifvCA d,c,
— ACA i — _C)\l/'
v 0 ifvrg A dxcy

An application of Corollary 8.2.5 now yields the result for |\| = |v| + k. O
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2

The dimensions d, = dim(P,) are d, = dim(c*)?, in view of Theorem 4.1.1. A

classical formula for these dimensions gives

d, - [HNi—Mj+j—i

i
1<J J

2

Remark 8.4.5. This example motivates the name “Yan’s Pieri Formula” for Theo-
rem 8.2.4.

8.5. Section 8 notes. The polynomials ¢, play a role in connection with analysis
on the Heisenberg group. Let Hy =V x R with product

1
(z,8)(2¢) = (z+ 2, t+ 1t — §Im<z,z/)).

Any compact Lie subgroup K of U(V') act by automorphisms on Hy via
k- (z,t) = (kz,t).

It is known that (K x Hy, K) is a Gelfand pair if and only if K : V' is a multiplicity
free action. A generic set of spherical functions for such a Gelfand pair is completely
determined by the g)-polynomials. In particular,

¢('Z> t) = qA(z)ef|Z|2/2eit

is one such spherical function. We refer the reader to [4] concerning this connection.

One can extend the inner product (-, ), from C[V] to C[Vg] using Equation 7.5.2.
The g\’s are then orthogonal with respect to (-, ). In fact, they can be obtained via
Gram-Schmidt orthogonalization using (-, -)- from the py’s [4].

The generalized binomial coefficients were introduced by Z. Yan in an unpublished
manuscript [51]. This contains the first proofs of Theorem 8.2.4 and Proposition 8.3.2.
Further combinatorial identities concerning the generalized binomial coefficients can
be found in [6]. Both [51] and [6] use representation theory for the Heisenberg group
and exploit the connection with spherical functions outlined above. The treatment
given here achieves some simplification.

In [7] it is shown that the generalized binomial coefficients are (non-negative) ra-
tional numbers. Thus the same holds for the eigenvalues p,(A). The proof involves
extensive case-by-case analysis working from the classification for multiplicity free
actions presented in Section 6.

For background on Schur functions, including the Pieri formula, we refer the reader
to Chapter I in [34].

9. EIGENVALUES FOR OPERATORS IN PD(V)¢

Recall that for a multiplicity free action G : V each D € PD(V)% acts by scalars
on the irreducible subspaces {P, : A € A} in the decomposition of C[V]. For v € A,
Pv(A) denotes the eigenvalue of p,(2,0) on Py. This is d,p,(A) = [}]. We will see
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that the map p, : A — C extends in a natural way to a polynomial function on the
subspace Spanc(A) of bh*.

9.1. Eigenvalue polynomials. We say that an operator D € PD(V') has order m
if
Des(CVIe ) Pi(VY).
j<m
Here ¢ : C[V @ V*] — PD(V) is the map given by Wick quantization, p — p(z,0).
In terms of coordinates, D has order m when D € Span{z®9° : |3| <m}.
Proposition 9.1.1. Let D € PD(V) and f = fi* --- fi= € C[V]. Then
_Df(Z) = ﬁD(za A1y ... 7a7")f(z)
where /BD € (C[V][fl_la ey f;l][ala cee 7a‘7"]'

Proof. The proof is by induction on the order of D. For operators of order 1, it is
enough to consider D = 9,,, a directional derivative. In this case

1) = L (0uty (£).

s0 p = »_; a0, f;/ f; in this case.

For D of order greater than 1, write D = g+ ). X;E; where g € C[V] and the
X;’s have order 1. Now E;f(z) = Bi(z; a1, . ..,a,)f(z) for suitable 8; by the induction
hypothesis. As

XiBi + B Z a; XZJSf])

J

the result follows. (I

XiEif(z) = XiBif (2) + BiXif(2) =

|

Corollary 9.1.2. 1. As a polynomial in a = (ay,...,a,), the degree of Bp(z;a) is
order(D).

