Physical random matrices

Heavy nuclei and quantum mechanics

e Introduced by Wigner in 1950’s to explain statistics of highly

excited nuclei resonances.

e Global time reversal constrains the elements to real.

e No preferential basis: P(X) = P(OTXO0), e.g. P(X) x e TrX"/2,

Orthogonal invariance.

In the case of no time reversal symmetry, elements will be complex.

Unitary invariance.

In the case of a time reversal symmetry T2 = —1 (relevant to a finite
dimensional system with an odd number of spin 1/2 particles),
T = Zon K, where K denotes complex conjugation, and

—1
1 0

Zon = 1IN &

e Matrix commuting with 7" must have the additional property
X =ZonXZsx
e Viewed as an N x N matrix, X must have 2 x 2 blocks

<z w

—-w Z
Real quaternions.

e Invariance with respect to conjugation by N x N unitary matrices

with real quaternion elements.

o
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Dirac operators and QCD

Leads to random Hermitian matrices with a special block structure.

Non-zero eigenvalues of the massless Dirac operator occur in pairs
+A.

In the chiral basis, all eigenfunctions are also eigenfunctions of s,
with eigenvalue +1 or —1. Matrix elements between eigenfunctions
with same eigenvalue must vanish. Implies block structure, with

zero blocks in top left and bottom right.

Application to QCD requires Dirac operator has given number v
say of zero eigenvalues.
Hence the structure
Onxn  Xnxm
Xhixn Omxm
where n —m = v.

The positive eigenvalues of this matrix are given by the positive
square root of the eigenvalues of XTX.

Question What is the eigenvalue distribution of X TX?
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Random scattering matrices

Scattering within an irregular shaped domain, connected to a wave
guide.

e Wave guide permits N distinct plane wave states.

(Complex) amplitudes denoted I for incoming, O for outgoing

states.

Scattering matrix .S,
ST =0.
S must be unitary.

e Time reversal symmetry requires 7-1ST = ST.

For T? = 1, implies S = S7.

e For T? = —1 implies S = ZQNSTZQ_]%[ =: 5P,

Seek a measure on {S} such that it is invariant under appropriate

conjugations.

e For no time reversal symmetry S € U(N) with Haar measure
(dgS) = (STdS).
e For S =57, 8 =UNUL,
(dnS) = ((UR)dSUY).
o For S=5SP, § = UsnUL,

(drrS) = (Usy)1dSUSy)-

o
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Quantum conductance problems

Scattering within a quasi one-dimensional conductor (lead).

e n available channels at left edge, m at right edge. At each end a

reservoir causes current to flow.
o I, left incoming states, O,, left outgoing states.
° I_;’n right incoming states, 67’,” right outgoing states.

e Scattering matrix .S,

I @,
S, =1.
I 04
e Scattering matrix S,
S — T’H,Xn t;zxm

/
tmxn Tmxm

e Landauer formula
G/Go = Tr(t't)

where G = 2¢2/h is twice the fundamental quantum unit of
conductance.

Question What is the eigenvalue distribution of ¢1¢?

o




a N

Calculation of eigenvalue PDF's

Hermitian matrices

o H = [x;;]j k=1, ~ real symmetric matrix — N(N +1)/2

independent variables.
e Diagonalization H = OLOT.

e Want Jacobian for change of variables from independent elements of
X to eigenvalues A1,..., Ay and N(N — 1)/2 linearly independent
variables formed out of O.

