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Multiplicity free spaces

G: connected reductive group /C

X: a multiplicity free space for G

P = C[X]: ring of polynomial functions on X

P =
⊕
λ∈Λ

Pλ: isotypic decomposition of P

Λ = Nη1 + . . . + Nηn.

rk X := n: rank of X.

D := S∗(X) = C[X∗]: constant coefficient differential operators

D =
⊕
λ∈Λ

Dλ: isotypic decomposition of D with Pλ = D∗λ

PD: polynomial coefficient differential operators

Then

PD ∼= P ⊗D as G-modules



Invariant differential operators

Each D ∈ PDG acts on Pµ as a scalar:

D(f)|Pµ = cD(µ) idPµ

D differential operator =⇒ cD(µ) depends polynomially on µ.

Thus we get an injection

c∗ : PDG ↪→ C[V ] : D 7→ cD

where

V :=
n⊕

i=1

Cηi ⊆ t∗



The image of c∗

Let

∆+
Λ := {α ∈ ∆(g, t) | 〈Λ|α∨〉 > 0}

ΦX := set of weights of X

Lemma. The weight

%X :=
1
2

(∑
∆+

Λ +
∑

ΦX

)

is an element of V .

Let pD(λ) := cD(λ− %X).

Theorem. [Knop 1998]

p∗ : PDG ∼−→C[V ]W : D 7→ pD

where W ⊆ GL(V ) is a finite reflection group.



Transposition

Definition: The antiautomorphism D 7→ tD of DP with

tx = x, t∂ = −∂ for all x ∈ X∗, ∂ ∈ X

is called transposition.

Theorem. For all D ∈ PDG holds p tD(z) = pD(−z).



Example

G = GLp(C) acting on X = Cp

Λ = Nε1, V = Cε1

∆+
Λ = {ε1 − εi | 2 ≤ i ≤ p}

ΦX = {εi | 1 ≤ i ≤ p}

%X =
1
2

((ε1 − ε2) + . . . + (ε1 − εp) + (ε1 + . . . + εp)) =
p

2
ε1

ξ :=
p∑

i=1

xi
∂

∂xi
(Euler operator)

cξ(z) = z, pξ(z) = z − p

2

tξ =
p∑

i=1

(− ∂

∂xi
)xi = −

p∑

i=1

(xi
∂

∂xi
+ 1) = −ξ − p

p tξ(z) = −pξ(z)− p = −z +
p

2
− p = −z − p

2
= pξ(−z).



More notation

Let ` : V → C with

f ∈ Pλ =⇒ deg f = `(λ).

Recall

V =
n⊕

i=1

Cηi.

Consider the dual basis ωi ∈ V ∗: ωi(ηj) = δij . Let

Φ := {wωi | w ∈ W, 1 ≤ i ≤ n} Pseudoroots

Consider a multiplicity function Φ → C : ω 7→ kω with

kwω = kω, w ∈ W,ω ∈ Φ; k−ω = kω, ω ∈ Φ ∩ (−Φ).

Let

% = kω1η1 + . . . + kωnηn ∈ V.



The interpolation polynomials

Definition: For any λ ∈ Λ let pλ(z; %) be the polynomial function on V with

1. deg pλ(z; %) = `(λ);
2. pλ(z; %) is W -invariant;

3. For all µ ∈ Λ with `(µ) ≤ `(λ) holds pλ(% + µ; %) = δλµ.

Motivation:

For each λ ∈ Λ consider Dλ ∈ (Pλ ⊗Dλ)G (Capelli operator) Then

PDG =
⊕

λ∈Λ

CDλ.

Theorem. For all λ, µ ∈ Λ holds

f ∈ Pµ =⇒ Dλ(f) = pλ(%X + µ; %X) f

In other words,

Dλ 7→ pλ

∩ ∩
PDG ∼−→ C[V ]W



The difference operators

Define the falling factorials:

[a ↓ n] :=
{

a(a− 1) . . . (a− n + 1) for n ∈ N
1 otherwise

∆ = roots of W

For η ∈ V let

fη(z) :=

∏
ω∈Φ

[ω(z)− kω ↓ ω(η)]
∏

α∈∆

[α(z) ↓ α(η)]
and (Tηf)(z) := f(z − η)

Let

Λ1 := {wηi | w ∈ W, `(ηi) = 1}

Define the difference operator

L :=
∑

η∈Λ1

fη(z)Tη

Dh := exp(ad L)(mh), where mh(f) = hf

Theorem. Dh is well defined and Dh(pλ) = h(% + λ)pλ for all λ ∈ Λ.



The transposition formula

Let

qλ(z) :=
1

pλ(−%)
pλ(z).