2. As polynomials in a, the homogeneous components of highest degree in Bp(z;a)

and op(z, d—f(z)) agree. Here op € C[V @V*] denotes the Wick symbol of D and

df df 1 df r

S = A A  aat

f ! fl fr
Proof. (1) follows by induction from the proof of Proposition 9.1.1. For (2), we first
examine Df(z). For D = 0,, one has

i (z%> :alw*(fl) g W) Gult +...+ar61}fr

f “ "

= Bp(z;a).
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Given any polynomial b(a) in a = (ay...,a,) we will write top(b) for the homo-
geneous component of highest degree. If we look closely at the induction step, with
D =g+, X,E;, we see that

ton(5) = S t0p() ) 3oy L),

By the induction hypothesis, top(5;) = top(og,(z,df/f)), and we have just seen
that top(ox,)(z,df/f) = >_;a;Xi(f;)/ f;- The result now follows since top(ox,r,) =

top(ox,0E,)- .

Now suppose that G : V' is a multiplicity free action with, as usual,

1. A C b* the set of highest weights for the representations that occur in C[V],
2. N ={\,..., A} the set of fundamental highest weights, and
3. hj = hy, (1 < j <r) the fundamental highest weight vectors.

Then h = h{*--- h% is a highest weight vector in Py for A = a1\ + -+ + a, A\ € A.
Thus for any v € A,
P(MNh(2) = pu(z,0)M(z) = Bu(z; a1, .., ar)h(2)
with £, = Bp,(.,0) as in Proposition 9.1.1. It follows that 3,(z;a) = p,(A) for all z.
Thus (8, = B,(a) is a polynomial in the parameters a, independent of z. Since
ﬁu(alAl + -+ ar>\r) - ﬂy(alv cee aar)

we see that p, extends in a natural way to a polynomial function on Spanc(A) in h*.
Moreover, by Corollary 9.1.2 we have

~ dh dh,
top(p,,(al)\l + -t a,q)\r)) =p, (z, alh—l e arh—> .
1 T

9.2. A Harish-Chandra homomorphism for multiplicity free actions. Let
B = HN be a Borel subgroup in G with A* C h* the associated set of positive roots.
Let W denote the Weyl group and

pzéza

acAt

be half the sum of the positive roots. U(g) is the universal enveloping algebra for g
with center ZU(g). The Harish-Chandra homomorphism is an algebra isomorphism

H: 2ZU(g) — C[p]"
such that
Z € ZU(g) acts on V) by the scalar H(A + p) for all highest weights .

Let G : V be a multiplicity free action. Knop constructs a map on PD(V)¢
analogous to the Harish-Chandra homomorphism. Let

a* = Spanc(A) = Spanc{1,..., .} CH*, A=a"+p
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and define a map
(9.2.1) h:PD(V)¢ — ClA], h(D)\+p) = Bp(N).
(As before, D acts on P, by the scalar Bp()\) when A € A.) Then the following

diagram commutes:

ZU(g) —— ClHW

(9.2.2) lﬂ l

PD(V)¢ — C[A]

The map 7 is induced by the representation of G on V', and r is the restriction map.

Theorem 9.2.1. ([27]) h : PD(V)¢ =2 C[A]"° as algebras where W, C Staby, (a*+p)
s a finite reflection group.

The proof of Theorem 9.2.1 is given in Lemmas 9.2.2 through 9.2.6 below:

Lemma 9.2.2. Let N = Stabw (A). Then Im(r) C C[A]N and these two rings have
the same field of fractions.

Proof. From (9.2.2) it is clear that I'm(r) C C[A]" and r factors through I'm(r):
Clh']" — Im(r) — C[A]".

Letting h*//W,V and A//N denote the varieties with coordinate rings C[h*]", Im(r)
and C[A]" respectively, we have

h*//W «—V « A//N.

We see that r* : A//N — b§*//W fails to be one-to-one whenever ¢ € W, o € N but
o(A)N A # 0. In this case, 0(A) # A, so 0(A) N A is a lower-dimensional subvariety
in A. Thus r* fails to be one-to-one on Uyep\n(0(A) N A), whose complement is an
open set in A. Thus the map A//N — V is onto and generically one-to-one, so these
varieties have the same field of rational functions. O

Lemma 9.2.3. C[A]Y is the integral closure of Im(r) in its field of fractions.