Wedge products

Define
du1 VANEIEAN dun = det[dui(f})]i,j:l’m,n.
Suppose we change variables {uy,...,un} to {v1,...,vx}. Since
du; = d
u Z v, vl
=1
and
"L Qu, ou;
Zd _»'] :[ Z] di_"i': n
[; ov; u(7) ij=1,...,n 0v; i,j:l,...,n[ vi(T))ig=1....

it follows

(9uz-

a’l}j]i,jzl,...,n

dulA.-.Adun:det[ dog A -+ A dv,,

thus allowing the Jacobian to be read off.

o /
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Let H be real symmetric, and let dH denote the matrix of differentials.
We have

dH = dO LO™ + OdL O™ + OLdO".
Noting from OTO = Iy that dOT O = —OTdO it follows from this that

OTdHO =0TdO L — LOTdO + dL =

d\ Mo — M) -ddy -+ Ay = AT - do |
(Ao — M)FT - dy X o O = A)aT - da
On = AT - don  (Ow — )T - doy - Ay

Require the following result.

Proposition 1. Let A and M be N x N matrices, where A is
non-singular. For A real (8 =1), complex (3 = 2) or real quaternion
(6=4), and M real symmetric (3 = 1), complexr Hermitian (3 = 2) or
quanternion real Hermitian (3 = 4)

(dM).

B(N—-1)/2+1
(ATdM A) = (det Al A)
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Applying the proposition with 6 = 1 to the LHS, and taking the wedge
product directly on the RHS gives

dH)= [ -2 A (0TdO).

1<j<k<N

||>2

Scaling argument
e There are N(N + 1)/2 independent differentials in (dX), and so
(deH) = NWNVHU2(qH).
e Since cH = OcLO?T, (dcH) is a homogeneous polynomial of degree
N(N —1)/21in {);}.

e Because the probability of repeated eigenvalues occurs with zero
probability, (dX) must vanish for \; = A.

e According to the last two facts, the dependence on the eigenvalues

is proportional to [[; .. p<n(Ar — Aj).

For complex Hermitian matrices,

2

dH)= ][] x—A /\ X (UTdU).

1<j<k<N j=1

For Hermitian matrices with real quaternion elements

N
dH)= [ x=X)" A\ dr;(sTds).

1<j<k<N j=1

o
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Degeneracies

Consider a complex Hermitian matrix x5 + iy;x];k=1,... ~. It has the
same eigenvalues as the 2N x 2N real symmetric matrix

Tk Yik

—_— .k a:‘k:
Yi L] k=1, N

Scaling argument applied to a doubly degenerate real symmetric matrix

gives that the dependence on the eigenvalues is proportional to
2
H1§j<k§N(>‘k¢ - >‘j) .

Viewed as a 2N x 2N complex matrix, the NV x N real quaternion
matrix [g;x]; k=1, ~ is doubly degenerate. Now viewing this complex
matrix as a 4N X 4N real symmetric matrix, we have a four fold

degeneracy.

The scaling argument applied to a four fold degenerate real symmetric

matrix gives that the dependence on the eigenvalues is proportional to
H1§j<k§N(>‘k - )‘j)4-
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Wishart matrices

For X a random n X m rectangular matrix (n > m), 4 := XTX is

referred to as a Wishart matrix.

Relevance to multivariate statistics comes from noting

1
—XTX ﬁ Z$/E:i)$]gé) =1,....m ~ [<$k1$k2>]k1,k2:1,...,m

Require the Jacobian for changing variables from the elements of X to

the elements of A (and other associated variables).

Proposition 2. Let the n x m matriz X have real (G = 1), complex
(8 =2) or real quaternion (§ = 4) elements, and suppose it has a PDF
of the form F(XTX). The PDF of A := XX is then proportional to

F(A)(det A)B/2)(n=m+1-2/85)

For the proof we will use a scaling argument, due to Olkin. This in turn

makes essential use of the result

BIN-1)/241
) (dM).

(AtdM A) = ( det AT A

noted in Proposition 1 above. Further, for B a m x m fixed matrix, and
X =Y B, we need the result that

(dX) = (det BTB)?"/2(dY).

This follows by noting that the Jacobian for #7 = ¢ B is (det BT B)%/2.

o /




Proof
e The PDF of A must equal F'(A)h(A) for some h.

