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OutlineOutline
OpenOpen quantum quantum systemssystems:: systemssystems in in weakweak
interaction interaction withwith theirtheir environmentenvironment : : heatheat bathsbaths, , 
externalexternal stochasticstochastic fieldsfields
TheseThese are are sourcessources of of noisenoise, , dissipationdissipation and and 
decoherencedecoherence
But also of But also of mediated interactionsmediated interactions between  notbetween  not--
directly directly interactinginteracting open quantum open quantum systemssystems
entanglemententanglement betweenbetween twotwo open qubits can open qubits can bebe
generatedgenerated byby the the environmentenvironment
ThisThis entanglemententanglement can can persistpersist asymptoticallyasymptotically
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OpenOpen Quantum Quantum DynamicsDynamics

nn--levellevel quantum quantum systemsystem (S) (S) in interaction in interaction 
withwith anan environmentenvironment (E): (E): quantumquantum heatheat
bathbath,, classicalclassical noisenoise

CouplingCoupling constantconstant
BathBath operatorsoperators
Open system Open system operatorsoperators

HHSS++EE == HH
00
SS ⊗⊗ 11EE ++ 11SS ⊗⊗ HHEE

λ¿ 1

+λ
P

α Vα ⊗Bα



n-Level Systems: n x n matricesMn(C)

Density matrices:

Orthonormal basis of traceless matrices 

ρ ∈Mn(C) , ρ ≥ 0 , T r(ρ) = 1

Mn(C) 3 Fα , T r(Fα) = 0 , α = 1, 2, . . . n

Tr(F †α Fβ) = δαβ , F1 =
1√
n

Positivity



Environment: system in equilibrium

Environment equilibrium state

Environment 2-point correlation functions

ρE ,
h
HE , ρE

i
= 0

Gij(t) = Tr
³
BiBj(t)

´
, Bj(t) = e

itHE Bj e
−itHE



Open Systems: Reduced Dynamics

Global initial state:

Global time-evolution:

Reduced dynamics:

ρS+E = ρS ⊗ ρE

ρS 7→ ρS(t) = TrE

³
ρS+E(t)

´
ρS ⊗ ρE 7→ ρS+E(t) = e

−itHS+E ρS ⊗ ρE eitHS+E



is not a semigroupρS 7→ ρS(t)

Memory effects due to the entanglement
between S and E in the course of time
System characteristic timescale
Environment characteristic timescale
Memoryless approximation when 

τS
τE

τE
τS
= λ2

ρS 7→ ρS(t) = γt[ρ]

γt ◦ γs = γt+s , s, t ≥ 0



Markovian Approximations
(R.Alicki, K.Lendi: Lec. Notes Phys. 717 (2007))

Weak-coupling limit
Singular-coupling limit
Low density limit

Gorini-Kossakowski-Lindblad Master equation

∂∂ttρρ((tt)) == LL[[ρρ((tt))]]

== −−ii[[HHSS ,, ρρ((tt))]]

LLaammbb--sshhiifftteedd HH00
SSNOISENOISEFRICTIONFRICTION

+
n2X

α,β=2

Dαβ

£
Fα ρ(t)F

†
β −

1

2

©
F †β Fα , ρ(t)

ª¤



Kossakowski Matrix

The entries              are related to the Fourier 
transforms of the environment correlation 
functions

: characteristic frequency of S

Kossakowski matrix

Dαβ

Dαβ(ω) =

Z +∞

−∞
dt e−iωtGij(t)

ω

D = [Dαβ ]
n
α,β=2



PhysicalPhysical ConsistencyConsistency: Complete Complete PositivityPositivity

PositivityPositivity of the of the KossakowskiKossakowski matrixmatrix

necessarynecessary for thefor the physical physical consistencyconsistency of theof the
semigroupsemigroup

equivalent toequivalent to complete positivity complete positivity ofof

for allfor all entangledentangled states                   of    states                   of    
anyany nn--levellevel ancillaancilla

DD ::== [[DDααββ ]] ≥≥ 00

γγtt == ee
tt LL ,, tt ≥≥ 00 ,, ρρ 77→→ ρρ((tt)) == γγtt [[ρρ]]

γγtt

γγtt ⊗⊗ iidd[[ρρeenntt ]] ≥≥ 00
SS ++ SSnn

SSnn
ρent



Single Single Open Open QubitQubit

SS((ystemystem))++EE((nvironmentnvironment):):

