
Mathemati
al Horizons for Quantum Physi
sA workshop held at theInstitute for Mathemati
al S
ien
esNational University of SingaporeSession 3: Non-Equilibrium Statisti
al Me
hani
sAugust 25 � September 14, 2008Final Report1 Aim and OrganizationThis 4 sessions workshop was organized in a somewhat un
onventional way.Rather than giving to parti
ipants the opportunity to report on the re-
ent progresses in their respe
tive �elds of interest, the well named MHQP-program was designed with the idea of looking forwards into the future ofthese �elds.The aim of the organizers was to bring together small teams of s
ientists shar-ing 
ommon interests in mathemati
al problems related to quantum physi
sand o�er them the opportunity to think about open problems. In ea
h ses-sion a limited number of dis
ussion themes were identi�ed and dis
ussionleaders were responsible to laun
h the work of the team through a Reviewpresentation of these themes. Then followed a period of intense and 
lose 
ol-laboration between the session parti
ipants, possibly in smaller groups, underthe guidan
e of the dis
ussion leaders. Overlapping sessions also o�ered ni
eopportunities for more informal but nevertheless very fruitful 
ross-sessiondis
ussions. The out
ome of the session's team work was presented in a �nalround-table dis
ussion.In parallel to these resear
h a
tivities, ea
h session has also provided one orseveral more pedagogi
al Tutorial presentation, aimed at graduate studentsand non-experts.



2 Parti
ipantsJan DEREZI�SKI,Department of Mathemati
al Methods in Physi
s,Warsaw University, Poland.Stephen DIAS BARRETO,Padre Con
eiçao College of Engineering,Goa, India.Alain JOYE,Insitut Fourier,Université de Grenoble I, Fran
e.Mar
o MERKLI,Department of Mathemati
s and Statisti
s,Memorial University of Newfoundland, Canada.Yoshiko OGATA,Fa
ulty of Mathemati
s,Kyushu University, Japan.Claude-Alain PILLET,Centre de Physique Théorique,Université du Sud Toulon�Var, Fran
e.Vin
ent LAROCHELLE,M
Gill University,Montreal, Canada.Woj
ie
h DE ROECK,Institute for Theoreti
al Physi
s,Leuven University, Belgium.3 Themes and ReviewsSession 3 � non-equilibrium statisti
al me
hani
s � was organized around two
entral themes:
• Non-Equilibrium steady states (NESS).Dis
ussion leader C.-A. Pillet.
• Quantum �u
tuations out of equilibrium.Dis
ussion leader J. Derezi«ski.



For ea
h theme, several important open problems were addressed during thesession (see Se
tion 5).Despite re
ent progresses, non-equilibrium statisti
al me
hani
s, as a physi
altheory, as well as its mathemati
al foundations are still in an early stage ofdevelopment. To the mathemati
al physi
ists, they o�er many 
hallengingproblems related to a large spe
trum of mathemati
al knowledge: operatoralgebras, spe
tral analysis, s
attering theory, non-
ommutative probabilitytheory and sto
hasti
 
al
ulus, 
ompletely positive semigroups, ...To setup some of these problems and expose their mathemati
al framework,three Review presentations were proposed:
• Non-equilibrium steady states of open quantum systems,by C.-A. Pillet.
• The extended weak 
oupling limit,by J. Derezi«ski.
• Flu
tuations in open quantum systems,by W. De Roe
k.4 TutorialS
attering theory plays a fundamental role in the theory of quantized �elds.It turned out to be also an important tool in re
ent developments of non-equilibrium quantum statisti
al me
hani
s. It was therefore natural to s
hed-ule a pedagogi
al Tutorial presentation on this subje
t during session 3:
• S
attering in quantum �eld theory I, II and III,by J. Derezi«ski.Despite the apparent and somewhat surprising la
k of interest in this subje
tfrom graduate students, these 3 two-hours le
tures were a su

ess among theparti
ipants to sessions 3 and 4. They also turned out to be quite useful forsome of the resear
h worked out during the session.



5 Results1. Thermal relaxation. The �rst problem addressed during the sessionwas to extend the Liouvillean approa
h to thermal relaxation (return to equi-librium and more generally 
onstru
tion of NESS) to open systems with manydegrees of freedom (i.e. where the �small� system is spatially 
on�ned buthas an in�nite dimensional Hilbert spa
e. In mathemati
al terms its Hamil-tonian is unbounded above but has 
ompa
t resolvent). Sin
e the Liouvilleanapproa
h is based on the study of dynami
al resonan
es, the mathemati
alproblem fa
ed here is perturbation theory of in�nitely degenerate embeddedpoint spe
trum. Solving this problem requires understanding the spe
trumof a so-
alled level-shift operator. For �nite small system, this operator hasa spe
tral gap whi
h 
ontrols the relaxation pro
esses. For in�nite systems,it was not 
lear, prior to dis
ussions, whether su
h a gap was to be expe
ted.Even though we did not expe
t to solve this hard problem during the session,some progresses in understanding its physi
al origin have been made throughdis
ussions between M. Merkli, C.-A. Pillet, W. De Roe
k and V. Ba
h (ses-sion 4). High energy �u
tuations are rare events be
ause the ultra-violet
uto� on the intera
tion prevents dire
t �jumps� over large energy s
ales.For the very same reason su
h events are long-lived: it takes a long time forthe system to re
over from su
h a rare event. It is therefore natural to expe
tthe relaxation pro
ess to be slow, non-exponential. This dire
tly leads to the
onje
ture that the level-shift operator has no spe
tral gap in this situation.Of 
ourse, this implies that spe
tral analysis of the level-shift operator willbe mu
h more deli
ate.2. Leaky QED 
avity. The Liouvillean approa
h to thermal relaxation hasalso been su

