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The real orthogonal ensemble (O.E.)

@ W, = (xi) ., size n X n symmetric matrix with independent, zero-mean
entries
® Moments of second order
o E|xil2=02>0
o fori<j, E|xj|>?=1

The complex unitary ensemble (U.E.)

® W, = (xi) , size n X n Hermitian matrix with independent, zero-mean
entries
® Second moments:
o ]E‘X,','|2 =0%2>0
o for i <j, Elxj|>=1and Ex}=0
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Wigner's semi-circle law

Empirical spectral distribution F,

o Eigenvalues of ﬁ Wh: Xni, .-y Ann

e The E.S.D. function: F,(x) = %Z{)‘"*k < x}
k=1

Theorem

EF, converges to the semi-circle law,  F(dx) = ;=4 —x2 dx,

x € [-2,2]
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1. Introduction:  Convergence rate, CLT

Other types of LLN
Conditions are known for F, 255 F or for F, — F: Review by Bai (1999)

How about a CLT ?

e First v/n[F,(x) — F(x)] does not converge in distribution

e /n is an uncorrect norming in the “buddle of the spectrum”

21

Var[Fa(x) — Fa(x")] = —2

+0(n?), —2<x<x'<2 (01)

Delyon and Yao, 2004, Gaussien U.E. case
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2. Asymptotic covariances for thes ESD: Gaussian
U.E.

More details:

e joint distribution of the eigenvalues xi, ...x, of W,//2 :

P(x, ...x, —exp{ Zx,+22log|)g—x,+C}

1<Jj

e marginal distribution for two eigenvalues x, y of W,/v/2

1 2
s07) = gy (Kol )Ka(,y) = Kalx,y))

where

X X L X 1 o —1(X)).
) = Z%( 1610 = ey #rlen10) = ny)en-1(x)

on(x) = (2 n!ﬁr)‘”e‘* Hy(x), n>0
Hn(x) = n — th Hermite polynomial.



Recall ,
en(x) = (2"n1y/m) 2 2H,(x), n >0

The Plancherel-Rotach formula
Let € > 0 be fixed. Fore < ¢ < m — ¢, let x = /2n + 1 cos ¢, then

1/2
(2n)*pn(x) = (mizm) sin [2”: L (sin2¢ — 26) + 3{} 10 (nfl) :

where the error term O (nfl) is uniform on the interval [e, m — €].



Convergence rate the expected E.S.D. for EF,

Proposition
Let n > 0 be fixed. We have
@ The density of a single eigenvalue, say \n1 of W,/v/2n has the expansion

) = VA= +0 () |

where the term O(n™") is uniform for all |u] <2 — 7.

®
sup | EF,(@v) — F(7w)| = O (n_l) .
wC[—2+n,2—n]



Delyon & Yao (2003)

Variance, covariances asymptotiques

e In the so-called “bulk” of the spectrum: wv = [u, v] C (—2,2)

1 n
Fo(av) = —~ > Lans,
i=1



Delyon & Yao (2003)

Variance, covariances asymptotiques

e In the so-called “bulk” of the spectrum: wv = [u, v] C (—2,2)

1 n
Fn(W) — ; g ]ug)\;gv )
i=1

o Let abC (—2,2), cd C(-2,2)

1, if a=c¢, b=d,
) 5 ) . z if a=c<b<d,
lim " cov =Fn(ab), = Fo(cd) ) = 1 3, if c<a<b=d,
n—oo log n 2 2 q )
=5 if a<ec<d
0, otherwise
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Still an open conjecture:

E[Fn(ﬁ)fﬂ%ﬂ&mo,*), (a,b) C (=2,2) 77

A related result: Wieand (2001), Diaconis & Evans (2001)

o M, Haar-distributed form the unitary group
o foralli, M\,;e. !

Theorem. As n — oo, the finite-dimensional distributions of the processes
nm
———[Fa(e, B) — EF(a,
T lFa(a, ) — EF(e, 8]

converge to those of a centered Gaussian process {Z,5 : 0 < a < 3 < 27}
with the convariance structure

1, if a=a'and B=7,

1 if a=a’ and B#43,
cov(Zap, Zarpr) = 3, if a#a and =2,

7%3 lf B:O/a

0, otherwise
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3. Functional CLT for a spectral empirical process

Bai & Yao (2005)
e Fix an open set U D [-2,2]

&/ = analytic functions defined on U

o Consider integrals

Ga(F) = n/oo FOIFs = Fl(dx), fe .