LindbladLindblad equation for equation for 1 1 qubitqubit density density matricesmatrices::

DD ==
DD1111 DD1122 DD1133

DD2211 DD2222 DD1133

DD3311 DD3322 DD3333

≥≥ 00( )
++

33XX
ii,,jj==11

DDiijj [[σσiiρρ((tt))σσjj −−
11

22
{{σσjjσσii ,, ρρ((tt))}}]]

++λλ
33XX
ii==11

σσii ⊗⊗ BBiiHHSS++EE == (
ω0
2

3X
i=1

niσi)| {z }
H0
S

⊗1E + 1S ⊗HE

∂∂ttρρ((tt)) == −i[HS , ρ(t)]



TwoTwo Open Open QubitsQubits

SS(1)(1)++SS(2)(2)++EE::

((
ωω00

22

33XX
ii==11

nniiσσii))|| {{zz }}
HH00
11

HS+E =

+1S1⊗ ⊗1E

⊗⊗HHEE

((
ωω00

22

33XX
ii==11

nniiσσii|| {{zz }}
HH00
22

))

⊗(1S2 ⊗ 1E)

+1S1 ⊗ 1S2

++λλ
33XX
ii==11

¡¡
σσii ⊗⊗ 1122)) ⊗⊗ BBii ++ ((1111 ⊗⊗ σσii)) ⊗⊗ BBii++11



LindbladLindblad equationequation::
2 2 nonnon--directlydirectly interactinginteracting open open qubitsqubits

++
33XX

ii,,jj==11

BBiijj [[((σσii ⊗⊗ 1122))ρρ((tt))((1111 ⊗⊗ σσjj )) −−
11

22
{{σσii ⊗⊗ σσjj ,, ρρ((tt))}}]]

++
33XX

ii,,jj==11

BB∗∗jjii [[((1111 ⊗⊗ σσii))ρρ((tt))((σσjj ⊗⊗ 1122)) −−
11

22
{{σσjj ⊗⊗ σσii ,, ρρ((tt))}}]]

++
33XX

ii,,jj==11

AAiijj [[((σσii ⊗⊗ 1122))ρρ((tt))((σσjj ⊗⊗ 1122)) −−
11

22
{{σσjjσσii ⊗⊗ 1122 ,, ρρ((tt))}}]]

++
33XX

ii,,jj==11

CCiijj [[((1111 ⊗⊗ σσii))ρρ((tt))((1111 ⊗⊗ σσjj )) −−
11

22
{{1111 ⊗⊗ σσjjσσii ,, ρρ((tt))}}]]

++DD[[ρρ((tt))]]

DD[[ρρ((tt))]] ::

LLHH [[ρρ((tt))]]

BB†† == [[BB∗∗jjii ]]

BB == [[BBiijj ]]

AA == [[AAiijj ]]

CC == [[CCiijj ]]

∂tρ(t) = L[ρ(t)] =

= −i[H1 ⊗ 12 + 11 ⊗H2 , ρ(t)]



DD[[ρρ((tt))]] ==
33XX

αα,,ββ==11

DDααββ [[σσ((αα)) ρρ((tt)) σσ((ββ)) −−
11

22
{{σσ((ββ)) σσ((αα)) ,, ρρ((tt))}}]]

σ(α) = σα ⊗ 12 α = 1, 2, 3

σ(α) = 11 ⊗ σα−3 α = 4, 5, 6

DD ==
AA BB

BB†† CC
≥≥ 00)(

DespiteDespite noisenoise and and dissipationdissipation,, cancan

generategenerate entanglemententanglement ??

−−ii[[HH11 ⊗⊗ 1122 ++ 1111 ⊗⊗ HH22 ,, ρρ((tt))]]

++ DD[[ρρ((tt))]]
∂∂ttρρ((tt)) ==



SufficientSufficient ConditionCondition
((F.BF.B., R. ., R. FloreaniniFloreanini, M. Piani, PRL 2003), M. Piani, PRL 2003)

anan initialinitial 2 2 qubitqubit separableseparable statestate
gets gets entangledentangled as soon as soon asas ifif

|φ1ihφ1|⊗ |χ1ihχ1|
tt >> 00

(Re(B))ij =
1
2 (Bij + B

∗
ij)

||uuii ==
hhφφ11 ||σσ11 ||φφ22ii
hhφφ11 ||σσ22 ||φφ22ii
hhφφ11 ||σσ33 ||φφ22ii

,, φφ11 ⊥⊥ φφ22 ||vvii ==
hhχχ22 ||σσ11 ||χχ11ii
hhχχ22 ||σσ22 ||χχ11ii
hhχχ22 ||σσ33 ||χχ11ii