Theorem. qλ(−z) =
∑

µ∈Λ

(−1)`(µ)pµ(% + λ)qµ(z).

Idea of proof

By construction, fλ has the following cut-off property

z ∈ % + Λ, z − η 6∈ % + Λ =⇒ fη(z) = 0

Key observation: fλ has the same cut-off property for −%− Λ:

z ∈ −%− Λ, z − η 6∈ −%− Λ =⇒ fη(z) = 0



Example: D` for the semiclassical case of rank 5.

D` = z1 + z3 + z5−

− (z1 − z2 − r)(z1 − z4 − r)z1

(z1 − z3)(z1 − z5)
Te1 −

(z3 − z2 − r)(z3 − z4 − r)z3

(z3 − z1)(z3 − z5)
Te3 −

(z5 − z2 − r)(z5 − z4 − r)z5

(z5 − z3)(z5 − z1)
Te5

− (z2 − z5 − r)(z2 − z3 − r)(z1 − z4 − r)z1

(z1 − z3)(z1 − z5)(z2 − z4)
Te1+e2 −

(z4 − z5 − r)(z4 − z3 − r)(z1 − z2 − r)z1

(z1 − z3)(z1 − z5)(z4 − z2)
Te1+e4

− (z2 − z5 − r)(z2 − z1 − r)(z3 − z4 − r)z3

(z3 − z1)(z3 − z5)(z2 − z4)
Te3+e2 −

(z4 − z5 − r)(z4 − z1 − r)(z3 − z2 − r)z3

(z3 − z1)(z3 − z5)(z4 − z2)
Te3+e4

− (z2 − z1 − r)(z2 − z3 − r)(z5 − z4 − r)z5

(z5 − z3)(z5 − z1)(z2 − z4)
Te5+e2 −

(z4 − z1 − r)(z4 − z3 − r)(z5 − z2 − r)z5

(z5 − z3)(z5 − z1)(z4 − z2)
Te5+e4



For v ∈ V consider the Dirac-measure

δv ∈ C[V ]∗ with f 7→ f(v)

Lemma. M :=
⊕

λ∈Λ Cδ−%−λ ⊆ C[V ]∗ is Dh-stable.

Lemma. C[V ]W ∼−→M : h 7→ δ−%Dh

Now, for h ∈ C[V ]W consider the expansion

h(z) =
∑

µ

aµ(h)qµ(−z)

Then

aµ ∈ M, hence aµ(h) = (Dgµh)(−%)

Apply to h = qλ and we get

qλ(z) =
∑

µ

gµ(% + λ)qµ(−z)

Now check that (−1)`(µ)gµ satisfies the definition of pµ. qed



Two consequences of the transposition formula

Recall

qλ(−z) =
∑

µ∈Λ

(−1)`(µ)pµ(% + λ)qµ(z) =
∑

µ∈Λ

(−1)`(µ)

pµ(−%)
pµ(% + λ)pµ(z).

Involutivity. The matrix
(
(−1)`(µ)pµ(% + λ)

)
λ,µ

is involutive.

Symmetry Theorem. qλ(−%− ν) = qν(−%− λ)



Pieri formulas revisited

Let

Dh =
∑

η

bh
η(z)Tη.

Then

Dh(qλ) = h(% + λ)qλ(z) at z = −%− ν

becomes

∑
η

bh
η(−%− ν)qλ(−%− ν − η) = h(% + λ)qλ(−%− ν).

Apply symmetry on both sides

∑
η

bh
η(−%− ν)qν+η(−%− λ) = h(% + λ)qν(−%− λ).



Thus we get the Pieri formula

∑
η

bh
η(−%− ν)qν+η(z) = h(−z)qν(z).

Talk of January 6:

h(−z)pν(z) =
∑

η

(−1)`(η) dν

dν+η
bh
η(−%− ν)pν+η(z).

where dλ is the virtual dimension

dλ = (−1)`(λ) fλ(−%)
fλ(% + λ)

=
∏

α∈∆+

α(% + λ)
α(%)

∏

ω∈Φ+

(ω(%) + kω)ω(λ)

(ω(%)− kω + 1)ω(λ)
.

Evaluation Theorem. pλ(−%) = (−1)`(λ)dλ.



Corollary. Let X be a multiplicity free space. Then dimPλ = dλ(%X)

Proof: Let fi be a basis of Pλ.

Let ∂i ∈ Dλ be the dual basis.

Then Dλ =
∑

i fi∂i.