essfully applied to Repeated Intera
tion Quantum Systems. Insu
h systems, the environment 
onsists in a 
hain of independent, identi
alsubsystems (e.g. 2-level atoms) whi
h su

essively intera
t with the �small�system. This 
lass of model is widely used in physi
s to des
ribe the dynam-i
s of a QED 
avity intera
ting with a beam of atoms (one-atom masers).The problem raised during the session was to in
orporate the e�e
t of animperfe
t (leaky) 
avity into this des
ription. This 
an be done by 
ouplingthe 
avity to a heat bath. The question is to study the 
ompetition betweenthis reservoir whi
h wants to bring the system in thermal equilibrium andthe repeated intera
tions with the 
hain whi
h drives it to a non-equilibriumstationary state. A. Joye and M. Merkli, who had already worked together(with L. Bruneau, Cergy University) on the perfe
t 
avity models, have madesubstantial progress on this problem during the session.



3. The Rotating Wave Approximation. As already mentioned, s
atter-ing theory plays a important role in non-equilibrium statisti
al me
hani
s.To develop s
attering theory beyond the perturbative regime (S
hwinger-Dyson) is a major 
hallenge whi
h 
ould allow us to extend the domain ofappli
ation of these te
hniques. On the other hand, stationary formulas fors
attering operators are essential ingredients in the des
ription of stationary
urrents in quasi-free fermioni
 open systems (Büttiker-Landauer formalism,shot noise statisti
s). It is an open problem to extend su
h formulas to lo-
ally intera
ting fermions. With these two motivations in mind, dis
ussionstook pla
e to setup a tra
table mathemati
al problem and start working onit. At the out
ome of the �rst stage of the dis
ussion, the spin-boson modelin the rotating wave approximation was ele
ted as the simplest non-trivialmodel. This model was then further investigated by J. Derezi«ski, A. Joyeand C.-A. Pillet. The existen
e of asymptoti
 
reation/annihilation opera-tors turned out to be an easy problem for this model. Further investiationsare needed, however, to pro
eed towards some form of asymptoti
 
omplete-ness and to derive stationary formulas for the s
attering operators. In the�rst non-trivial (1 boson) se
tor, the Friedri
hs Hamiltonian emerges. Thespe
tral and s
attering theory of this operator is well known and was partof J. Derezi«ski's Tutorial le
ture. We then su

eeded in the analysis of the2 boson se
tor, getting a 
omplete pi
ture of the analyti
 stru
ture of theresolvent on the se
ond sheet. The general stru
ture of the Hamiltoniansin higher (n bosons) se
tors is well understood. A 
ollaboration has beensetup in order to 
ontinue this work towards a pre
ise spe
tral and resonan
eanalysis of these operators.4. Quantum generating fun
tionology. Generating fun
tions for �u
tu-ations of entropy produ
tion and 
urrents are at the 
enter of new results in
lassi
al non-equilibrium statisti
al me
hani
s. Their Legendre transform arerate fun
tions of large deviation prin
iples for these �u
tuation. As a resultof Evans-Searles and Gallavotti-Cohen �u
tuation theorems these generat-ing fun
tions display a symmetry (
olloquially 
oined the GC-symmetry).Several quantum generating fun
tions for the statisti
s of �u
tuations of theentropy produ
tion and 
urrents whi
h display the GC-symmetry have beenre
ently proposed, either on the basis of ideal physi
al measurement pro
essesor on a mathemati
al analysis of the modular stru
ture of the underlying vonNeumann algebras. One of them relates to what physi
ists 
all full 
ount-ing statisti
s, but the others are still la
king a physi
al interpretation. Adis
ussion has been laun
hed on the possible physi
al meaning of these newgenerating fun
tions. Y. Ogata proposed an interesting relation with quan-tum hypothesis testing for dis
riminating the state of the system at time t



and its time reversed. Su
h a relation leads to a 
lear physi
al interpretationof the new generating fun
tions. She has been working in this dire
tion andhas obtained some en
ouraging results. E�orts in this dire
tion will be 
on-tinued. Another aspe
t of quantum generating fun
tionology is the a
tual
al
ulation of these generating fun
tions for 
on
rete models. In parti
ular,this seems to be the only 
urrently available route to 
he
k the validity of GC-symmetry for generating fun
tions 
omputed on NESS. Some progresses havebeen a
hieved in this dire
tion by Y. Ogata and C.-A. Pillet who su

eededin developing a general s
heme for 
omputing various generating fun
tionsfor quasi-free fermioni
 open systems. In these systems, the generating fun
-tions 
an be expressed in terms of energy integrals of determinants involvingthe on-shell s
attering matrix of the system.6 A
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