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•Geneticmappingandlinkagelodscores

•MonteCarlolikelihoodandlikelihoodratioestimation

•MonteCarloestimationoflinkagelodscores
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GENETICMARKERS

•Humangenome:3×109bpofDNA.

•DNAvariantsthatcanbetypedinindividuals.

Allele—typeoftheDNAatpositiononchromosome

•Havebeenmapped:knownlocationsonthegenome.

Locus—positiononachromosome,orDNAatthatposition

•Idea:mapgenesfortraitsrelativetothesemarkers.

•Microsatellites;lotsofalleles;350inagenomescan

Oneevery107bp

SNPs:typicallyonlytwoalleles;lotsmoreexist;1per1000bp
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THESTRUCTUREOFAGENETICMODEL

•Populationmodel:parametersq,provideprobabilitiesforlatent

A–allelictypesofFGLateachj

•Inheritancemodel:parametersρ,provideprobabilitiesforlatent

S–inheritanceofFGLatj,jointlyoverj.

•IndividualgenotypesGisdeterministicfunctionof(S,A)

•penetrancemodel,parametersβrelatesG(andperhapsob-

servablecovariates)toobservabledataY

•ξ=(q,ρ,β).
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FROMRECOMBINATIONTOLOCATION

•RecallmodelforSi,•=(Si,1,...,Si,L):
Pr(Si,j6=Si,j+1)=ρj:assumedsame∀i(convenience).
Si,jassumedMarkovinj:nogeneticinterference.

•Geneticdistancedisexpectednumberofcrossovereventson
underlyingchromosome:anadditivemeasure.

•CrossoversariseasaPoissonprocessrate1(perMorgan).

•Thereisarecombinationbetweentwolociifthereisanodd
numberWofcrossoversbetweenthem:W(d)∼P(d).

•HencetheHaldanemapfunction:ρ(d)=(1/2)(1−exp(−2d)).

•Thekeythingisthemodel:themapfunctionjustputsloci
ontoalinearlocationmap.(Seelater:MCMCunderinterfer-
ence.)
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WHATANDWHYTHELOCATIONLODSCORE

M1M2M3M4M5

ΛM=((qi,λi);i=1,...,L) •
γ

YT

β

Parameterξ=(β,γ,ΛM).DataY=(YM,YT)

lod(γ)=log10

(

Pr(Y;ΛM,β,γ)

Pr(Y;ΛM,β,γ=∞)

)

Traitlocuslocationγisparameterofinterest:

γ=∞isnolinkage.

Exactcomputationisinfeasible
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ANEXAMPLEPEDIGREE:APPROXIMATED

SIMPED: disease status and marker availability

Markerdata

areSIMULATED

at10linked

markersonChr1.

Traitisclose

toM6
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ANEXAMPLEMULTIPOINTLODSCORE

Chromosome Position (cM)

lod score

220230240250260270
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MONTECARLOLIKELIHOODSONPEDIGREES

•MonteCarloestimatesexpectations.

•
L(ξ)=Pξ(Y)=

∑

S

Pξ(S,Y)=
∑

S

Pξ(Y|S)Pξ(S)

forparametersξandlatentvariablesS.

•Simple(butnotuseful)example:

L(ξ)=Eξ(Pξ(Y|S))

•Moregenerally

L(ξ)=
∑

S

(

Pξ(S,Y)

P∗(S)

)

P∗(S)=EP∗

(

Pξ(S,Y)

P∗(S)

)

providedP∗(S)>0ifPξ(S,Y)>0.
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SEQUENTIALIMPUTATIONOVERLOCI

meioses

loci

datai j •••
•

••
Y•,j

Choosethesamplingdistribution:

P∗(S
•,j)=Pξ0(S•,j|S∗(j−1),Y(j))

=Pξ0(S•,j|S∗
•,1,...S∗

•,j−1,

Y•,1,...,Y•,j−1,Y•,j)

=Pξ0(S•,j|S∗
•,j−1,Y•,j)

Now:

Pξ0(S•,j|S∗(j−1),Y(j))=
Pξ0(S•,j,Y•,j|S∗(j−1),Y(j−1))

Pξ0(Y•,j|S∗(j−1),Y(j−1))

=
Pξ0(S•,j,Y•,j|S∗(j−1),Y(j−1))

wj
.

where,bypedigree-peeling,wecancompute

wj=Pξ0(Y•,j|Y
(j−1),S∗(j−1))=Pξ0(Y•,j|S∗

•,j−1).
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MONTECARLOLIKELIHOODESTIMATE

Thussequentialimputationdistributionis

P∗(S∗)=
L∏

j=1

Pξ0(S•,j|S∗(j−1),Y(j))=
Pξ0(S∗,Y)

WL(S∗)

whereWL(S∗)=
∏

L
j=1wj.

