lterative Estimating
Equations

Jiming Jiang

University of California, Davis, CA
March 2005

Joint with Prof. YouGan Wang, National
University of Singapore and Yihui Luan,
Shangdong University, PRC



1. Introduction

* Motivation: A numerical example

land & Crowder (1996) presented data
regarding hip replacements of 30 patients.
Each patient was measured four times,
once before the operation and three times
after, for twelve variables including
hematocrit, calcium, etc.




 Features of the data:

() The responses are longitudinal and likely
to be correlated.

(i) Most of the patients have at least one
missing observation for all variables.



» Generalized estimating equations (GEE)

Discussed In lecture 4. Recall that the
GEE is given by

n
> AV (Y- ) =0,
=1

where the mean ©; depends on the
parameter of interest, 3, and n; = 9ui/98.

However, the V;'s are unknown in practice.



2. A semiparametric model

Consider a follow-up study over times ¢, ..., 1.

Lety; = (Vi;);cs. be the vector of responses

collected from subject ¢ at the visit times, ¢;,
je J;cJ=A1,...,b}.

Let X;; = (Xi;01<<, represent a vector of
explanatory variables associated with Y;;.

Write X; = (X%j)Jng



The following assumptions are made:

(i) (X;,Y;), i=1,...,n are independent.

(i) E(Y;|1X;) = g;(X;,B), where 3 is a vector
of unknown regression coefficients and g;(-,-)
is a known function.

(iii) V; = Var(Y;|X;) such that the # of differ-
ent covariances in V;,, 1 <4 <mn are bounded.

Assumption (iii) is essential for consistent es-
timation of the covariances.



 Examples

Example 1 (balanced data). J; = J, 1 <i<n,
so that V; =V, which isbx b, 1 <1 <n.



— !
Example 2. lfzj — :I?,Uﬁ -+ u; —+ Wy —+ €ij where
u; 1S a subject-specific random effect; w;; cor-
responds to a serial correlation; and e;; is a
measurement error.

Assume u; ~ N (O, 05), Wij ™~ AR(1):
Wi = Wij—1 T Zjj,

where ¢ € (0,1), z; ~ N(0,05(1 — ¢%)); ejj ~
N(0,02); and u, w and e uncorrelated.



Then, we have
viik = Ccov(Yyy, YielX;)
_ 2 2 ,|i—k 2
= o0 Jw(,blj | 0505 ks

1<i:<mn,whered;p,=1ifg=kand 9;, =0
otherwise.

Problem of main interest: How to (efficiently)
estimate g7



3. Iterative estimating equations (IEE)

a. If the V;'s are known, 8 can be (efficiently)
estimated by the GEE:

Zm (Y — ) =0.



b. If 8 is known, V;'s can be estimated by
the method of moments. Let I(4,k,l) denote
the set of indexes 1 <1 < n such that v;;, =
v(7,k, 1), and n(y,k,1) = |I(g,k,1)|. Define

1
v ',k,l — . E_Q(X%:B)
’U(J ) ’n(,]g k, l) iej%’:kjl){ b 7 }

x{Yir — 9, (X5, B8)}.

c. If 8 and V;’s are both unknown, iterate be-
tween a and b, starting with the identity V;'s.



4. Linear convergence

* A term from numerical analysis

An iterative algorithm that results in m(m), m =
1,2,... converges linearly to a limit z*, if there
IS 0 < p <1 such that

sup {|z{™) — z*|/p™} < oco.
m>1



 Linear convergence of IEE

Let v denote the vector of different covariances
inV;,, 1 <:<nand R=dim(v). Recall p=
dim(3). Denote the IEE sequence by

B(m)?v(m)ﬂm — 1?23 et

If the sequence converges, the |limit, denoted
by (8*,v*), is call the IEE estimator, or IEEE.



Theorem 1. Under mild conditions,

P(IEE converges) — 1

as n — oo. Furthermore, VO < n < 1/(pV R),
we have

P [;gq{lé(m) — B*|/(pn)™?} < oo] — 1,

P [sipi{w(m) —*|/(Rp)™?} < oo} — 1

dS n — 0Q.



5. Asymptotic behavior of IEEE

Theorem 2. Under the conditions of Theorem 1,
the IEEE B* and v* are both consistent.

Theorem 3. Under slightly stronger conditions
the IEEE 5™ satisfies

vn(B* —p) =0

in probability. Therefore, 5* is asymptotically as
efficient as the GEE estimator with known (true)

V;'s.



6. Special case

Consider the (classic) linear models for longi-
tudinal data analysis, in which X, is consid-
ered fixed such that E(Y;) = X3, :=1,...,n.
Let X = (Xi<i<n ¥ = (Yi1<icn @and V =
diag(Vl,...,Vn).



e In this case, the GEE has an explicit solu-
tion known as the BLUE (best linear unbiased
estimator):

BeLue = (X'vTix)~lx'v-ly
= / 1 - d 1
= (Y xiviix;| Y xivily;,
] =

which is the solution to the following minimiza-
tion problem

min{(Y = XB)'W (Y — X5)}

with W = V~—1 the optimal W. So IEE be-
comes iterative WLS, or I-WLS, starting with
the OLS.