,, χχ11 ⊥⊥ χχ22( () )

hu|A |ui hv|CT |vi < |hu|Re(B) |vi|2



Idea Idea forfor the the proofproof: : StepStep 11

useuse partialpartial transpositiontransposition toto checkcheck
whetherwhether

PartialPartial transpositiontransposition isis anan exhaustiveexhaustive
entanglemententanglement witnesswitness forfor twotwo qubitsqubits

((iidd ◦◦ TT )) ◦◦ γγtt [[||φφ11iihhφφ11 || ⊗⊗ ||χχ11iihhχχ11 ||]] ≥≥ 00

id⊗ T



HowHow toto identifyidentify 2 2 qubitsqubits entanglemententanglement::
partialpartial transpositiontransposition

transpositiontransposition onon 1 1 qubitqubit::

partialpartial transpositiontransposition onon 2 2 qubitsqubits::

))( (T :
a b
c d

7→ a c
b d

id⊗ T :M2(C)⊗M2(C) 7→M2(C)⊗M2(C)

|Ψ00ihΨ00| =
|00i+ |11i√

2

h00|+ h11|√
2

+ |0ih1|⊗ |0ih1|+ |1ih0|⊗ |1ih0|
´

((((( ( ( ( )))))))) +
0 1
0 0

⊗ 0 0
1 0

+
0 0
1 0

⊗ 0 1
0 0(( ( ( ))))+

0 1
0 0

⊗ 0 1
0 0

+
0 0
1 0

⊗ 0 0
1 0

=
1

2

1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1
( )iidd ⊗⊗ TT ==

11

22

11 00 00 00
00 00 11 00
00 11 00 00
00 00 00 11
( )

=
1

2

³
|0ih0|⊗ |0ih0|+ |1ih1|⊗ |1ih1|

=
1

2

1 0
0 0

⊗ 1 0
0 0

+
0 0
0 1

⊗ 0 0
0 1[ ]



Idea for a proof: Step 2

Since

one studies the semigroup

with generator
ggtt ::== ((iidd ⊗⊗ TT )) ◦◦ γγtt ◦◦ ((iidd ⊗⊗ TT )) == eettGG

++RR[[ρρ((tt))]]−−ii[[ eeHH ,, ρρ((tt))]]
RR[[ρρ]] ==

66XX
αα,,ββ==11

QQααββ [[σσ((αα)) ρρ σσ((ββ)) −−
11

22
{{σσ((ββ)) σσ((αα)) ,, ρρ}}]]

GG[[ρρ]] ==

(id⊗ T )[|φ1ihφ1|⊗ |χ1ihχ1|] = |φ1ihφ1|⊗ |χ∗1ihχ∗1|



The Kossakowski Matrix

need not be positive

Q =

µ
A Re(B)

Re(BT ) CT

¶



need not preserve the positivity of

((iidd ⊗⊗ TT ))[[||φφ11iihhφφ11 || ⊗⊗ ||χχ11iihhχχ11 ||]]

ggtt == ((iidd ⊗⊗ TT )) ◦◦ γγtt ◦◦ ((iidd ⊗⊗ TT ))

need not be positive

((iidd ⊗⊗ TT )) ◦◦ γγtt [[||φφ11iihhφφ11 || ⊗⊗ ||χχ11iihhχχ11 ||]]



|χ∗1i =
µ
χ∗1(0)
χ∗1(1)

¶
TT [[||χχ11iihhχχ11 ||]] == ||χχ∗∗11iihhχχ∗∗11 ||

Eψ,φ1,χ1(t) := hψ| gt[|φ1ihφ1|⊗ |χ∗1ihχ∗1|]|ψi
Eψ,φ1,χ1(0) = |hψ|φ1 ⊗ χ∗1i|2 = 0

<< 00∂tEψ,φ1,χ1(0) =
6X

α,β=1

Qαβ hψ|σ(α) (|φ1ihφ1|⊗ |χ∗1ihχ∗1|) σ(β) |ψi

and                                        and                                        getget entangledentangled|φ1i⊗ |χ1i
EEψψ,,φφ,,χχ11 ((tt)) << 00 tt →→ 00++