Write A = BTV B where V is positive definite. According to
Prop. 1, PDF of V' equals

F(B'VB)h(B'V B) det(BT B)#/2)(m=1+2/5)

Let X = Y B, where Y is such that V = YTY. As already noted
(dX) = (det BtB)#"/2(dY") and so the PDF of Y is

F(B'YTY B)(det Bt B)*"/2,

This is a function of YTY, so the PDF of V =YY is

F(B'VB)(det Bt B)*"/2h(V).

Equating the two expressions for the PDF of V' gives

WBVB) = h(V)(det Bf B)(8/2)(n—m+1-2/5)

Set V =1 and note h(Il) = ¢ to get the result.

10



Eigenvalue PDF for Wishart matrices

e We have shown that the Jacobian for the change of variables
A = XX is proportional to

(det A)(B/2)(n—m+1=2/5)

e We have shown that for Hermitian matrices, the Jacobian for the
change of variables to its eigenvalues and eigenvectors is

IT =0

1<j<k<N

proportional to

Hence, if X is distributed according to

1
L -mr(v(xTx))

C
then the PDF of A = XTX is equal to

1 m O ] —
Ee—zjzl V(N) H )\gﬂ/2)( +1-2/8) H Ao — A2,
j=1 1<j<k<m

where 0 < \; < oo.

Recall that the eigenvalues of

OTLX’I’L XnXm

Xjnxn Ome

{x;} say, are related to the eigenvalues {\;} of XTX by 27 = \;, and so
{z;} have PDF

I _ym Viz; . n—m+1—
5 i (J)H‘xj‘ﬁ( +1-2/8)+1 H |:L'i—a:?|ﬁ

j=1 1<j<k<m

o /
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Unitary matrices

We seek the eigenvalue PDF corresponding to the Haar volume form

(UtdU).

Our strategy is to make use of the Cayley transform, by parametrizing

U in terms of an Hermitian H so that
B Iy +:H

U= ——.
Iy —tH

Making use of the general operator identity

d -1 _ _1dK -1
LK) =(0-K) (1K)

where K is assumed to be a smooth function of a, it follows
UTdU = 2i(Iy +iH) 'dH(Iy —iH) L.

Holds with H real (real quaternion) for U symmetric (self dual
quaternion).

Consequently, using Proposition 1,
(Utdu) = oN(B(N-1)/2+1) det(Iy + Hz)_ﬁ(N_l)m_l(dH).

Since H is complex Hermitian, the eigenvalue PDF in terms of {\;} is

N
1 1
|8
c ZH (1+ 2P —1)/211 LT v =507
=1

i<k
But "
1—e

Thus the eigenvalue PDF in terms of {6} is

% H |ei0k . eiGj‘B.

j<k

o

~
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Blocks of unitary matrices

We seek the distribution of the non-zero eigenvalues of ¢7¢ in the

decomposition

/
T'nxn tnxm
S =

/
tmxn Tm)(m

e Make use of singular value decompositions of individual blocks, for
example
t = UV,

e A; is a rectangular diagonal matrix, diagonal entries consisting of

the positive square roots of the non-zero eigenvalues of ¢¢.

e U; and V; are m X m and n X n unitary matrices.

This leads to the parameterization

U. 0 Vioo0
S = L
0 Un 0o VI

where

V1— AAT il
iAT V11— ATA,

For S symmetric

vi=uf, vi=uvl,
while for S self dual quaternion

vi=upP, vi=up

o
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Using the method of wedge products, can show that the non-zero

elements of A; have the distribution

m

1Y I M- a=n-m+1-2/3

=1  1<j<k<m

where 0 < \; < 1.

For 8 = 2, different approaches also work, and further a more general
result holds.

Proposition 3. Let U be an N x N random unitary matrix chosen

with Haar measure. Decompose U into blocks

U — Anl X Mo CTL1X(N—TL2)

B(N-ni)xns DN-ni)x(N=no)

where n1 > ny. The eigenvalue PDF of Y := AT A is proportional to

[T =y T (s — ).
j=1 j<k

Possible strategies:

e Wedge products.
e Matrix integrals.

e Orthogonal projections relating to the matrix structure A(A+ B)~1.