Proof. Since C[A] is a polynomials ring, it is integrally closed in its quotient field
C(A). Thus if f € C(A)" is integral over C[A]" it is integral over C[A] and hence
f € C[AJNC(A)N = C[A)". This shows that C[A]" is integrally closed in C(A)".
It is known that C[h*] is integral over C[h*]"". (See Lemma 4.1.2 in [45].) Hence
the homomorphic image C[A] of C[h*] is integral over Im(r) and in particular C[A]™
is integral over I'm(r). Using Lemma 9.2.2, we conclude that C[A]" is the integral
closure of Im(r) in its quotient field. O

Lemma 9.2.4. C[A]Y C Im(h) C C[A].
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Proof. The map h is injective since each D € PD(V)% is completely determined by
its eigenvalues {8p(\) : A € A}. As PD(V)¢ is a polynomial ring (by Corollary
7.4.4), so is Im(h). We have Im(r) C Im(h) C C[A]. Given f € C[A]", we know
that f is integral over Im(r), hence over Im(h). Thus f € Im(h). O

Lemma 9.2.5. Im(h) = C[A]"° for some subgroup W, C N.

Proof. Apply Galois theory to the fraction fields of the rings C[A]Y C Im(h) C
C[A]. O

Lemma 9.2.6. W, is a finite reflection group.

Proof. This follows from the fact that C[A]"> = Im(h) is a polynomial ring. (See
Theorem 4.2.5 in [45].) O

9.3. Characterizing the eigenvalue polynomials. Recall that for v € A, p, can
be regarded as a polynomial function on a* = Spanc(A). We now shift d,p, to obtain
a polynomial e, on A = a* + p:

6,,()\ + p) = dl/ﬁu()‘)
for A € a*. Note that
ey, = h(dl,p,,(z, 8))
where h is given by (9.2.1). Moreover, e,(A + p) = [ﬂ when A € A, in view of

Proposition 8.3.2.
These polynomials have the following remarkable property.

Theorem 9.3.1. ([27]) For v € A the polynomial e, is the unique polynomial such
that:

1. e, s W,-invariant.

2. degle,) < |v].

3. e,(A+p) =0 for all X € A with [N\ < |v], A # v.

4. e, (v+p) =1.

Proof. Property (1) holds because e, belongs to Im(h) = Cla* + p|"*. Property

(2) holds by Corollary 9.1.2. Properties (3) and (4) are basic facts concerning the

generalized binomial coefficients D] = e, (A + p), as explained following Definition
8.2.1.
It remains to show uniqueness of e,. Let d = |v| and set

The map h restricts to yield an isomorphism
h:PDDV)? — CDa* + p"

where PD@ (V)¢ = PDW (V) N PD(V)¢ are the G-invariants in PD@ (V) and
CDa* + p"o = (XmcaPm(a* + p)) NCla* + p]">. As {pr(2,0) : X € A4} is a
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basis for PD (V)% we have that {ey : A € Ay} is a basis for C[a* + p|"=. Now
consider the linear map

e:COa* +p" = C™, e(f) = (f(A\+p) : A€ A).

In particular we have
A
o= ([ ren)

As [:\\} = 1 and [ﬂ = 0 whenever |v| > |\ or [v| = |\| but v # A, we see that

{e(e,) : v € Ay} is a basis for C*. Thus ¢ is a vector space isomorphism. Now if
f € C[a* + p| satisfies properties (1)-(4) then f € C9[a* 4 p|"* and e(f) = (e,).
Hence f = e, as desired. 1