—o0



3.a) Main theorem



Main result

e Under suitable conditions, the empirical process
Gn:={Gn(f), fedg}

converges weakly to a Gaussian process.



Main result

e Under suitable conditions, the empirical process
Gn:={Gn(f), fedg}

converges weakly to a Gaussian process.

e In particular, for any fi,...,f, of <7,

[Gn(h), - -, Ga(£p)] = A5(0, ).

Moment conditions
e [M1] (homogeneity of 4-th moments): M = E|x;|* for i # j;
e [M2] (uniform tails): for any n > 0, as n — oo,

1
> E 1l Ygizavm ] = o(1):
iJ

,,]4 n2
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Expansion on Tchebychev polynomials

e {Tx} be the family of Tchebychev polynomials
e Orthogonal family:

- . 0, ifi#j
— T:(t)T;(t dt = ifi=j=
5 ifi=j>0

e Expansion on this basis: define

To(F) = %/_11 £(2t) Tg(t)\/%dt .
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Theorem
Under the conditions [M1]-[M2],

Gr={Gi(f),f € A} "8 G:.={G(f): fe A}

which is a Gaussian process, with

E[G(f)] = () + (07 ~ R)ma(f) + Bra()

—2)} - =

cov(G(f),G(g)) = (o —m)ma(F)a(g) +207(F)72(g) + 1 Y _ Lre(F)7e(g)

=1
471_2/ / V(t, s)dtds,

wherek =1o0r2, [= var(|x12|2) — Kk, and

V(ts) = (0®—r+ %,35)(4 _ )24 22

4_ 4 — 2)1/2(4 _ 2)1/2
+I€|0g(47t§+( £) (4-s) )

ts — (4 — £2)1/2(4 — s2)1/2
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3.b). Application: CLT for Linear spectral statistics

A linear spectral statistic

e f : a polynomial

%[f(An,l) + -+ f(Ann)] = Fu(f) = %tr f(M,) .



CLT for Tchebychev polynomials

@ Assume the conditions [M1]-[M2] hold.
® T1,..., T, : be p first Tchebychev polynomials.
@ Denote e(k) = {k is even }.

Then
[Go(Th), - -+, Ga(Tp)] = Ap(w, X)

with



CLT for Tchebychev polynomials

@ Assume the conditions [M1]-[M2] hold.
® T1,..., T, : be p first Tchebychev polynomials.
@ Denote e(k) = {k is even }.

Then
[G"(T1)7 R Gﬂ(TP)] l) %(W7 Z)
with
1 2
wo= (m), m= [(,-; —1)e(t) + (0% — K)de2 + 5554] ,
2
Y = diag(ay, - ,a), ar= (%) [(02 — K)0e + 2080¢ + M} .

In particular, these statistics are asymptotically independent.



CLT for linear spectral statistics of Gaussian ensembles

The Gaussian U.E.

m=(0 ¢ o) == 3y

p(3)°



The Gaussian O.E.

my = %e(k) = %{k iseven }, X =



The Gaussian O.E.

my = %e(k) = %{k iseven }, X =

@ Results in this case already provided by (Johansson 1998)
@ Striking fact: the limit distribution is non central.



3.c) Related works on CLT, Gaussian fluctuations



Related CLT's

e Starting from [Costin and Lebowitz,1995]

[Johansson, 1998]
e Extended random ensemble
Joint density of the entries of W o< exp[—ntr{V(W)}]

V = polynomial of even degree
e Covers G.O.E.

e CLT for linear spectral statistics (Tchebychev polynomials)



Related CLT's

[Khorunzhy et al.,1996]

e orthogonal ensemble (with general entries)
o CLT for
n{sn(z1) — Esp(z1),...,5n(2q) — Esn(z4)}

where s, is the Stieltjes transform

-1
iW,, — zl) .