/. A simulation study

Consider a special case of Example 2:

Yi; = Bo + B1zij + u; + wij + ejy,
i =1,...,100, 5 € J; = {1,3,5} or {2,4}.

e z;;'s are generated from N(0,1) and then
fixed throughout the simulation.



Case 1: 02 =1,05=9, 02=1 and ¢ = 0.9.

Case?2: 02 =9, 02 =25, 02 =1 and ¢ = 0.99.

Scenario 1: Normality, parametric covariance.

Scenario 2: No normality, param. covariance
(i. e., u~ centralized exponential, w, e ~ nor-
mal).

Scenario 3: No normality & param. covariance
(i. e., w ~ MA instead of AR).

In all cases g = 0.5, 81 = 1.0.



Results:

Table 1: Number of steps to converge.

Case | 2 3 14 5 6 78 9 10 11
1.1 0 42 341 478 116 2.1 0.2 0 0 0
1.2 | 0 0.6 194 459 255 7.1 1.0 03 0.1 0.1
21 0.1 39 421 389 125 2.1 0.2 0.1 0.1 O
22 | 0 1.0 215 457 233 68 1.3 04 0 O
31 | 0 58 399 393 128 2.0 02 0 0 0
3.2 | 0 14 252 431 229 59 11 03 01 0




Table 2: Simulated covariance matrices.

Case Vors Viewrs VArLE VBLUE
1.1 9.80 0.11 | 10.36 0.36 | 10.00 0.48 | 9.30 0.11
0.11 551 | 0.36 2.09 | 048 1.87 | 0.11 2.16
1.2 | 36.41 0.61 | 36.41 -0.10 | 35.57 -0.08 | 34.10 0.06
0.61 17.41 | -0.10 1.30 | -0.08 1.23 | 0.06 1.29
2.1 9.87 0.14 | 994 0.07 | 919 0.02 | 9.30 0.11
0.14 535 | 0.07 225 | 0.02 208 | 0.11 2.16
2.2 | 38.74 1.78 | 38.48 -0.01 | 34.54 0.15 | 34.10 0.06
1.78 15.86 | -0.01 1.31 | 0.15 1.11 | 0.06 1.29
3.1 7.14 044 | 7.25 041 | 6.77 045 | 7.15  0.23
0.44 534 | 041 4.01 | 045 413 | 0.23 3.74
3.2 | 2548 0.26 | 26.22 0.22 | 24.73 0.46 | 25.40 0.63
0.26 17.55 | 0.22 10.80 | 0.46 1235 | 0.63 9.61




* Summary of results

(i) In most cases the I-WLS algorithm con-
verges in 4 to 6 steps.

(ii) Both I-WLS and MLE significantly outper-
form OLS.

(iii) The performance of I-WLS is very close to
that of BLUE.

(iv) As o2, 02 and ¢ increase, the difference

w

between OLS and I-WLS becomes larger.

(v) In the Scenarios 1 and 2, MLE slightly
ourperform I-WLS, while in Scenario 3 I-WLS
slightly ourperform MLE.



3. Data analysis

Back to the numerical example discussed at
the beginning.

8.1. Analysis of hematocrit data

e [-WLS converged in 7 steps.

e Observations: The coefficients 81, 83, Ba, Bs
and [g are significant and the rest of the coef-
ficients are insignificant. These are consistent
with the findings of Hand and Crowder with
the only exception being [g.



Results

Table 3: Estimates for hematocrit. The first row are I-WLS estimates cor-
respond to, from left to right, intercept, sex, occasions (three), sex by occasion
interaction (three), age, and age by sex interaction; the second row are estimated
standard errors corresponding to the I-WLS estimates; the third row are the Gaus-

sian mazimum likelihood estimates were obtained by Hand and Crowder (1996).

3.19 0.08 0.65 -0.34 -0.21 0.12 -0.051 -0.051 0.033 -0.001
0.39 0.14 0.06 0.06 0.07 0.06 0.061 0.066 0.058 0.021
3.28 0.21 0.65 -0.34 -0.21 0.12 -0.050 -0.048 0.019 -0.020




8.2 Analysis of calcium data

e I-WLS converged in 13 steps.

e Observations: Except for Bg, B3 and A4,
all the coefficients are not significant (at 5%
level). In particular, there seems to be no dif-
ference in terms of sex and age. Also, the
recovery of calcium after the operation seems
to be a little quicker than that of hematocrit,
because By is no longer significant.



Results

Table 4: Estimates for calcium. The first row are I-WLS estimates correspond
to, from left to right, intercept, sex, occasions (three ), sex by occasion interaction

(three), age, and age by sex interaction; the second row are estimated standard

errors corresponding to the estimates.

20.1 093 132 -1.89 -0.13 0.09 0.17 -0.15 0.19 -0.12

1.3 057 016 0.13 0.16 0.16 0.13 0.16 0.19 0.09
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