14
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Proof using matrix integrals

e Use the Ingham-Seigel type integral
/eam)Tr(HQ) <det(H — ,u]Im)>_ (dH) o (det Q)(n=m)((/DnTrQ

valid for @) Hermitian, and Re(u) > 0, and the integration is over

the space of m x m Hermitian matrices.

e Regard A and C as general ny X no and n; X (N — ng) complex
rectangular matrices. Then the distribution of A is

/ S(AAT + CCT —T,,)(dO).

e The delta function can itself be written as a matrix integral
/e—z’Tr(H(AAT—i—C’CT—an))(dH)
Y

where the integration is over the space of ny X ny Hermitian

matrices.

e Interchange order of integration, doing integration over C first. For

this must regularize H — H — iul,,, u > 0. Gives

lim [ (det(H — iply, )~ (N2 T T =A4D
n—

e Evaluate using Ingham-Seigel type integral to get

(det(I,,, — AAT))(N=r1=n2),

e Use Propostion 2 above to conclude the distribution of Y := AT A is
proportional to

(det Y)("1=72) (det(IL,,, — Y)) N —ma—n2),

15
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Classical random martrix ensembles

Let 8 =1,2 or 4 according to the elements being real, complex or

quaternion real respectively.

In the case of Hermitian matrices, the eigenvalue PDF's derived above

all have the general form

| N
Eng(xl) H e — 517
=1

1<j<k<N

Choosing the entries to be matrices to be independent Gaussians, when

there is a choice, the form of g(x) is, up to scaling z; — czy,

e ", Gaussian
z%e™* (x> 0) Laguerre
g9(z) = 4 . _
(1 —2)" (0<z<1) Jacobi
| (1+2%)~° Cauchy

These are the four classical weight functions from orthogonal

polynomial theory, which can be characterized by the property that

% log g(z) = Zg))

where
degreea(x) < 1, degree b(z) < 2.

The corresponding eigenvalue PDF is said to define a classical random

matrix ensemble.

o
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(Gaussian 3 ensemble

So far we’ve seen that the eigenvalue PDF
iﬂe—w? H 1z — z4]°
¢ =1 1<j<k<N : ’
corresponds to random Hermitian matrices with probability measure

I _mxe
C
where the elements are real (8 = 1), complex (3 = 2) or quaternion real

(8 =4). Said to define the GOE (Gaussian orthogonal ensemble), GUE
(Gaussian unitary ensemble) and GSE (Gaussian symplectic ensemble).

We would like to give a meaning in the context of random matrix

theory for general 5 > 0.

Inductively define a sequence of random matrices {M,};—1 2. by
My ~ a and
DN w
Mpy41 =
ol a
where Dy = diag(ai,...,an) where {a;} denotes the eigenvalues of

My .

o /
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Relationship to GOE

Let a € N[0, 1], and let w; € N[0,1/+/2]. Analogous to above, define

My W
MN_|_1 — T
w a

Let Opn be the real orthogonal matrix which diagonalizes My, so that
My = ONDNOJ:’C,, and observe

T
Oy 0| |My @| |Oy 0O Dy W

o 1 dr a 0or 1 dr o«

Question: Can we understand this result using different reasoning?

18



4 N

A random rational function

Recall
My41 =

where
Dy = diag(ay,...,an).

For given {a;}, we would like to compute the eigenvalue distribution of
Mpn41. We have

My — D w
det\Ins1 — Myy1) = det|” 7
wT A—a
My — D —u
= det NH N
0T )\—a—’lﬁT(AﬂN—DN)_lu_f

= pv N\ —a—aGT(My — Dy) ')

But My — Dy is diagonal, so its inverse is also diagonal, allowing us to

conclude
N

pN+1(A) qi 5
— =A—a-— , Qi ‘= w;.
pN()\) ; — Q;

Conclusion The eigenvalues of My are given by the zeros of the

above rational function.