(2) = ir ( >

and
zeC, [S3(z) =2

e CLT very close to fidi convergence part of our theorem



Related CLT's

[Sinai and Soshnikov,1998]

e assume p = p(n) — oo, p/y/n— 0.
e the entries are symmetric, having moments of any order with a appropriate
growth condition

e CLT for
1 i (134 3 ”
tr | —=W, | — “its expectation

V/n
e Also a CLT for G,(f) — E[G,(f)] with f analytic on the disk of radius 2
without providing the asymtotic mean or variance.



3.d) Some idea of the proofs



Idea of the proofs

Stieltjes transform

o the Stieltjes transform sy(z) of H : R — R with bounded variation

sH(z) = L(X), zeC i={u+iv, v>0}.

X—Zz

—oo



Idea of the proofs

Stieltjes transform

e the Stieltjes transform sy(z) of H : R — R with bounded variation

sH(z) = L(X), zeC i={u+iv, v>0}.

X —Zz

—00

o Stieltjes transform of F,

n Xen — 2
—1 kyn

o Stieltjes transform of the semi-circle law F

5() = 3z — V22— 9)



Integral representation

e Take a contour v C %
e for x € (—a,a),

f(x) = 57

™I ,YZ—X

e Then

1 @dz.

) u
E)/_/_\_/_/;—\\
g—al "2 +.2 l+a \)\

~ .



Integral representation

o Take a contour vy C % //J\_/%_\u
o for x € (—a, a), / :
(—a,a) /. JIE a..
{ A4 &
f(x) = i @dz . N T T >
27 v Z—X g -

e Then

Go(f) = / F(x)n[F» — F](dx)



Integral representation

o Take a contour vy C % //J\_/%_\u
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Integral representation

o Take a contour vy C % //J\_/%_\u
e for x € (—a,a), ) ~
j.a 2 +2 L_a J
{ A4 &
f(x) = i @dz . N T T >
2ri J, z—x S -
e Then ——

Ga(f)

/f(x)n[F — F](dx) = /f n[F, — F](dx)dz
= —?{ f( z)dz/

n[F — F](dx)



Integral representation

e Take a contour v C % //J\/%_\ﬂ
o for x € (—a, a), / :
2 Joul 2 2 L )
{ \ 4 @
f(x) = i @dz . N T T >
2ri J, z—x S .
e Then -

Ga(f)

/f(x)n[F — F](dx) = /f n[F, — F](dx)dz
= —?{ f( z)dz/

= —— @ f(2)n[sn(z) — s(2)]dz .

271'1 o

n[F — F](dx)



Integral representation

e Take a contour v C % an s e N u
e for x € (—a,a), . l ™~
-a -2 H )
f(x) = i @dz . l\! T T >
27 v Z—X g -
e Then T

Gn(f) = /f(x)n[F — F](dx) = /7{ [F — F](dx)dz

- —?{fz)dz/

= —5= ¢ f(2)nlsn(z) — s(2)]dz .

271'1 o

n[F — F](dx)

First reduction: prove the weak convergence of the process

&n(2) = nlsu(2) = s(2)], 2z ¢[-2,2]

to some Gaussian process.



The mean function

Proposition

Uniformly on %, the mean function E&,(z) tends to

= [L+5(2)s(2)*[0° — 1+ (= 1)s'(2)85°(2)]



The fidi convergence
Set

Co = {u+iv, |v|]>w}, w small
¢n(2) &n(z) — Eén(z), z€Co

Proposition

Assume Conditions [M1]-[M2] satisfied. For any set of p points
{zs,s=1,...,p} of Co, then

(C(Z1), try C(ZP)) = ’%(0* r) ’
where
82
020z,

(z.2) (0% = g5+ 335 — nn(1 - )]

K
e SJ{SS, |:0'2—K/+2/stss+m:| 5

with s; = s(z;).



Tightness of the sequence of processes ((,(2))

It is enough to establish the following Holder condition: for some positive
constant K

El¢(21) — o(2) < Kl — 2>, z1,22€Co.
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Conclusions

@ Provided general weak convegence theorem for the spetral process,
indexed by a general class of analytic functions

G()i=n [ FOOlF — Fl(e), Fe .

—o0

® Under forth order moment conditions only

@ matrice entries are general, not necessarily Gaussian

® Covers polynomials statistics

® Still, | do not know any proof of a result assumed as a folklore by many
random matrix people:

n

Vl0ogn

[Fa(ab) — F(ab)] = 4(0,%), (a,b) C (—2,2) 7?7
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