Now

L(ξ0)=Pξ0(Y)=EP∗

(

Pξ(S,Y)

P∗(S)

)

=EP∗(WL(S∗))

GivenNrealizationsS(τ)theestimateofL(ξ
0)isN−1

∑

τWL(S(τ)).
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THEIDEALSAMPLINGDISTRIBUTION

•WewantP∗(S)closetoproportionaltoPξ0(Y,S)
–thatisP∗(S)≈Pξ0(S|Y).

•Ofcoursewecannotachievethis,elseMonteCarlowouldbe

unnecessary.

•SupposeweuseMCMCtosampleSfromPξ0(S|Y).

Pξ(Y)=
∑

S

Pξ(Y,S)=
∑

S

Pξ(Y,S)

Pξ0(S|Y)
Pξ0(S|Y)

=Eξ0

(

Pξ(Y,S)

Pξ0(S|Y)
|Y

)

=Pξ0(Y)Eξ0

(

Pξ(Y,S)

Pξ0(Y,S)
|Y

)
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LIKELIHOODRATIOESTIMATION

Thuswehave

L(ξ)

L(ξ0)
=

Pξ(Y)

Pξ0(Y)
=Eξ0

(

Pξ(Y,S)

Pξ0(Y,S)
|Y

)

Sistherandomvariable,Yisfixed.S∼Pξ0(·|Y).

IfS(τ),τ=1,...,N,arerealizedfromPξ0(·|Y)thenthelikelihood

ratiocanbeestimatedby

1

N

N∑

τ=1





Pξ(Y,S(τ))

Pξ0(Y,S(τ))




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LINKAGELOCATIONLIKELIHOODRATIO

Theformforlinkagelodthatfollowsdirectlyfromthisis

L(β,γ1,ΛM)

L(β,γ0,ΛM)
=Eξ0

(

Pξ1(YT,YM,ST,SM)

Pξ0(YT,YM,ST,SM)
|YT,YM

)

fortwohypothesizedtraitlocuspositionsγ1andγ0.

NowPξ(Y,S)=Pβ(YT|ST)PΛM(YM,SM)Pγ(ST|SM)soratiore-

ducesto

L(β,γ1,ΛM)

L(β,γ0,ΛM)
=Eξ0

(

Pγ1(ST|SM)

Pγ0(ST|SM)
|YT,YM

)
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LOCALESTIMATEISVERYSIMPLE:
GLOBALISHARD

i...lTr...

Pγ1(ST|SM)

Pγ0(ST|SM)
=

∏

i





(

ρ1l
ρ0l

)

|Si,T−Si,l|
(

1−ρ1l
1−ρ0l

)

1−|Si,T−Si,l|

(

ρ1r
ρ0r

)

|Si,T−Si,r|
(

1−ρ1r
1−ρ0r

)

1−|Si,T−Si,r|




•Theaboveworkswellonlyforγ1≈γ0,andforγ0,γ1with

samelandr.

•Whenlikelihoodsarenotsmooth,combiningLRestimatesdoes

notworkwell–especiallyacrossmarkers.
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ANMCMCIMPORTANCESAMPLINGESTIMATE

LangeandSobel(1996)writethelikelihoodintheform

L(β,γ,ΛM)=Pβ,γ,ΛM(YM,YT)∝Pβ,γ,ΛM(YT|YM)

=
∑

SM

Pβ,γ(YT|SM)PΛM(SM|YM)

=EΛM(Pβ,γ(YT|SM)|YM).

•SampleSMgivenYM:computeP(YT|SM)∀β,γ

aformofRao-Blackwellization–integrateoverST.

•Alsoimportancesampling:maybeP(SM|YM)≈P(SM|YM,YT)

•For“fuzzy”traitsitworksquitewell.
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METROPOLISHASTINGSFORINTERFERENCE

•SupposewehaveinterferencemodelP(I)(S)inplaceofHaldane

modelP(H)(S)wehaveusedsofar.

•Useblock-Gibbsupdateofmeiosisi(Si,•)toproposeS†.

•HastingsratioisforcurrentSandproposedS†is

h(S†;S)=
P(I)(S†,Y)

P(I)(S,Y)

P(H)(S
i,•|Sk,•,k6=i,Y)

P(H)(S†
i,•|Sk,•,k6=i,Y)

=
P(I)(S†,Y)P(H)(S,Y)

P(I)(S,Y)P(H)(S†,Y)

=
P(Y|S†)P(I)(S†)P(Y|S)P(H)(S)

P(Y|S)P(I)(S)P(Y|S†)P(H)(S†)
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INTERFERENCEctd.

h(S†;S)=
m∏

k=1

P(I)(S†
k,•)

P(I)(S
k,•)

P(H)(S
k,•)

P(H)(S†
k,•)

=
P(I)(S†

i,•)

P(I)(Si,•)

P(H)(S
i,•)

P(H)(S†
i,•)

.

•Pr(S∗=S†)=a=min(1,h).Pr(S∗=S)=1−a.

•Question:bettertosampleunderHandreweight,oruseM-H

tosampleundermodelI?
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