The corresponding PDF can be computed for a certain choice of the
distribution of the ¢;, generalizing ¢; ~ (N[0, 1/v/2])2 ~ T'[1/2, 1] which
corresponds to the GOE.

o /
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Proposition 4. Let w? ~ T'[3/2,1] where U'[s, o] refers to the gamma
distribution, specified by the PDF o~ 5z5~te=%/7 /T'(s) (x > 0). Given

ay >ag > -+ > anN

the PDF for the zeros of the random rational function

N 0
)\—a—;A:ai

1S equal to
02 N+1 N
el /2 H1<]<I<:<N+1 H H |)\ 4 |5/2 1
(CB2)N Ti<jcnan (@ — ax) ﬁ ! i1 p=1
N+1 N
o (- 5( X% -34)
7j=1
where
00O>A>a1 >N > - >an > ANyl > —00
and
N+1 N
2 N=D 4t
j=1 j=1

20



Proof

e Because the ¢; are positive, graphical considerations imply the

interlacing condition.

e The summation constraint is equivalent to the statement that
Tr Myni1 =Tr Dy + a.

e To compute the PDF we change variables from {¢;};=1,.. n to
{Ajtj=1,... N
e The translations A\; — A; — a, aj — a; — a shows it suffices to

consider the case a =0

With a = 0 we have

From the residue at A = a; it follows

[125 (ai = Ay)
Hl:l,l#i(ai — ay)

21
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We have just shown that

N+1
Hj:t (a; — Aj) .
Hz:1,z¢¢(ai — ay) '

Now use the method of wedge products to compute the Jacobian:

N N 1 N
A dai = [ a5 det [m} A .
j=1 j=1 ! 77 =1

Making use of the Cauchy double alternant identity, we read off that

the Jacobian is equal to

H1<z<3<N( —aj)(A\i — Aj)
EH TGO

We are given that the distribution of {¢;} is equal to

(T (5/2 Nl_[qﬁ/2 L Ximas,

Must multiply these last two equations together, and substitute for g;,

noting
N+1

ﬁ;qﬂ' - (Z )‘2 Z”J)

22
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Suppose now that a ~ N[0, 1]. Thus we must multiply the PDF of

Proposition 4 by \/Lz—ﬂe_az/ 2 and integrate over a. Doing this gives the
PDF

1 [licjcnenii(A— )\k ]\ﬁl ﬂ A 0 5/

\/%(F(B/Q)) Hl<]<k<N(aJ —ay)? i1 ped
1, N+
xexp (=5 (N - Da3))
j=1 j=

where

00> A >a1 > A > >an > A4l > —00

e Denote the above conditional PDF Gy ({\;},{ax}).
e Denote the domain of support by Ry.

e Let {a;} have PDF py(ai,...,an).

e Let {)\;} have PDF pny1(A1,..., AN41)-

The PDF's {p,,} must satisfy the recurrence

pN+1()\1, ) >\N+1)

_ /Rdal day Gn(({N ), {ar Do (an, . .., an)

We seek the solution with pg := 1.

o /
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Question How can we solve this recurrence.

For 8 =1 we know that the solution of the recurrence is
1 e
= e b2 II v = Al
j=1 1<j<k<N

It must then be that there is an integration formula implying the

recurrence.
New question How can we derive such integration formulas?
We again take inspiration from the case of the GOE, applied to a

general formula:

e Let My be a general N x N real symmetric matrix with eigenvalues
{As}-
e Let pu; denote the top entry of the normalized eigenvector

corresponding to A;.

e We have

N 2
3y A = (O - My) ™) _ pna()

1
= A=A 11 pn(N)

Here the first equality follows from a spectral decomposition, while the
second follows from Cramer’s rule. Note that we must have

N
> =1
j=1

o /
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In the case =1, My € GOE, and is thus orthogonally invariant.

