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Outline

2 Open quantum systems: systems in weak
Interaction with their environment : heat baths,
external stochastic fields

2 These are sources of noise, dissipation and
decoherence

2 But also of mediated interactions between not-
directly interacting open quantum systems

2 entanglement between two open qubits can be
generated by the environment

2 This entanglement can persist asymptotically
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Open Quantum Dynamics

2 n-level quantum system (S) in interaction
with an environment (E): quantum heat
bath, classical noise

Hs g =H2®1g+1s® Hg

})Za

2 Coupling constant
2 Bath operators
2 Open system operators




n-Level Systems: n x n matrices M, (C)

Density matrices:

p € M,(C) ,,TT(,O) =1

Positivity

Orthonormal basis of traceless matrices
M,(C)>F,, Tr(F,) =0, a=12,...n
Tr(Fl Fg) = 0,5, Fi= !

S



Environment: system in equilibrium

Environment equilibrium state

PE , [HE,;OE] =0

Environment 2-point correlation functions

Gij(t) =Tr (Bz- B; (t)) . B;(t) = tHE B, ¢~itHE



Open Systems: Reduced Dynamics

Global Initial state:

PS+E = Ps O PE

Global time-evolution:

—itHs g itHsy g

ps ® pg — ps+E(t) =e pPs & PE €

Reduced dynamics:

ps — ps(t) =Trg (PS+E(?5))



ps — ps(t) 1S Not a semigroup

Memory effects due to the entanglement
between S and E in the course of time
System characteristic timescale 79
Environment characteristic timescale 7Tf

L T
Memoryless approximation when—2 — )2
TS

ps > ps(t) = 1ol

Y¢ O Ys = Vets , S, t >0



Markovian Approximations
(R.Alicki, K.Lendi: Lec. Notes Phys. 717 (2007))

Weak-coupling limit
Singular-coupling limit
Low density limit

‘ Gorini-Kossakowski-Lindblad Master equation




Kossakowskil Matrix

The entries D,3 are related to the Fourier

transforms of the environment correlation
functions

+00
Dag(w) = / dt e~ Gy (1)

— OO

(W . characteristic frequency of S

Kossakowski matrix [ = |Dygl5 52



Physical Consistency: Complete Positivity

2 Positivity of the Kossakowski matrix
D = [Dag] Z 0

necessary for the physical consistency of the
semigroup

1=et,t>0, pp(t) = rlpl
d equivalent to complete positivity of 7Yt

mm) ¢ ®id[pent] > 0

for all entangled states  Pent of S+ .9,
S, any n-level ancilla




Single Open Qubit

a2 S(ystem)+E(nvironment):

3 3
W
1=1 )

\ J
~”

Hg
2 Lindblad equation for 1 qubit density matrices:

=1

3
dip(t) = —i[Hs, p(t)] + > Dyjlosp(t)a; — %{Uaﬂi» p(t)}]
o

Dyy Dy Dsg
D=|D2y Dy D3| 20
D3y D3z Dss



Two Open Qubits

4 S(1)+S(2)+E:

Hs g = (— anaz) R(1ls, ® 1)
=1

\ - o7

HO

+15,® (_ana'z) ®lE

\ - >
Y

H3

+1s, ®1ls, @HE

3
+)\Z(0i ®12) @ B; + (11 ® 7;) ® Biya
i=1



Lindblad eguation:
2 non-directly interacting open qubits

8:p(t) = L[p(t)] = Lulp(t)] +D[p(t)]
= —i[H1 ® 13+ 11 ® Ha, p(t)]

A = [Aj] [+ 3" Ayl(0: ® 12)p(t) (0 ® 1) - %{Ujffi ® 1z, p(t)}]

%,j=1
3

C =[Cy]| + 3 Gulti@a)e®)ti @) — {1 @ ojoi, p(0)]

i,J=1

3
= [By]| * > Bijl(0: ® 12)p(t)(11 ® 05) — %{Ui ®0;, p(t)}]

,J=1

Bt = B;} | T 3" B}il(11 ® 0:)p(t)(0; @ 12) — %{Uj ®0i, p(t)}]

=1



DIp(H)] = 3 Dap lo(a) pt) 5(6) — 3 {015 01 (D)}

a,B=1
Ola) = 0o ® 19 a=1,2,3
Ola) = 11 ® 04—3 a=4,5,6
A B
— >
o= (3 2

Despite noise and dissipation, can

Oip(t) =—i|H1 ® 12 + 11 ® Ha, p(t))
+Dp(t)]

generate entanglement ?




Sufficient Condition

(F.B., R. Floreanini, M. Piani, PRL 2003)

2 an initial 2 qubit separable state |1 ) (1| ® |x1){Xx1]
gets entangled as soonas t > 0 if

(ul Alu) (v C* |v) < |(u| Re(B) |v)|?

(Re(B))sj = 5(Bsj + Bj;)

(P1|01|P2) (x2lo1|x1)
(P1]o2|@2) |, &1 L @2 |v) =[{xalo2|x1)], X1 L X2
(p1|03|P2) (x2|o3|x1)




Idea for the proof: Step 1

2 use partial transposition id® T to check
whether

(idoT') o vi[|@1)(P1] ® [x1)(Xx1]|] = 0O

2 Partial transposition is an exhaustive
entanglement witness for two qubits



How to identify 2 qubits entanglement:
partial transposition

4 transposition on 1 qubit: 7. (a b) — (a C)
C b d

d

2 partial transposition on 2 qubits:

00) + [11) (00| + (11] _ 1

id® T [Yoo){Yoo| = 7

_ %(|0)<0| ® [0)(0] + [1)(1] ® [1)(1

(2 0)olt O(o 9Jsfo ¢

0 1 0 1

1
2

_|_

_H_

V2



Ildea for a proof: Step 2

Since
(id @ T)[|¢1){P1]| ® |x1){x1]] = [1)(P1| ® |XT){XT

one studies the semigroup
gr:=({d®T)oypo(id®T) =eC
with generator

Gl = —ilH, p(t)] +R[p(t)]

6
N 1
Rlpl = ), Quslo() pa(s) — 5{0(s) F(a) » P}
o,f=1




The Kossakowski Matrix

0= (rezm o7 )

need not be positive




gr = (1d®T)oyo(id®T)

need not preserve the positivity of

(id @ T)|[|¢1)(d1] ® |x1){(X1]]

(id ® T) o v¢[|p1)(P1] ® |x1) (X1]]

need not be positive




Tllxa)0all = D odl x5 = (X%)

i a () = (0] gellpn) (da| ® Ix7) (X3 1140
g¢,¢1,X1 (0) — |<¢|¢1 X XT>|2 =0

6
0:Eprtr s (0) = Y Qap (¥low (161) (1] ® IXI)(Xi]) sy [¥0)< O

a,B=1
) . () <0 t— 07

and |91) ® [x1) get entangled




Particular Case: A=B=C >0

4 choose ¢ = x2 = |u) = |v)

21 the sufficient condition becomes

(ulAlu)(u|AT |u) < [{u|Re(A)[u)*

(u|Im(A)|u))? > 0, A=A | Im(A) :

(A~ 4T)




ai 1b 0
Example: A= (Zb an 0) y 1,23 Z 0 , @102 2 b2
0 0 as

(0 ib 0)
Im(A)=|iv 0 o0
0 0
1
[91) = |x2) =|—) , o3]E) = £[E) ) |u)=|:
0
) (u|lIm(A)|u))® =4b> >0

it ) ==+

gets entangled for small times




Two atoms in a scalar thermal field

qubit variables o"?, i=1,2,3

(/

linearly coupled to scalar field variables
FZ(QZ) L = (331,332,(133,t)
with space-time translation-invariant

thermal two-point correlation functions at
temperature (31

(Fi(z) Fj(y)) = 6;;G(z — y)
d*k —ik(z—y)  otik(z—y)

(%)39(#’)5(#)(6 + )

1 — e Pk

= 0y



Qubits + Scalar Field:
Full Hamiltonian

use smeared field variables

Fi(f) = Jgs dx f(z) Fi(z)

with localized smearing functions

1 /2
@)= Gy ee




_ocalized qubit-field interactions

Total Hamiltonian

Hs g = HY + Hj + Hg

+A) ((0:®12) + (11 ® 03)) ® Fi(f)

i=1
— = Qubit Hamiltonian

3
wo
H? =H)= ") n;o;
1 2 2 (/ 7
1=1



Kossakowski matrix D explicitly calculable

A A
D_(A A
a—l—cn% cning —tbng cning +1bng
A=|cniny +ibns a+cn3 cnang —ibng
cning —tbng cnonz +1bny a—|—cn§
w1l+e P W 1 w 1+4e P

— b= — — —
471 — e=Pw 47 ¢ 23 4w 1 — e Pw

a



Can entanglement created irreversibly
survive decoherence?

YES

Moreover, a state initially entangled can remain
entangled asymptotically and even become more
entangled

F.B., R. Floreanini (Int. J. Quant. Inf. 2006)




Quantifying Entanglement: Concurrence

2 2 qubits entanglement content :

pr>pi=(02Q®02)p" (02®02) = R=pp

2 spectrum(R) = spectrum(/po/p)= A2 > A2 > A2 > A2

—-| concurrence.

C(p) = maX{O, )\1 — )\2 — )\3 — )\4}



Any initial state

3 3 3
1
p —(11®12+Zp0i11®0i+zpi00i®12+ Z pij 0; ® 05)

goes into
1 °\ Rni(r +3)
o =11 ®1y — i +0;
p 4(1® 2 ; 31 12 (11 ®0; +0; 1)




Asymptotic Concurrence:

—R? R*-3
C(poo) = 2(33—|—R2) [53—1%2 T}

S
2 initial state: p = 1 1: 911 + (1 —8) [Yo1)(Poq]

2 concurrence: Clp)=1——, s<

3R?s

2 asymptotic gain: C(poo) — C(,O) — 3+ R2




Two atoms separated by a distance(L) -

2 Interaction Hamiltonian:

3
Hi =Y (0N @ F(fi) + 0 @ F(f2))
1=1
2 smearing functions:
1 /2
fiz) = 2 x2 + (¢/2)?




Kossakowski Matrix D= @ ﬁ

2

a + cny cning —tbng cninz +1bng
A=|cning +ibns a+ cn? cnsang —ibng
cniny —itbng cnonz +1bny a—l—cng
w1l+e P po Y oo ! wl+e P
a: —_ — —_ —
47t 1 — e—Bw AT 28 4wl —eBw
a' +cn? ' ning —ib'ng ' ninsg +ib' ne
A" =l ning +1b' ns a’ + cn? c' nong —1b' ng
' ning —ib' ny ' naons +1b' ny a' +c' n3
, wl+ePsinwL WY sinfwL) , 1 wl+ePsin(L)
o = _

T dAdrl—eBv WL 4 wL c=27r,8_47r1—e—3‘” wL



Entanglement Creation

2 separable initial state: p=|—-)—|®|+)(+|
2 sufficient condition:

(ul Afu)(v] A" v) < |(u|Re(A")|v)]?

o with  |u) = |v) = (1,—¢,0) it becomes

b 1—e P

a 1+e B
sin(wl)

T WL

2 no entanglement asymptotically if L>0

R*+5%>1
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