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•Inheritanceandthedescentofgenesinpedigrees.

•Computationofprobabilitiesonpedigrees.

•MCMCsamplingofinheritancepatternsinpedigrees.
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APEDIGREE

Individualshaveunique

identifiers.

Tospecifypedigree:specifypar-

entidentifiersofeachindividual.

Foundershaveunspecifiedpar-

ents:othersarenon-founders.

Notation:male,female,

affectedorotherdata.
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GENEIDENTITYBYDESCENT(ibd)

•Humanindividualsarediploid:everycellcontains2copiesof

thehumangenome:onematernal,theotherpaternal.

•MENDEL’sFIRSTLAW(1866)

Eachparentindividualsegregatesarandomlychosenoneofits

twogenestoeachoffspring,independentlytoeachoffspring.

(Allmeiosesareindependent.)

•Genesthatarecopiesofthesamegeneinarecent∗common

ancestoraresaidtobeidenticalbydescent(ibd).
∗:ibdisdefinedrelativetogivenpedigreeortimepoint.

•Simplemodel:ibdgenesareofthesameallelictype,non-ibd

genesareofindependenttypes.
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GENEIDENTITYBYDESCENT(ibd)
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GivenIhavebloodtypeO,

theprobabilitymycousinshave

bloodtypeOisincreased,be-

causewithsomeprobabilitythey

sharegenesibdwithmeatthis

locus.

•RELATIVESARESIMILARbecausetheyhaveibdgenes.

•MENDELIANGENETICSAPPLIESTOMARKERS.
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THEINHERITANCEOFGENOME
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Labelthetwohaploidgenomes

ofeveryfounder:Founder

genomelabels(FGL).

InheritanceofFGL:

Si,j=0or1

asinmeiosisiatlocusjthema-

ternalorpaternalgene(respec-

tively)oftheparentistransmit-

tedtotheoffspring.

5



NUS-1:Mar2004

INHERITANCEATASETOFLOCI

...isfullyspecifiedbymeiosisindicators:

Forlocij,j=1,...,L,

Si,j=0ifgeneatmeiosisilocusjisparent′smaternalgene

=1ifgeneatmeiosisilocusjisparent′spaternalgene.

Notation:

S•,j={Si,j;i=1,...,m},j=1,...,L

Si,•={Si,j;j=1,...,L},i=1,...,m

wheremisthenumberofmeiosesinthepedigree,andLthe

numberoflocialongthechromosome.
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CHROMOSOMESANDMEIOSIS
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(a)

ρ(d)=Pr(recomb.|d)↗d

ρ(0)=0,ρ(∞)=
1
2

Chromosomesduplicatealign

andexchangematerial.

Offspringchromosomeconsists

ofsegmentsoftwoparental

chromosomes.

Betweentwopoints:recombi-

nation∃ifDNAisfromthe2

differentparentalchromosomes.
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AMODELFORLATENTINHERITANCES={Si,j}

•Meiosesiareindependent:Si,•areindependent,apriori.

•Mendel’sFirstLaw:Pr(Si,j=0)=Pr(Si,j=1)=1/2

•Recombination:Pr(Si,j−16=Si,j)=ρj−1sameforalli?–no

Pr(S•,j|S•,j−1)=ρ
Rj−1
j−1(1−ρj−1)m−Rj−1

whereRj−1=(#i:Si,j6=Si,j−1)

•Nogeneticinterference:Pr(Si,j|S−(i,j))=Pr(Si,j|Si,j−1,Si,j+1)

Pr(S)=P(S•,1)
L∏

2

Pr(S•,j|S•,j−1)
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AMODELFORTHEALLELICTYPESOFFGL

AllelictypesoftheFGLarenuisancevariables(inmostcontexts)

whichweneedtomarginalizeover.

Model:1.Locijareindependent–goodmodelforρ>0.005

2.Atlocusj,eachFGLghastypekindependentlywithprob

qj,k.

Pr(Aj)=
∏

g
qj(g)=

∏

g
q
nj(k)
j,k

wherenj(k)isnumberofFGLgwithtypekatlocusj.

(For(2),bettermodelsarepossible.)
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STRUCTUREOFAGENETICMODEL

•Populationmodel:parametersq,provideprobabilitiesforlatent

A–allelictypesofFGLateachj

•Inheritancemodel:parametersρ,provideprobabilitiesforlatent

S–inheritanceofFGLatj,jointlyoverj.

•IndividualgenotypesGisdeterministicfunctionof(S,A)

•penetrancemodel,parametersβrelatesG(andperhapsob-

servablecovariates)toobservabledataY

•ξ=(q,θ,β).
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STATISTICALVIEWOFAPEDIGREE

meioses

loci

datai j •••
•

••
Y•,j

Pedigreestructureisim-

plicitinthelabellingof

themeioses.

Y•,j:traitormarkerdataatlocusj—traitspecifictolocus

Pr(Y•,j|S•,j)canbecomputed–nextwetalkaboutthis.
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PEELINGCOMPUTATIONS:THREECASES

(1)Peelingalongachromosome(HMM):O(4m)

Pr(Y
(j)

,S•,j)=
∑

S•,j−1

Pr(Y
(j−1)

,S•,j−1)
Pr(S•,j|S•,j−1)

Pr(Y•,j|S•,j)

Requiressequentialsummationalongthechromosome.