Consequently

2 — .

where each w? ~ I'[1/2,1].

Generally, if w? ~ T'[3/2,1] then the PDF of p1,..., py is equal to the
Dirichlet distribution

T(NB/2) al B/2-1
(T(B/2))N H

where each p; is positive and Z _,p;j =1

Question What is the distribution of the roots of the random rational

function

=
N\

N .
J
>

j=1
when the {3} have a Dirichlet distribution?

25



Proposition 5. Let {p;} have the Dirichlet distribution

N

T(NB/2) B/2-1
T L

and let {b;} be given. The roots of the random rational function

>
J

denoted {x1,...,xN_1} say, have the PDF

N(NB/2) Tli<cjcren_1(®i — Tk) H

(T(8/2))N H1<]<k<N(b )8 lzj — b !/3/2 1

N—-1 N
=1

Jj=1p
where

T1 >by >x9 >by > >xNn_1 > by.

The proof is very similar to that of Proposition 4. We seek to change

variables from {p;} to {z;}.

26



Begin by noting

N-1

N
Z Pi _ 1li= (:p—ml).
=t bj lei1(37 —br)

Equating the residue at x = b; gives

N—
(b — )

1Y e (b —by)

Taking wedge products gives

N-1 N1 1 N-1
dp; = d t[ } d
J'/:\l & 31;[1 S bj — Tdjk=1,....N-1 /\ o

J=1

Pj

Now use the Cauchy double alternant identity to conclude the

Jacobian for the change of variables is equal to

J\ﬁl ,0-‘ H1§j<k§N—1(bk —b;)(zg — ;)
j = .
=1 [T nty (b — )

Multiply this Jacobian and the PDF for the distribution of the
{p;}, then substitute for the p; to get the result.

27




Consequence

Because the expression for the distribution of the roots of the rational

function is a PDF for {z,}, integrating over the region
1 >br >x0>b2>-->awNn_1 > by

denoted R',_; say must give unity. Hence we have the integration

formula
N-1 N
/ dry---dry_1 H (x; —xg) H H |z — bp\ﬁ/z_l
Ry_y 1<j<k<N-—1 j=1 p=1

_(@@B2)N Y
= T(NB/2) 1§j1<LN(bJ )™

This integration formula allows the solution of the recurrence to be

verified.

28
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Proposition 6. The solution of the recurrence

pN+1()\1, SR >\N+1)

_ /Rdal - day G ({0 ), {an ) (ad, . .., ax)

1 given by
1 &
pN<$1,...,$N): He_wj/2 H ‘.Tk—$j|ﬁ
my(5) j=1 1<j<k<N
where

1 —|— 6 / 2)
This PDF s said to define the Gausszan B ensemble.

Proof

Substituting the stated form for py in the recurrence gives

1 1 1 1 v~ N+1 42
—3 NN (A — Ak)
(& k
V21 (D(8/2))N mn(B) 1§j<]l;:—£N+1 :
N+1 N
X/ day - --day H (a; —ay) H H‘)xj—ap‘ﬂﬂ—l,
RN 1<j<k<N Jj=1 p=1

Evaluating the integral according to the integration formula of the

previous page verifies the recurrence.

o
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where

and

Hence

where

Three term recurrence

The characteristic polynomial py(x) := Hfil(x — x7), where {z;} is

distributed according to the Gaussian 3-ensemble, satisfies

PN-— 1(le Z _Pi
‘T —

pn(z)

pj ~w: /(Wi + - +wy),  w;~T[3/21]

pn+1(z) v Wi a
(@) > , e N[0, 1].

pn1(z) o) — 12 pn-1(2)
pN () N (@)

b ~ (w2 + -+ wh) ~ TING/2,1]

Rearranging gives the random three term recurrence

pv+1(z) = (2 — a)pn (2) — bypn (2).