ParticularParticular Case:Case: AA == BB == CC ≥≥ 00

choosechoose
the the sufficientsufficient conditioncondition becomesbecomes

φφ11 == χχ22 ==⇒⇒ ||uuii == ||vvii

hhuu||AA||uuiihhuu||AATT ||uuii << ||hhuu||RRee((AA))||uuii||22

((hhuu||IImm((AA))||uuii))22 >> 00 ,, AA == AA†† ,, IImm((AA)) ::==
11

22
((AA −− AATT ))



AA ==
aa11 ii bb 00
−−ii bb aa22 00
00 00 aa33

,, aa11,,22,,33 ≥≥ 00 ,, aa11aa22 ≥≥ bb22( )ExampleExample::

IImm((AA)) ==
00 ii bb 00
−−ii bb 00 00
00 00 00

( )
||uuii ==

11

ii

00
( )||φφ11ii == ||χχ22ii == ||−−ii ,, σσ33 ||±±ii == ±±||±±ii

hhuu||IImm((AA))||uuii))22 == 44 bb22 >> 00

If ,                   b                     

gets entangled for small times

b 66==00 ||−−iihh−− || ⊗⊗ ||++iihh++ ||



TwoTwo atomsatoms in a in a scalar scalar thermalthermal fieldfield

qubitqubit variablesvariables
linearly coupled linearly coupled toto scalar field scalar field variablesvariables

with space-time translation-invariant
thermal two-point correlation functions at 
temperature β−1

x = (x1, x2, x3, t)

= δij

Z
d4k

(2π)3
θ(k0)δ(k2) (

e−ik(x−y)

1 − e−βk0 +
e+ik(x−y)

eβk0 − 1 )

hFi(x)Fj(y)i = δijG(x− y)

Fi(x)

σ
(1,2)
i , i = 1, 2, 3



Qubits + Scalar Field:
Full Hamiltonian

use smeared field variables

with localized smearing functions

Fi(f ) =
R
R3 dx f(x)Fi(x)

f(x) =
1

π2
ε/2

x2 + (ε/2)2



Localized qubit-field interactions

H0
1 = H

0
2 =

ω0
2

3X
i=1

ni σi

+λ

3X
i=1

((σi ⊗ 12) + (11 ⊗ σi))⊗ Fi(f)

HS+E = H0
1 + H0

2 + HE

Total Hamiltonian

Qubit Hamiltonian



KossakowskiKossakowski matrixmatrix DD explicitlyexplicitly calculablecalculable

( )A =
a+ c n21 c n1n2 − i b n3 c n1n3 + i b n2

c n1n2 + i b n3 a+ c n22 c n2n3 − i b n1
c n1n3 − i b n2 c n2n3 + i b n1 a+ c n23

DD ==
AA AA
AA AA( )

cc ==
11

22ππββ
−− ωω

44ππ

11 ++ ee−−ββωω

11 −− ee−−ββωωaa ==
ωω

44ππ

11 ++ ee−−ββωω

11 −− ee−−ββωω
bb ==

ωω

44ππ



Can Can entanglemententanglement createdcreated irreversiblyirreversibly
survivesurvive decoherencedecoherence??

YESYES

MoreoverMoreover, a state , a state initiallyinitially entangledentangled can can remainremain
entangledentangled asymptoticallyasymptotically and and eveneven becomebecome more more 

entangledentangled

F.BF.B., R. ., R. FloreaniniFloreanini ((Int.Int. J. J. QuantQuant. . Inf.Inf. 2006)2006)



QuantifyingQuantifying EntanglementEntanglement:: ConcurrenceConcurrence

2 2 qubitsqubits entanglemententanglement contentcontent ::

spectrumspectrum((RR) = ) = spectrumspectrum(            )=(            )=

concurrenceconcurrence: : 

λλ2211 ≥≥ λλ2222 ≥≥ λλ2233 ≥≥ λλ2244

CC((ρρ)) ::== mmaaxx{{00,, λλ11 −− λλ22 −− λλ33 −− λλ44}}

ρρ 77→→ ˆ̂ρρ ::== ((σσ22 ⊗⊗ σσ22)) ρρ
∗∗ ((σσ22 ⊗⊗ σσ22)) 77→→ RR == ρρ ˆ̂ρρ

√
ρρ̂
√
ρ



ρ∞ =
1

4
(11 ⊗ 12

+
3X
i=1

τ −R2(1− (τ + 3)n2i )
2(3 +R2)