(2)Pedigreepeelingatsinglelocus:O(K3L),Klarge.

Pr(Y•,j)=
∑

S•,j,Aj

Pr(Y•,j|S•,j,Aj)Pr(S•,j)Pr(Aj)

Involvessequentialsummationoverthepedigreestructure.

(3)Forbothweneed

Pr(Y•,j|S•,j)=
∑

Aj

Pr(Y•,j|S•,j,Aj)Pr(Aj)
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THEFGL-GRAPHSTRUCTURE:FORPr(Y•,j|S•,j)
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NodesareFGL

Edgesareobservedindividuals.

Onlygenesin“observed”

matter–e.g.FGL3,11...are

notpresent.

Only“connected”genesare

dependent–linesconnectthe

FGLofobservedindividuals.

Pr(Y•,j|S•,j)

=
∑

AjPr(Y•,j|G(S•,j,Aj))Pr(Aj)

=
∑

Aj

(

∏

nPr(Yn,j|Gn(S•,j,Aj))
)

(

∏

gqj(g)
)
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PEELINGACOMPONENTOFTHEFGL-GRAPH

Pr(Y•,j|S•,j)=
∑

g

(

∏

n
Pr(Yn|gn,1,gn,2)

)

q(g2)q(g6)q(g4)
q(g9)q(g13)q(g15)

=
∑

g6

q(g6)Pr(YC|g6)





∑

g15

q(g15)Pr(YH|g15,g6)





∑

g4

q(g4)Pr(YF|g15,g4)





∑

g13

q(g13)Pr(YE|g6,g13)Pr(YD|g4,g13)





∑

g2

q(g2)Pr(YB|g2,g13)Pr(YJ|g2,g13)Pr(YG|g2,g4)





∑

g9

q(g9)Pr(YA|g2,g9)
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BAUMALGORITHMFORHMM:Lander-Green

FordataobservationsY=(Y•,j,j=1,...,L),wewanttocom-

putePr(Y).

Pr(Y)=
∑

S

Pr(S,Y)=
∑

S

Pr(Y|S)Pr(S)

=
∑

S





Pr(S•,1)
L∏

j=2

Pr(S•,j|S•,j−1)
L∏

j=1

Pr(Y•,j|S•,j)





•••••••
S•,1S•,j−1S•,jS•,L

Y•,1Y•,j−1Y•,jY•,L

Y(j−1)
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BAUMALGORITHMDETAILS

ForwardsBaum:DefineR∗
1(s)=Pr(S•,1=s)and

Y(j)=(Y•,1,...,Y•,j),thedatauptolocusj,so

R∗
j(s)=Pr(Y•,k,k=1,...,j−1,S•,j=s)

=Pr(Y
(j−1)

,S•,j=s)
Now

R∗
j+1(s)=

∑

s∗

[

Pr(S•,j+1=s|S•,j=s∗)

Pr(Y•,j|S•,j=s∗)R∗
j(s∗)

]

forj=1,2,...,L−1,with

L=Pr(Y)=
∑

s∗
Pr(Y•,L|S•,L=s∗)R∗

L(s∗)

S•,jcantake2mvalues,wheremisnumberofmeioses.

Computationislimitedtosmallpedigrees.
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PEDIGREEPEELING:Elston-Stewart

Conditionalongenotypesofparents,grandparentcouplesand

alloffspringareallmutuallyindependent.

Accumulateprobabilitiesoverpedigree,usinggenotypesof(cut-

setof)individual(s)aslatentstatespace.

Linearinpedigreesize.Exponentialinnumberofloci.

(DowithSnotgenotypes;doby“orderedgenotype”notgeno-

type.)
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MCMCFORLARGEPEDIGREESWITH
MULTUPLELOCI

•Ifpedigree(m)andnumberofloci(L)arelarge,wecannot

chromosome-peelorpedigree-peel.

•WecanstillcomputePr(Y•,j|S•,j)byFGL-peeling,quicklyand

easily(relatively).

meioses

loci

datai j •••
•

••
Y•,j

TheHMMstructurelendsitself

toseveralblock-Gibbsschemes,

eachupdatingasubsetSuof

{Si,j}conditionalonrest(Sf)

andY.
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BLOCKGIBBSSAMPLERSFORS∼Pr(·|Y)

L-sampler:requirespeelingoverthepedigreetoresampleS•,j.

Pr(Y•,j|S•,j−1,S•,j+1)=
∑

S•,j

Pr(Y•,j|S•,j)Pr(S•,j|S•,j−1,S•,j+1)

M-sampler:requirespeelingalongthechromosome(Baumal-

gorithm)usingPr(S•,j|Y•,1,...,Y•,j).

Pr({Si,•;i∈I∗}|Y,{Si′,•;i′6∈I∗})

L-samplermixespoorlyfortightlinkage

M-samplermixespoorlyonextendedpedigrees.

L-samplerisirreducible(theoretically).

Together(LM-sampler)theycandobetter.
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