30
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Relationship to tridiagonal matrices

Consider a general real symmetric tridiagonal matrix

ap by
by as by
T, = by a3
bn—1
bn—1 an

By forming AI,, — T}, and expanding the determinant along the bottom

TOw oOne sees

det( AL, — T},) = (A — a,) det(Ml,,_1 — Tp,_1) — b2, det(Al,_o — Tp_2).

Conclusion
The Gaussian (3-ensemble is realized by random tridiagonal matrices
with

a; ~N[0,1] b ~T[jB3/2,1].

31
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Laguerre (3 ensemble

Consider the LOE.

e This is realized by matrices X (CCL)X (n) Where X,y is an n X N
rectangular matrix with Gaussian entries NJ[0, 1].

e Have the recurrence
T T - T
X(n+1>X(n+1) = X(n>X(n) + l'(l)ﬂf(l)

e For n < N, X(:’;l)X(n) has n non-zero eigenvalues, and N —n

eigenvalues.

e Suggests an inductive contruction of N x N positive definite
matrices {A(")}nzl,,,_,N,

A(n—i—l) = diag A(n) + flxwzf?xm

where Ay = [0],nxm and

o ~T[8/2,1] (j=1,...,n), x> ~TaB/2,1] j=n+1,...

For this must study the eigenvalues of the N x N matrix

Y - T
Y :=diag(a,...,an,qni1,-- -5 0na1) + TX

N—n

,N)

32
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Since
det(My — V) = det(\[y — A) det(Iy — ALy — A)~1zz7)
it follows
det(Aly —Y) Z”: 2 Y
det( Ay — A) TATa A= ann
Question

What is the density of zeros of the random rational function

for W - F[Sj, 1]

Proposition 7. The zeros of the above rational function have PDF

! o 25 (N—ay) H (A = Aj)
F(Sl) ce F(8n+1) l<ii<nil (ai — aj)si—ksj—l
n—+1
< I e —a™!
1,7=1

where
AL >ap > Ao > > Apa-

The case of interest is

S1 =+ =8, = /2, Sn+1 = (N —n)af/2, apt+1 = 0.

o
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A recurrence relation

e Recall the case of interest is
S1 ="+ =8, =[/2, Sn+1 = (N —n)af/2, ant1 = 0.

e Denote the conditional PDF for {);} in the case of interest by
G({Nj}j=1,...n415105}j=1,....n)-
e Let the PDF of {\;};=1,.. n+1 be denoted p,y1({\;}).

e Let the PDF of {a;};=1... . n+1 be denoted p,({a;}).

.....

For n < N the recursive construction of {A(™} gives that

pnr1({N;}) = / dai - --day,
A1>a1>>Xp41>0

xG{Aj}j=1,...n+13{aj}i=1,...n)Pn({a;})
subject to the initial condition py = 1.

A special solution

For g = 1, the recurrence has solution

1 7\ (N—n—1)/2 —
p) = [TV I -y
=1

1<j<k<n

since this corresponds to the LOE.
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For general g > 0, want to check that the recurrence has solution

1 . 1
pa(iXi}) = & H)‘Z(N OB e IT = x0°
1

n,6 2 1<j<k<n
Since
G{Nj}i=1,...n+1:5{aj}i=1,...n)
n+1
— 1 e 2j=1(Xi—aj)=Ant1 Hi<j (Ai =)
(I'(8/2))"T'((N —n)B/2) [ (a; —a;)P~1

H’I.’L_—}—ll A(N—n)ﬁ/?—kl n

1T i —ayl?2

ij=1

X

aEN—n+1)6/2—1

we see we need to evaluate

n n
/ dal---dan H(az —CLj) H |)‘z —aj]5/2_1
)\1>a1>-'->>\n+1>0

i<j ij=1

According to the integration formula which follows from Proposition 5

this equals

(T(3/2)"+! »
NCEEEIN ] AR

1<j<k<n+1

leaving us with

Crirs r(s/2) i

({A51):
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