σi ⊗ σi +
X
i6=j

R2(τ + 3)ni nj
2(3 +R2)

σi ⊗ σj)

00 ≤≤ RR == bb

aa
==
11 −− ee−−ββωω
11 ++ ee−−ββωω

≤≤ 11

ρ =
1

4
(11 ⊗ 12 +

3X
i=1

ρ0i 11 ⊗ σi +
3X
i=1

ρi0 σi ⊗ 12 +
3X

i,j=1

ρij σi ⊗ σj)

AnyAny initialinitial statestate

goesgoes intointo

ττ ==
33XX
ii==11

TTrr((ρρ σσii ⊗⊗ σσii))

−
3X
i=1

Rni(τ + 3)

3 +R2
(11 ⊗ σi + σi ⊗ 12)



AsymptoticAsymptotic ConcurrenceConcurrence::

initialinitial state:state:

concurrenceconcurrence::

asymptoticasymptotic gain:

ρ =
s

4
11 ⊗ 11 + (1− s) |Ψ01ihΨ01|

C(ρ∞) =
3−R2
2(3+R2)

h
5R2−3
3−R2 − τ

i

CC ((ρρ)) == 11 −− 33ss
22
,, ss <<

22

33

gain: CC((ρρ∞∞)) −− CC((ρρ)) ==
33RR22 ss

33 ++ RR22



TwoTwo atomsatoms separatedseparated byby a a distancedistance LL

interaction interaction HamiltonianHamiltonian::

smearingsmearing functionsfunctions::

ff11((xx)) ==
11

ππ22
εε//22

xx22 ++ ((εε//22))22

ff22((xx)) == ff ((xx ++ LL))

HHiinntt ==
33XX
ii==11

(( σσ
((11))
ii ⊗⊗ FFii((ff11)) ++ σσ

((22))
ii ⊗⊗ FF ((ff22)) ))



KossakowskiKossakowski MatrixMatrix ( )
( )

DD==
AA AA00
AA00 AA

A =
a+ c n21 c n1n2 − i b n3 c n1n3 + i b n2

c n1n2 + i b n3 a+ c n22 c n2n3 − i b n1
c n1n3 − i b n2 c n2n3 + i b n1 a+ c n23

bb ==
ωω

44ππ
cc ==

11

22ππββ
−− ωω

44ππ

11 ++ ee−−ββωω

11 −− ee−−ββωωaa ==
ωω

44ππ

11 ++ ee−−ββωω

11 −− ee−−ββωω

( )AA00 ==
aa00 ++ cc nn2211 cc00 nn11nn22 −− ii bb00 nn33 cc00 nn11nn33 ++ ii bb00 nn22

cc00 nn11nn22 ++ ii bb00 nn33 aa00 ++ cc nn2222 cc00 nn22nn33 −− ii bb00 nn11
cc00 nn11nn33 −− ii bb00 nn22 cc00 nn22nn33 ++ ii bb00 nn11 aa00 ++ cc00 nn2233

bb00 ==
ωω

44ππ

ssiinn((ωωLL))

ωωLL
cc00 ==

11

22ππββ
−− ωω

44ππ

11 ++ ee−−ββωω

11 −− ee−−ββωω
ssiinn((LL))

ωωLL
aa00 ==

ωω

44ππ

11 ++ ee−−ββωω

11 −− ee−−ββωω
ssiinn ωωLL

ωωLL



EntanglementEntanglement CreationCreation

separableseparable initialinitial state: state: 
sufficientsufficient conditioncondition::

withwith itit becomesbecomes

no no entanglemententanglement asymptoticallyasymptotically ifif L>0L>0

ρρ == ||−−ii −− || ⊗⊗ ||++iihh++||

||uuii == ||vvii == ((11,,−−ii,, 00))

RR22 ++ SS22 >> 11

SS ==
ssiinn((ωωLL))

ωωLL

RR ==
bb

aa
==
11 −− ee−−ββωω
11 ++ ee−−ββωω

hu|A|uihv|AT |vi < |hu|Re(A0)|vi|2
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