Moreover, tDλ = (−1)`(λ)
∑

i ∂ifi

Therefore, tDλ(1) = (−1)`(λ)
∑

i ∂i(fi) = (−1)`(λ) dimPλ

On the other hand tDλ(1) = p tDλ
(%) = pDλ

(−%) = (−1)`(λ)dλ. qed



The scalar product

Define

〈pλ, pµ〉 = dλδλµ

With

g−(z) = g(−z)

the transposition formula can be reformulated as

〈q−λ , h〉 = h(% + λ)

For an operator Ξ put

Ξ−(g) = Ξ(g−)−

Then we have the following adjoints

D∗
h = Dh

m∗
h = D−

h

L∗ = L− 2`− L−

(L−)∗ = L−



The sl2-triple

An sl2-triple (e, f, h) satisfies

[h, e] = 2e, [h, f ] = −2f, [e, f ] = h.

Theorem. (−L, 2E, L∗) is an sl2-triple.

Theorem. The adjoint action of this triple can be integrated to a PGL2(C)-action on

the algebra B generated by all mh, L, and L−.

Example: The automorphism X 7→ X− corresponds to the matrix
[

1 0
1 −1

]
=

[
1 0
1 1

] [
1 0
0 −1

]

Thus

q−λ = (−1)`(λ) exp(L∗)qλ.



The differential limit

The algebra B is filtered by degree:

B =
∞⋃

d=−∞
B≤d

Associated graded is

B =
∞⊕

d=−∞
B≤d/B<d

Theorem. The algebra C[V ]W is a module for B. Each element of B acts on C[V ]W by

differential operators.

Theorem. Consider a multiplicity free space X. Then C[V ]W = C[X⊕X∗]G. Moreover,

{Dh} ↔ {invariant differential operators on X extended to X ⊕X∗}

L ↔ evaluation function X ⊕X∗ → C

L∗ ↔ Laplacian on X ⊕X∗



Theorem. The algebra B and B are isomorphic. More precisely, let

Bd := d-eigenspace of adE in B.

Then Φ : Bd
∼−→Bd

Explanation: There are two different ways to embed C[V ]W into B

C[V ]W ↪→ B
↘ j ↓ Φ−1

C[V ]W ↪→
i

B

Consider the B-module M = C[V ]W . Then there are two different identifications of M

with C[V ]W

h 7→ i(h)(1) and h 7→ j(h)(1).

Then

i Ã difference operators j Ã differential operators



More commutative subalgebras

Let S := 〈L,E, L∗〉C.

So far, we have the following commutative subalgebras

Commutative algebra Intersection with S

{mh} C(L + E) = C`

{Dh} CE

{j(h)} CL

{j(h)∗} CL∗

Using the PGL2(C)-action on B one proves:

Theorem. For every line u ∈ P(S) ∼= P2 there is a commutative subalgebra Au of B

with Au
∼= C[V ]W and Au ∩ S = u.

Remark: {mh} and {Dh} are in the same PGL2(C)-orbit while {j(h)} is not.



M as an Au-module

u = CL∗ ⇐⇒ A+
u acts on M locally nilpotently

u ⊂ 〈E, L∗〉C − CL∗ ⇐⇒ the action of Au on M is diagonalizable

u 6⊂ 〈E, L∗〉C ⇐⇒ Au → M : Ξ 7→ Ξ(1) is an isomorphism

We can play the following game:

Choose u ⊂ 〈E, L∗〉C−CL∗ and v 6⊂ 〈E, L∗〉C. Then Au acts diagonalizable on Av = M .

The action of 〈E,L∗〉C integrates to M =⇒ may assume u = CE.

u = CL Ã generalized monomials pλ

u nilpotent, u 6= CL,CL∗ Ã generalized Laguerre polynomials

u semisimple, u ⊂ 〈L, E〉C Ã generalized binomials pλ

u semisimple, u 6⊆ 〈L, E〉C ∪ 〈E, L∗〉C Ã generalized Meixner polynomials



New scalar products

Theorem. The generalized Meixner polynomials can be expressed as

Mλ(z; %, c) :=
∑

µ∈Λ

α`(µ)pµ(% + λ)qµ(z) = α`(λ) exp(−L∗/α)qλ with α = c−1 − 1

They are orthogonal with respect to the scalar product

〈f, g〉c :=
∑

µ∈Λ

c`(µ)dµ f(% + µ)g(% + µ)

Theorem. The generalized Laguerre polynomials can be expressed as

Lλ(z; %, c) :=
∑

µ∈Λ

pµ(% + λ)qµ(z) = exp(−L
∗
)qλ

They are orthogonal with respect to the scalar product

〈f, g〉′c :=
∫

µ∈ΛR

e−`(µ)dµf(µ)g(µ) dµ

where

dµ := lim
N→∞

N−`0(λ)dNλ