9.4. GL(n) ® GL(n) yet again. Recall the multiplicity free action of G = GL(n, C)x
GL(n,C)on V =C"® C* = M, ,(C). Here h = b,, x b,, and the Weyl group W is
isomorphic to S, x S,. The highest weights that occur in C[V] have the form (A; \)
for A\ € b non-negative and dominant. Thus we identify A with the set of all parti-
tions A = (A > -+ >\, > 0) and a* = Spanc(A) = Spanc{(1%;1%) : 1 <k <n}
with h* = C". We can take

p=Mn—-1,n—-2,...,1,0)

under this identification. W, = Staby (a* + p) is the diagonal subgroup in W which
we identify with .S,, acting as usual on C™:

o (2155 20) = (Zo1)s - -+ Zo(n))-
Thus Cla* + p]"° is identified with
AN(n)={peClz,...,24) : p(z+p) =plc-2z+p) foralloceS,},

the algebra of shifted symmetric polynomials in n variables.
Now given v € A the shifted Schur polynomial s*(z) is defined by
det[(z; +n —1i | vj+n—j)
9.4.1 (g, ) =
(9.4.1) ) = e =]

where (y | k) is the falling factorial
Wlk)=yly—1)---(y—k+1).

It is shown in [37] that s} is a well defined polynomial function. The reader should
compare Equation (9.4.1) with the determinantal formula (8.4.2) for Schur polyno-
mials.

Recall that the canonical invariants p, for this example are given, up to nor-
malization, by the Schur polynomials s,. (See Proposition 8.4.3.) The eigenvalue
polynomials e,, which interpolate the generalized binomial coefficients, are, up to
normalization, the shifted Schur polynomials.
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Proposition 9.4.1. The eigenvalue polynomial e, for partition v is given by

1 *
ev(A+p) = ) s,(N)
where N
H(v) [L(v +n—1)

[Lic;(vi —v; —i+)
1s the product of the hook-lengths for v.

Proof. We apply the characterization Theorem 9.3.1. The definition of s}, shows that
s* is shifted symmetric with degree |v|.

Suppose that A # v is a partition with |A\| < |v|. We have s}()\) = 0 as required by
property (3) in Theorem 9.3.1. Indeed, A, < vy for some £. Thus for all j < ¢ < i one
has \; < Ay <1y <wv; and hence (A\; +n —i | v; +n — j) = 0. That is, the (7,7)’th
entry in the determinant from the numerator in (9.4.1) vanishes for 7 < ¢ <. It
follows that s}(A) = 0 as claimed.

Finally we check that s}(v) = H(v). First note that (v, +n—i|v;+n—j) =0
for ¢ > j. Hence

det[(vi+n—1i|v;+n—j)] :H(Vi—l—n—i)!
The denominator in s}(v) is the Vandermonde determinant in the variables v + p.
This gives
det[(vi+n—1i|n—j) :H(Vi_yj —i+7),
i<j
so si(v) = H(v) as claimed. O

9.5. Section 9 notes. The Harish-Chandra isomorphism first appeared in [16]. The
reader can find a modern treatment in Secion V.5 of [25]. One reference for facts
concerning integrality and integral closures, used in the proof of Theorem 9.2.1, is
the text [2] by Atiyah and Macdonald.

The results in this section are due to Knop. A considerably more general version of
Theorem 9.2.1 was proved in [26]. This asserts that the center of the ring of invariant
differential operators for any smooth affine G-variety is a polynomial ring, canonically
isomorphic to the ring of invariants for a finite reflection group.

Knop calls W, the little Weyl group. This group is given explicitly in [27] for each
saturated indecomposable multiplicity free action in the classification from Section
6. In most cases, W, coincides with N = Staby (A).

Theorem 9.3.1 was conjectured by Sahi, who proved a special case in [41]. Shifted
Schur polynomials are due to Okounkov and Olshanski [38, 37]. The proof of van-
ishing is taken from [37], which includes many remarkable properties for these func-
tions. Recent work of Knop yields the eigenvalue polynomials e, for many other

multiplicity free actions. For the actions of GL(n,C) : S*(C"), GL(n,C) : A*(C"),
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SO(n,C) x C* : C™ and Eg x C* : C?7 this results in shifted Jack polynomials with
various parameters. See [28, 29].

A multiplicity free action G : V is said to be a Capelli action when the map
71 ZU(g) — PD(V)Y in (9.2.2) is surjective. In [21] it is shown that the irreducible
multiplicity free actions G’ x C* : V in Table 3 are all Capelli actions except for

G’ = Sp(2n) ® SL(3), Spin(9), E¢.
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